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Roadmap
✦ Introduction: Drell Yan,  - spectrum, angular coefficients, radiative corrections 

✦ How to get the angular coefficients 
✦ Pole structure, PDF renormalization 

✦ V+jet threshold factorization as an analytic subtraction 

✦ Spinor helicity formalism for loop contributions 

✦ Main pipeline for real terms 

✦ Flavor decomposition 

✦ Conclusion 
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Drell-Yan
Transverse momentum spectrum
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Z → !+!−
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✦ One of the most precisely measured 
observables at the LHC [ATLAS '24] 

✦ Has been used to obtain: 

 boson mass —  [CMS '24] 

Strong coupling —  
[S.Camarda, G.Ferrera, M.Schott '22] 
[ATLAS'24]

W mW

αs(mZ)

p(Pa) p(Pb) → V(q) X

Z/γ*(q) → ℓ−(p1) ℓ+(p2)
Z → ν(p1) ν̄(p2)
W+(q) → νℓ(p1) ℓ+(p2)
W−(q) → ℓ−(p1) ν̄ℓ(p2)

with

https://arxiv.org/abs/2404.06204
https://arxiv.org/abs/2412.13872
https://arxiv.org/abs/2203.05394
https://arxiv.org/abs/2309.12986
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Angular coefficients

dσ
d4q d cos θ dφ

=
3

16π
dσincl

d4q [1 + cos2 θ +
A0

2 (1 − 3 cos2 θ) +
7

∑
i=1

Ai gi(θ, φ)]

General dependence on the angular distributions of leptons 
in the final state

spherical harmonics 
gi(θ, φ)

angular coefficients  
Ai(q2, qT, yZ)

inclusive cross section 
dσincl

d4q
(q, Pa, Pb)

q1

[Nikhef Thesis D.Ponomarenko ’24]

CS frame

p2
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z

[M.Ebert, J.Michel, 
I.Stewart, F.Tackmann '20]

https://www.nikhef.nl/pub/services/biblio/theses_pdf/thesis_D_Ponomarenko.pdf
https://arxiv.org/pdf/2006.11382
https://arxiv.org/pdf/2006.11382
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Deriving angular coefficients 

dσ(Θ)
d4q d𝒪

=
1

2E2
cm

Lμν(q, 𝒪, Θ)Wμν(q, Pa, Pb)

1. Differential cross section in terms of leptonic and hadronic tensors  

2. Project  onto helicity states of the  boson:Wμν V Wλλ′￼
= ϵμ

λ ϵ*ν
λ′￼

Wμν

Helicity density matrix
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Hadronic tensorHelicity density matrix

Helicity cross sections

Helicity cross sections:

Angular coefficients:

Goal: compute  
dσi

d4q

W−1 = W++ + W−−

W0 = 2W00

W1 = − 1/ 2(W+0 + W0+ + W−0 + W0−)
W2 = − 2(W+− + W−+)

W3 = − 2(W+0 + W0+ − W−0 − W0−)
W4 = 2(W++ − W−−)
W5 = − i(W+− − W−+)

W6 = − i/ 2(W+0 − W0+ − W−0 + W0−)

W7 = − 2i(W+0 − W0+ + W−0 − W0−) .

dσi

d4q
=

1
2E2cm

L±(i)(q2, θ, ϕ)Wi(q, Pa, Pb)

Ai =
dσi

dσ−1 + 1/2 dσ0

Angular distribution  helicity structure  QCD↔ ←

Wλλ′￼
= ϵμ

λ ϵ*ν
λ′￼

Wμν

Structure functions



7

Complete Analytic Calculation of Drell-Yan  
Angular Coefficients at 𝒪(α2

s )



Radiative corrections

8

dσ
dqT

=
∞

∑
n=0

( αs

2π )
n dσ(n)

dqT
Perturbative expansion in strong coupling:

LO= Born × Born NLO = LO1 × LO1 NNLO = LO1 × NLO1 + LO2 × LO2

Born R RV RR

𝒪(α0
s ) 𝒪(α1

s ) 𝒪(α2
s )

qq̄ → V qq̄ → Vg, qg → Vq qq̄ → Vg, qg → Vq

8

qq̄ → Vqq̄, qq → Vqq,
qq̄ → Vgg, gg → Vqq̄,

qg → Vqg

     qT = 0       qT ≠ 0       qT ≠ 0



Radiative corrections

9

dσ
dqT

=
∞

∑
n=0

( αs

2π )
n dσ(n)

dqT
Perturbative expansion in strong coupling:

