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Roadmap

*+ Introduction: Drell Yan, g; - spectrum, angular coefficients, radiative corrections

+ How to get the angular coefficients
+ Pole structure, PDF renormalization
+ V-jet threshold factorization as an analytic subtraction
+ Spinor helicity formalism for loop contributions
+ Main pipeline for real terms

+ Flavor decomposition

+ Conclusion




Drell-Yan

Transverse momentum spectrum
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Angular coefficients

(General dependence on the angular distributions of leptons

in the final state
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Deriving angular coeflicients

1. Differential cross section in terms of leptonic and hadronic tensors

do(®)
ddg dO  2E2_

L/,w(q, @9 ®)W//w(q9 Paa Pb)

2. Project WH onto helicity states of the V boson: W, = 6567 W,

L Helicity density matrix



Helicity cross sections

Helicity density matrix Wi = € € /1,1/ W/ﬂ/ Hadronic tensor
\/' \
Structure functions

Helicity cross sections:

W—l — W_|_+ + W__
Wo = 2Wo
W, = — 1/\/2(W, o+ Wy, + W_y+ W,_)
W, =—2(W,._+W_,)

= = \/§(W+0 + Wor = W_o = Wyo)

do.

l 1
dtq  2E2Z, Lii\q™,0,$)Wiq, P, Py)

Angular coefficients:

do;
do_; + 1/2 do

W4 — 2(W_|__|_ — W__)
We=—i(W,_ —W_,)

W, = —il\/2(W, o — Wy, — W_g+ W,_)
Wy = - \/zi(W+O = Wor + Woo = W)

do;
Angular distribution < helicity structure <« QCD * Goal: compute d_l
g
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Radiative corrections

de /[ \ do™
Perturbative expansion in strong coupling: _d — Z e
dr o \ <7 dgr
O(@)) gr=0 O(a)) qr#0 O(a)) qr#0
. : . —— (VAN —> - g : g
y I\ Y : \ 000000000,
« mem > > « < « m_c::_o_dz_o_w_@ >
LO= Born x Born NLO = LO; x LO; NNLO = LO; x NLO; + LOs x LO,
Born R RV RR
99 — Vqq, qq — Vqq,
qq — V qq — Vg, 98 = Vq qq — Vg, 98 = Vq qq — Vgg. g8 — Vqq,
q8 — Vqg




Radiative correctlons

Perturbative expansion in strong coupling:

do

dgr

@(0{?) gr =0

@(asl) QT 5& O

( ) de™
=0 271' qu

i aal

L.O= Born x Born

NLO = LOl X LOl

NNLO = LO;x NLO; + LOs x LO,

Born R RV RR
qq9 — Vqq, qq — Vqq,
qq >V qq — Vg, q8 = Vq q9 =~ Vg, q8 = Vq qq — Vgg, 88 = Vqq,

q8 — Vqg




Value of analytical expressions

Example of DY Turbo:

MC only: Full (integrated) incl. cross section at NNLO:

8 hr x 100 bins x 20 threads = |

6 000 CPU-hours

Using partial analytic: 68 CPU-.

10Urs

DY Turbo Benchmark

'5' B
o -
g 355 _ pp — Z, 13 TeV
5 307 & — NLL+NLO
o 25 -
S —— NNLL+NNLO
O - - -
o 20 =,
15;_" ---_"-=-___=:_
10; \
OF. N N R NN N NN AN SN SN SO SO AN SO SR SO SR A S S S
0 5 10 15 20 25
q, [GeV]

= llical

4 Once and done!

4+ Faster evaluation (especially for 9 o; ,, !)