LO= Born × Born NLO = LO1 × LO1 NNLO = LO1 × NLO1 + LO2 × LO2

Born R RV RR

𝒪(α0
s ) 𝒪(α1

s ) 𝒪(α2
s )

qq̄ → V qq̄ → Vg, qg → Vq qq̄ → Vg, qg → Vq
qq̄ → Vqq̄, qq → Vqq,
qq̄ → Vgg, gg → Vqq̄,

qg → Vqg

     qT = 0       qT ≠ 0       qT ≠ 0



Value of analytical expressions
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✦ Once and done! 

✦ Faster evaluation (especially for   !) 

✦ Reusable and modifiable 

✦ Physical insight

9 σi, ab

Example of DYTurbo: 

MC only: Full (integrated) incl. cross section at NNLO: 
8 hr x 100 bins x 20 threads = 16 000 CPU-hours  
Using partial analytic: 68 CPU-hours 
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 Z, 13 TeV→pp 

DYTurbo Benchmark

NLL+NLO
NNLL+NNLO

[S.Camarda, M.Boonekamp, G.Bozzi et al. ’20]

Analytical

https://arxiv.org/pdf/1910.07049


11

Only formulas

σi ∼ α2
s

Complete Analytic Calculation of Drell-Yan  
Angular Coefficients at 𝒪(α2

s )

dσ
d4q d cos θ dφ

∼ [1 + cos2 θ +
A0

2 (1 − 3 cos2 θ) +
7

∑
i=1

Ai gi(θ, φ)]



RV RR counter term  PDF counter term

Pole structure
Don’t worry, we didn’t forget about them 

12

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

pa →

pb →

q →

k →

∫
dDl
l3

→
1

ϵUV
↓ l

(dimreg)



RV RR counter term  PDF counter term

Pole structure
Renormalization, cancel UV

13

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

αbare
s = (αs(μR) −

α2
s (μR)

ϵ )

(dimreg)



RV RR counter term  PDF counter term

Pole structure
Don’t worry, we didn’t forget about them 

14

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

pa →

pb →

q →

k2 →

k1 →
∼

1
(pb − k2)2

k2
2→0 1

pb ⋅ k2

kμ
2 → 0,

1
ϵIR

pb ⋅ k2 → 0,
1

ϵIR

soft collinear 

(dimreg)



RV RR counter term  PDF counter term

Pole structure
Same thing, but for IR poles

15

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

f [h],bare
k (ξ) αs(μR) ⊗

f [h],bare
k (ξ) ∼ f [h]

k (ξ, μ2
F) + αs(μ2

F)
1
ϵ ∫

dz
z

f ( ξ
z

, μ2
F) P(0)(z) + 𝒪(α2

s )

= (f [h]
k (ξ, μ2

F) αs(μR) + α2
s (μR)

1
ϵ

f(μ2
F) ⊗ P(0)) ⊗

(dimreg)

Canceling all poles in RV and RR  tedious, is there a better way?→



✦ Poles cancel indep. for each term 

✦ Easier to convolve with PDFs and integrate numerically

V+jet threshold factorization as an analytic subtraction
A better way to manage poles

16

̂σi, ab = ̂σsing
i, ab + [ ̂σi, ab − ̂σsing

i, ab]k2>0

̂σnon−sing
i, ab

Separate the partonic hel. cross section into singular and non-singular terms

•  All contributions from RV,  
•  Part of RR,  
•   CT,  
•  Part of PDF CT 

αs

αs

∼ δ(k2), [ lnn(k2/ν2)
k2 ]+

∼ 𝒪(1)

•  Rest of RR,  
•  Rest of PDF CT 

pa →

pb →

q →

k2 →

k1 →

kμ = kμ
1 + kμ

2

pa →

pb →

q →

k →

RV RR
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̂σsing
i, ab ∝ Hi, ab Jab ⊗ Sab

Singular terms using SCET factorization formula:

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

V+jet threshold factorization as an analytic subtraction

finite finite finite finite
↓ ↓ ↓ ↓

Goal 1: compute  from finite RV amplitudes H(2)
i, ab

̂σsing, (2)
i, ab ∝ H(2)

i, ab + H(1)
i, ab ( J(1)

ab + S(1)
ab )

↓

SCET factorization formula 
is fully finite in ϵ

[T.Becher, C.Lorentzen, 
M.Schwartz '13]

?

2

https://arxiv.org/pdf/1206.6115
https://arxiv.org/pdf/1206.6115
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̂σnon−sing, (2)
i, ab = [ ̂σfull

i, ab]RR − ̂σsing, (2)
i, ab

k2>0

Non-singular terms, since we are only left terms with RR:

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

V+jet threshold factorization as an analytic subtraction

Goal 2: compute  [ ̂σfull
i, ab]RR

Now onto RV!



Spinor-helicity formalism 101

19

Simple action

Exchanging the four-component spinor  for two bispinorsu(p)

pα ·α = pμσμ = |p⟩[p |

Complicated and redundant Feynman rules Simple amplitude squares

S = −
1
4 ∫ d4xFa

μν Fa μν 𝒜 = − ig2
s {horrible mess} |𝒜 |2 =

9g4
s

2 (3 −
su
t2

−
ut
s2

−
st
u2 )

u+(p) = |p⟩ =
1 + γ5

2
u(p)

u−(p) = |p] =
1 − γ5

2
u(p)

— positive-helicity spinor 

— negative-helicity spinor

Result: helicity-dependent, simple and compact amplitude 𝒜(1±,2±, …)

[T.Bader '21]

https://www.ph.nat.tum.de/fileadmin/w00bya/t70/Seminar2021/Amplitudes_Bader.pdf
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Spinor-helicity formalism 101
𝒜(1)

full(1
−
q̄ ; 2+; 3+

q ; 4+
ℓ ,5−̄

ℓ) = 2 2
⟨15⟩2

⟨21⟩⟨23⟩⟨45⟩

1−
q̄

2+

4+
ℓ

5−̄
ℓ

3+
q 2+

4+
ℓ

5−̄
ℓ

Only D=4 

Only massless external states

3+
q

1−
q̄

[I.Moult, I.Stewart, 
F.Tackmann, 
W.Waalewijn '15]

 SCET fact. formula finite→
 see next slide→

https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1103/PhysRevD.93.094003


Partonic  using spinor-helicity formalism 𝒜
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Our main idea

Z helicity amplitudes: Projected leptonic current:

Factorize the spinor-helicity amplitude 

𝒜full(1λg, 2λq
q̄ , 3−λq

q , 4λℓ
ℓ , 5−λℓ

ℓ̄
) = ∑

λ

𝒜λ(1λg, 2λq
q̄ , 3−λq

q ) 𝒜ℓλ(4
λℓ
ℓ , 5−λℓ

ℓ̄
)

𝒜λ(1λg,2λq
q̄ ,3−λq

q ) = {𝒜0, 𝒜+, 𝒜−} 𝒜ℓλ(4
λℓ
ℓ ,5−λℓ

ℓ̄
) = ϵμ

λ Lλℓ,μ(4λℓ
ℓ ,5−λℓ

ℓ̄
)

p1p2 → p3V(q → p4p5)

2+

4+
ℓ

5−̄
ℓ

3+
q

1−
q̄
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✦ Universal

2+

4+
ℓ

5−̄
ℓ

3+
q

1−
q̄

𝒜(1)
full(1

−
q̄ ; 2+; 3+

q ; 4+
ℓ ,5−̄

ℓ) = 2 2
⟨15⟩2

⟨21⟩⟨23⟩⟨45⟩
∼ 𝒜(1)

0 (1−
q̄ ; 2+; 3+

q ) 𝒜ℓ, 0(4+
ℓ , 5−̄

ℓ)

+ 𝒜(1)
+ (1−

q̄ ; 2+; 3+
q ) 𝒜ℓ, +(4+

ℓ , 5−̄
ℓ)

+ 𝒜(1)
− (1−

q̄ ; 2+; 3+
q ) 𝒜ℓ, −(4+

ℓ , 5−̄
ℓ)

Partonic  using spinor-helicity formalism 𝒜
Our main idea

✦ Have to solve for

𝒜(1)
0 = − [gZ(aq − vq)]

gS

2

s(Q2 + s)
s(Q2 − u)(Q2 − t)

⟨23⟩
⟨12⟩2

𝒜(1)
± = ∓ [gZ(aq − vq)]

gS

2

s(Q2 − u)(Q2 − t)(t + u) ∓ Qs(t − u)

tu(Q2 − u)(Q2 − t)
⟨23⟩
⟨12⟩2

Example sol. for LO1:



H(2)
i, ab ∼ Wλλ′￼

= ∑
(…)

𝒜(1)
λ 𝒜(2)*

λ′￼
+ 𝒜(2)

λ 𝒜(1)*
λ′￼

23

Goal: 

summed over all helicitieshelicity density 
matrix

A(2)
full,fin(1

+; 2+
q ,3−

q̄ ; 4+
ℓ ,5−̄

ℓ) = A(1)
full(1

+,2+
q̄ ,3−

q ; 4+
ℓ ,5−̄

ℓ)

× {CA

2 (−L2
12 − L2

13 + 3L13 − 7 +
π2

3 ) + (CF −
CA

2 ) (−L2
23 + 3L45 − 8 +

π2

6 )
+CA −Ls−1 ( s12

s45
,

s13

s45 ) +
⟨3 |24 |5⟩

⟨35⟩s45
L0 ( s13

s45 ) −
1
2

⟨3 |24 |5⟩2

⟨35⟩2s2
45

L1 ( s13

s45 )
+(CA − 2CF) Ls−1 ( s12

s45
,

s23

s45 ) + ( ⟨25⟩2⟨13⟩2

⟨12⟩2⟨35⟩2
−

⟨15⟩⟨23⟩ + ⟨13⟩⟨25⟩
⟨12⟩⟨35⟩ ) Ls−1 ( s13

s45
,

s23

s45 )
+

2[12]⟨25⟩⟨13⟩
⟨35⟩s45

L0 ( s13

s45 ) +
⟨25⟩2[2 |1 |3⟩⟨13⟩

⟨12⟩⟨35⟩2s13
L0 ( s45

s13 ) −
⟨3 |21 |5⟩⟨25⟩⟨13⟩

⟨12⟩⟨35⟩2s23
L0 ( s45

s23 )
−

⟨13⟩2[1 |2 |5⟩2

2⟨35⟩2s2
13

L1 ( s45

s13 ) −
[1 |2 |3⟩[4 |1 |5⟩⟨45⟩⟨13⟩

⟨35⟩2s2
23

L1 ( s45

s23 )
+

[14]([12][34] + [13][24])⟨13⟩⟨45⟩
2⟨35⟩2[13][23][45] ]},

✦ Get H(2)
i, ab

Partonic  using spinor-helicity formalism 𝒜
Our main idea

✦ Works at any order in :αs

↕

+…

✦ Same as for LO1

∼ 𝒜(2)
0 (1−

q̄ ; 2+; 3+
q ) 𝒜ℓ, 0(4+

ℓ , 5−̄
ℓ)

+ 𝒜(2)
+ (1−

q̄ ; 2+; 3+
q ) 𝒜ℓ, +(4+

ℓ , 5−̄
ℓ)

+ 𝒜(2)
− (1−

q̄ ; 2+; 3+
q ) 𝒜ℓ, −(4+

ℓ , 5−̄
ℓ)

✦ Have to solve for

[I.Moult, I.Stewart, 
F.Tackmann, W.Waalewijn '15]

https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1103/PhysRevD.93.094003


Power counting for NLO1  Z-helicity amplitudes

24

|𝒜+ |qq̄→Vg ∼ 𝒪 (λ−1 (1 + log(λ) + log(λ)2)), |𝒜0 |qg→Vq ∼ 𝒪 (λ1/2 (1 + log(λ) + log(λ)2))

Scaling (soft) in the low-  limitqT /Q λ =
qT

Q
≪ 1

0.001 1

1000

106

λq > 0

0.001 1

0.01

0.05

0.10

0.50

1

0.001 1

0.01

0.05

0.10

0.50

1

q+ V+ q+ V0

λq > 0

→



Recap and a breather
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̂σsing, (2)
i, ab ∝ H(2)

i, ab + H(1)
i, ab ( J(1)

ab +S(1)
ab )

↑
from massless spinor-helicity amplitudes

Singular term: 

Now onto RR!

̂σnon−sing, (2)
i, ab = [ ̂σfull

i, ab]RR − ̂σsing, (2)
i, ab

k2>0

Goal 2: compute  [ ̂σfull
i, ab]RR

Non-singular term: 



Main pipeline for RR

26

1. Evaluate RR contribution to  using conventional Feynman rules; 

use spinor-helicity method as a check     * 

Wi



Main pipeline for RR
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1. Evaluate RR contribution to  using conventional Feynman rules; 

use spinor-helicity method as a check     * 

2. Integrate over hadronic radiation  derive set of 6 unique master integrals; 

Wi

→

∫
dϕ(k→k1k2)

[(pa − k1)2] j1[(pb − k2)2] j2
∼ ∫

dΩ(3−2ϵ)

(1 − β1 cos θ2 sin θ1 − β2 cos θ1) j1(1 − β3 cos θ2 sin θ1 − β4 cos θ1) j2

[G.Somogyi '11]

https://arxiv.org/abs/1101.3557


Main pipeline for RR
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1. Evaluate RR contribution to  using conventional Feynman rules; 

use spinor-helicity method as a check     * 

2. Integrate over hadronic radiation  derive set of 6 unique master integrals; 

3. Add PDF counter terms. 

check if finite

Wi

→

Important detail:  scheme for RR in  dimensionsγ5 D = 4 − 2ϵ

✦ non-anticommuting  

✦ 

γ5

γμγ5 =
i
6

ϵμνρσγνγργσ [Larin '93]

https://arxiv.org/pdf/hep-ph/9302240


Non-singular cross section
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10-5 0.001 0.100 10 1000

10-20

10-18

10-16

10-14

10-12

10-10

Check  scalingk2

̂σnon−sing, (2)
i, ab = [ ̂σfull

i, ab]RR − ̂σsing, (2)
i, ab

k2>0

✦ Get  as well as  [ ̂σfull
i, ab]RR ̂σnon−sing, (2)

i, ab

𝒪(1) 𝒪( 1
k2

+
log k2

k2 )
↑ ↑

k2𝒪(1)

k2𝒪( 1
k2

+
log k2

k2 )



Final cross section
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[ ̂σfull, (2)
i, ab ]RR

From scratch using conventional Feynman  
+ master integrals 
+ PDF renorm.

From massless spinor-helicity amplitudes

̂σ (2)
i, ab = ̂σsing, (2)

i, ab + ̂σnon−sing, (2)
i, ab

Results

̂σnon−sing, (2)
i, ab = [ ̂σfull, (2)

i, ab ]RR − ̂σsing, (2)
i, ab

k2>0

H(2)
i, ab

̂σsing, (2)
i, ab ∝ H(2)

i, ab + H(1)
i, ab ( J(1)

ab + S(1)
ab )

Assemble analytically using V+jet factorization:



Remember this slide?
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We calculated everything for  and , what about different 
quarks and vector bosons? 

q = u VV′￼ = ZZ

qg → Vqg

LO= Born × Born NLO = LO1 × LO1 NNLO = LO1 × NLO1 + LO2 × LO2

Born R RV RR

𝒪(α0
s ) 𝒪(α1

s ) 𝒪(α2
s )

qq̄ → V qq̄ → Vg, qg → Vq qq̄ → Vg, qg → Vq
qq̄ → Vqq̄, qq → Vqq,
qq̄ → Vgg, gg → Vqq̄,

     qT = 0       qT ≠ 0       qT ≠ 0



Possible flavor couplings

32

cfa fb

cfa fbc′￼*fa fb

1

b

V

δfa fb ∑
f1

cf1 f1

δfa fb ∑
f1

cf1 f1c′￼*fa fb

cfa fbc′￼*fa fb
δfa fb ∑

f1

cf1 f1c′￼*fa fb

a

b

a V

Amplitudes and their EW couplings

Amplitudes squared and their EW couplings



Pysanky diagrams
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cfa fbc′￼*fa fb δfa fb ∑
f1

cf1 f1c′￼*fa fb

cfa fbc′￼*fa fb
δfa fb ∑

f1

cf1 f1c′￼*fa fb

Pysanka

Diagrammatic way of organizing EW couplings in cross sections



Conclusion
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Motivation: 
Helicity cross sections in DY: central to precision tests of QCD. 

Ingredients: 
✦ V+jet threshold factorization. 
✦ RV extracted from massless spinor-helicity amplitudes. 
✦ RR computed from scratch through conv. Feynman rules. 
✦ Flavor decomposition through Easter egg diagrams. 

Main result: 
Computed NNLO helicity cross sections analytically at finite . 

Outlook: 
Get numerical results for PDF , 
More usage for Z-helicity amplitudes, master integrals

qT

⊗ d ̂σ(2)
i, ab/dqT



Backup
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3 step plan
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Deriving angular coefficients 

dσ(Θ)
d4q d𝒪

=
1

2E2
cm

Lμν(q, 𝒪, Θ)Wμν(q, Pa, Pb)

2. Axes and polarization vectors 
in CS frame:

1. Differential cross section in terms of 
leptonic and hadronic tensors  

3. Project the helicities of  
onto the components of the 

 and combine into 
structure functions 

Wμν

Wλλ′￼

Wi
tμ =

qμ

q2
,

zμ =
sbqPμ

a − saqPμ
b

sab saq sbq
,

xμ =
saq sbq qμ − sbq q2 Pμ

a − saq q2 Pμ
b

saq sbq q2 (saq sbq − sab q2)
,

yμ = ϵμνρσtνxρzσ,

⇒ ϵμ
± =

1

2
(xμ ∓ iyμ), ϵμ

0 = zμ

Wλλ′￼
= ϵμ

λ ϵ*ν
λ′￼

Wμν

W−1 = W++ + W−−,
W0 = 2W00,

W1 = − 1/ 2(W+0 + W0+ + W−0 + W0−),
W2 = − 2(W+− + W−+)
…

Wi = ∑
λ,λ′￼=comb.

Wλλ′￼
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Wi = Pμν
i Wμν

Helicity cross sections

Helicity cross sections:

Angular coefficients:

W−1 = (xμxν + yμyν)Wμν,
W0 = 2zμzνWμν,
W1 = − (xμzν + zμxν)Wμν,
W2 = − 2(xμxν − yμyν)Wμν,
W3 = 2i(yμzν − zμyν)Wμν,
W4 = 2i(xμyν − yμxν)Wμν,
W5 = − (xμyν + yμxν)Wμν,
W6 = − (yμzν + zμyν)Wμν,
W7 = − 2i(xμzν − zμxν)Wμν .

dσi

d4q
=

1
2E2cm

L±(i)(q2, θ, ϕ)Wi(q, Pa, Pb)

Ai =
dσi

dσ−1 + 1/2 dσ0

Relating to angular coefficients
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Cross section and PDFs

Partonic cross sectionParton distribution 
functions

Helicity cross section
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[S.Camarda, M.Boonekamp, G.Bozzi et al. ’20]

https://arxiv.org/pdf/1910.07049
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LO= Born × Born NLO = LO1 × LO1 NNLO = LO1 × NLO1 NNLO = LO2 × LO2

Born R RV RR

1 × 1 diagrams 2 × 2 diagrams per process 2 × 13 diagrams per process 8 × 8 diagrams per process

Radiative corrections
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dσ
dqT

=
∞

∑
n=0

( αs

2π )
n dσ(n)

dqT
Perturbative expansion in strong coupling:

𝒪(α0
s ) 𝒪(α1

s ) 𝒪(α2
s )

qq̄ → V qq̄ → Vg, qg → Vq qq̄ → Vg, qg → Vq
qq̄ → Vqq̄, qq → Vqq,
qq̄ → Vgg, gg → Vqq̄,

qg → Vqg



PDF renormalization
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Barred LO1 xsection: 

Starred mom. fraction and delta factor: 

Master formula for PDF renormalization

a, b - incoming partons 

Splitting function

Achieved by performing the momentum fraction integral with  from NLO cross section first δ(k2)

̂σ(2)
i,ab(ξaPa, ξbPb, q) = ̂σbare (2)

i,ab (ξaPa, ξbPb, q)

+
1
ϵ ∑

a′￼

P(0)
a′￼a(z*a )
Δ*a

σ̄bare (1)
i,a′￼b (z*a pa, pb, q)

+
1
ϵ ∑

b′￼

P(0)
b′￼b(z*b )
Δ*b

σ̄bare (1)
i,ab′￼

(pa, z*b pb, q) .

̂σbare (1)
i,a′￼b (zapa, pb, q) = σ̄bare (1)

i,a′￼b (zapa, pb, q)δ(k2)

k=zapa+pb−q

z*a =
k+q− + q2

T

k+(k− + q−)
,

Δ*a = k+(k− + q−)

z*b =
k−q+ + q2

T

k−(k+ + q+)
,

Δ*b = k−(k+ + q+),



PDF renormalization
Master formula (T-channel )qq̄ → Vqq̄
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̂σnon−sing, (2)
i, ab = [ ̂σfull

i, ab]RR − ̂σsing, (2)
i, ab

k2>0

Non-singular terms, since we are only left terms with RR:

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

V+jet threshold factorization as an analytic subtraction
Main idea

✦  - full PDF renormalized RR cross section 

✦ 

[ ̂σfull, (2)
i, ab ]RR

̂σsing, (2)
i, ab

k2>0
= [ ̂σi, ab]R[ ln(k2/v2)

k2
+

1
k2 ]

Two goals now: compute  and   [ ̂σfull
i, ab]RR [ ̂σfin

i, ab]RV

̂σsing, (2)
i, ab ∝ [ ̂σfin

i, ab]RV δ(k2) + [ ̂σi, ab]R[ℒ1(k2) + ℒ0(k2) + δ(k2)]
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̂σsing
i, ab ∝ Hi J ⊗ S → ̂σsing, (2)

i, ab ∝ H(2)
i + H(1)

i ( J(1) + S(1) )
Singular terms using SCET factorization formula:

1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR

b
ϵIR

−
1

ϵ2
IR

−
1

ϵUV
−

a + b
ϵIR

αs

SCET factorization formula is fully finite in ϵ

[ 1
ϵUV

+
a

ϵIR
+

1
ϵ2

IR
+ ̂σi, fin]

RV
[ bsing

ϵIR
−

1
ϵ2

IR
+ ̂σi, fin, sing]

RR
[−

1
ϵUV ]

αsCT
[−

a + bsing

ϵIR ]
PDF CT

̂σsing, (2)
i, ab ∝ [ ̂σfin

i, ab]RV δ(k2) + [ ̂σi, ab]R[ℒ1(k2) + ℒ0(k2) + δ(k2)]

H(2) + H(1) ( J(1) + S(1) )
↓ ↓

V+jet threshold factorization as an analytic subtraction
Main idea



Checks: spinor-helicity formalism 
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Main idea (first for LO1) 

Z helicity amplitudes:
Projected leptonic current:

Helicity projectors:

Leptonic current:

Factorize the spinor-helicity amplitude 

Goal: 

summed over all helicitiespolarisations of 
Z boson

𝒜full(1λg, 2λq
q̄ , 3−λq

q , 4λℓ
ℓ , 5−λℓ

ℓ̄
) = ∑

λ

𝒜λ(1λg, 2λq
q̄ , 3−λq

q ) 𝒜ℓλ(1λg, 2λq
q̄ , 3−λq

q , 4λℓ
ℓ , 5−λℓ

ℓ̄
)

𝒜λ(1λg,2λq
q̄ ,3−λq

q ) = {𝒜0, 𝒜+, 𝒜−}
𝒜ℓλ(1λg,2λq

q̄ ,3−λq
q ,4λℓ

ℓ ,5−λℓ
ℓ̄

) = ϵμ
λ Lλℓ,μ(4λℓ

ℓ ,5−λℓ
ℓ̄

)
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Projected leptonic current:



Power counting for Z-helicity amplitudes
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0.5 1 5 10 50 100
10-4

0.001

0.010

0.100

1

0 20 40 60 80 100
0.0
0.1
0.2
0.3
0.4
0.5
0.6

|𝒜0 |qg→Vq ∼ 𝒪 (λ1/2),

|𝒜+ |qq̄→Vg ∼ 𝒪 (λ−1) .

Scaling in the low-  limitqT /Q

λ =
qT

Q
≪ 1



Power counting for Z-helicity amplitudes
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Scaling in the low-  limitqT /Q
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Power counting for Z-helicity amplitudes
λZ = { 0, + , − }

λ q
=

{
+

,−
}



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

Multiply with the rest of 
the factors + PDF CT

⇒ Wμν(q, Pa, Pb)

[V.Shtabovenko, R.Mertig, F.Orellana '23] 

Important detail:  scheme for RR in  dimensionsγ5 D = 4 − 2ϵ

✦ non-anticommuting  

✦ 

γ5

γμγ5 =
i
6

ϵμνρσγνγργσ [Feyncalc manual][Larin '23]

[T. Hahn '20]

FeynCalc + FeynArts

https://arxiv.org/abs/2312.14089
https://feyncalc.github.io/FeynCalcBookDev/FCSetDiracGammaScheme.html
https://arxiv.org/pdf/hep-ph/9302240
https://feynarts.de/FA3Guide.pdf


Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

Hadronic tensor
Structure functions

projectors

Wi(q, Pa, Pb) = P̃μν
i (q, Pa, Pb) Wμν(q, Pa, Pb)

Multiply with the rest of 
the factors + PDF CT



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

dσbare
i ∝ ∫ dϕ4Wi, dϕ4 ∝ dDk1 dDk2 dDq1 dDq2

dϕ4 = dϕ(papb→qk) dϕ(q→q1q2) dϕ(k→k1k2)

∝ (dk−dk+dq−dq+dq2
T) ∝ dΩ(3−2ϵ)

over lepton decay space  
untouched

∝ dΩ(3−2ϵ)

over k decay space  
integrated

Multiply with the rest of 
the factors + PDF CT



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

dσbare
i ∝ ∫ dϕ4Wi, dϕ4 ∝ dDk1 dDk2 dDq1 dDq2

Multiply with the rest of 
the factors + PDF CT



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

Multiply with the rest of 
the factors + PDF CT



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

In general  has non-trivial dependence on  momenta. 

Our master integrals help integrate D dim. expressions like

dϕ(k→k1k2) k1, k2

∫
dϕ(k→k1k2)

[(pa − k1)2] j1[(pb − k2)2] j2
∝ ∫

dΩ(3−2ϵ)

(1 − β1 cos θ2 sin θ1 − β2 cos θ1) j1(1 − β3 cos θ2 sin θ1 − β4 cos θ1) j2

[G.Somogyi '11]

Result: set of 6 unique master integrals.

Multiply with the rest of 
the factors + PDF CT

https://arxiv.org/abs/1101.3557


Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

Multiply with the rest of 
the factors + PDF CT



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

Multiply with the rest of 
the factors + PDF CT

∫
dϕk→k1k2

2π
1

[(q + k1)2]j1 [(pb − k2)2]j2
= ∫

dϕk→k1k2

2π
1

[(q + k2)2]j1 [(pb − k1)2]j2
=

(−1) j1+j2
(4π)ϵ

(k+k− − q2
T)ϵ [−

(k− + q−)(k−q+ + q2
T)

k− ]
−j1

[k−(k+ + q+)]−j2 1
(4π)2

Γ(1 − j2 − ϵ)
Γ(2 − j2 − 2ϵ)

× F1(j1, 1 − j2 − ϵ, 1 − j2 − ϵ,2 − j2 − 2ϵ, 1 −
k− ( 4 (k− + q−) (k+ + q+) q2

T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+))
2 (k− + q−) (k−q+ + q2

T)

1 −
k− (− 4 (k− + q−) (k+ + q+) q2

T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+))
2 (k− + q−) (k−q+ + q2

T) ) .



Main pipeline for RR
“Sausage factory” - boring (but important) stuf
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Calculate hadronic 
tensor 

Project helicity states

Simplify the cross 
section

Apply partial fraction 
decomposition

Integrate over 
 decay spacek → k1k2

Multiply with the rest of 
the factors + PDF CT

+
1
ϵ ∑

P(0)
… (z*)
Δ*

σ̄bare (1)
i,a′￼b

σfull, (2)
i ∼ (dk− dk+ dq− dq+ dqT)

× dϕ(q→q1q2)

× ∫ dϕ(k→k1k2) |ℳ |2
i,ab

× f [ha]
a f [hb]

b

× fac .

2-to-2 measure 

lepton decay phase space 

k decay space and matrix el. 

PDF’s 

flux, symmetry, spin, color etc.

PDF renormalization



Putting results together
Flavor decomposition - Easter Egg diagrams
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∏
flavor i,j

δij × cf1 f2c′￼*f′￼1 f′￼2

Goal of the approach: get the exact number of unique flavor couplings

But! We calculated everything for , what about different quarks? q = u, q̄ = ū

Pysanka

[PYSANKA MOSAIC web]

https://pysankamosaic.com/pages/history-of-the-art


Putting results together
Flavor decomposition - Easter Egg diagrams
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= 𝒪(α0
s )

+ 𝒪(α2
s ) + …+

cfa fbc′￼*fa fb

+ 𝒪(α1
s )…

a a′￼

b′￼b

1

2 2′￼

1′￼

a a′￼

b′￼b

1

2 2′￼

1′￼

a a′￼

b′￼b

1

2 2′￼

1′￼

: 2 comb. of EW couplings 
 : 2 … 

: 8 …

pa = g, pb = g
pa = q, pb = g

pa = q, pb = q̄

Pysanka

[PYSANKA MOSAIC web]

At 𝒪(α2
s )

https://pysankamosaic.com/pages/history-of-the-art
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Extra extra 

DGLAP