4 Reusable and modifiable
4+ Physical insight
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https://arxiv.org/pdf/1910.07049

Only formulas

A

dG 0 0
~ |1+ cos“0+—
d*gdcos@dy 2

(1 — 300826’)
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Pole structure (dimreg)

Don’t worry, we didn’t forget about them

RV RR a, counter term PDF counter term
1 a 1 b 1 1 a+ b
éuv  €R R eR R Cuv €IR

pa — . q —

'

" dPl 1
N Y
l3 GUV\_/

» I —




Pole structure (dimreg)

Renormalization, cancel UV

RV RR a, counter term PDF counter term
1 a | b 1 | a+b
éuv  €IR R eR R Cuv €IR
> . > 2 > : >
: ay (Ug) :
b . _ S .
al are : — as(/’tR) ; > Y : )\
\g_o_o_o_c%v_o_w_o_a, < \D_Q_O_O_Eb_O_O_O_Q; -
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Pole structure (dimreg)

Don’t worry, we didn’t forget about them

RV RR a, counter term PDF counter term
N b 1 1 a+ b
€ € 6_ y 6_2 R € €
uv IR IR IR uv IR
Pa2__, q—
Y 1 k2_>() 1
— ky)? k
000, & - Sk
Y ‘\/ / \
ky >0, —  ppky >0, —
< Q00QQ, k, — €IR €IR
Pp ™ 27

soft collinear




Pole structure (dimreg)

Same thing, but for IR poles

RV RR a, counter term PDF counter term
1 a 1 b 1 1 a—+b
T T -
€uv | 6R  €R IR €R €uv €IR
i 1 i
e a(up) ®f 7 = (f,?”](cf, HE) a(ug) + a5 () — flup) ®P(O)> ® T
< Mm - - \9_0_0_0_%‘_0_0_0_&:

Canceling all poles in RV and RR — tedious, is there a better way?’
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V+jet threshold factorization as an analytic subtraction

A better way to manage poles

Separate the partonic hel. cross section into singular and non-singular terms

RV RR
q — A _ Asing A _ Asing N
Pq _)F B Gi, ab — Gi, ab + I:Gl, ab Gl” Clb]k2>0 Po = = 9
) a
! Cirab | QQQQQ,
nr1.2 /1. 2 i,ab
= ~ o), [F ] ~6() ! ko
Pr = < QQQQ, ’ k2 T P =—«4—-Q0000Q,
e All contributions from RV, e Rest of RR, JoH — kf n kﬁ’
e Part of RR, e Rest of PDF CT

e a, CT,
e Part of PDF CT

4+ Poles cancel indep. for each term

4+ Lhasier to convolve with PDFs and integrate numerically
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V+jet threshold factorization as an analytic subtraction

N
Singular terms using SCET factorization formula: BN rffrr
‘\“‘3%‘
™
2 Hﬂ‘w
~sing SCET factorization formula \47“3 N
o, °cxH ,J . L R
i,ab i,ab < ab ® is tully finite in € 1 Dy
" ik

T.Becher, C.Lorentzen,
Schwartz '13]

’ 9 \R?M -“-
R“xih
finite finite finite L

Goal 1: compute H'” from finite RV amplitudes

I,ab cellineose



https://arxiv.org/pdf/1206.6115
https://arxiv.org/pdf/1206.6115

V+jet threshold factorization as an analytic subtraction

Non-singular terms, since we are only left terms with RR:

~full

Goal 2: compute [01. | RR

Now onto RV!
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Spinor-helicity formalism 101

Simple action

L
S=——|d"xF; F*"
4 M

» Complicated and redundant Feynman rules » Simple amplitude squares
o = — io2(horribl Ez_%{f 5 _ U ut st
= — 1g;{horrible mess} | A |” = 5 i

Exchanging the four-component spinor u(p) for two bispinors

1 .. .
u, (p) = |p) = ;}/5 u(p) — positive-helicity spinor
1 —7s . .. .
u_(p) = |pl = > u(p) — negative-helicity spinor

Result: helicity-dependent, simple and compact amplitude &/(15,2%, ...)

)

19


https://www.ph.nat.tum.de/fileadmin/w00bya/t70/Seminar2021/Amplitudes_Bader.pdf

Spinor-helicity formalism 101

<15>2 [I.Moult, I.Stewart,
A (17:2%:35:4%,57) = 24/2 F.Tackman,
0 (21)(23)(45) 4; W.Waalewijn '15]
_ 1=
| 7 4:; I
S7
> 5; 4
QQQQQQ, >
2" 3 2+ 37
«/ Only D=4 — SCET fact. formula finite

x Only massless external states — see next slide .


https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1103/PhysRevD.93.094003

Partonic &/ using spinor-helicity formalism

Our main idea

Factorize the spinor-helicity amplitude pp, = p3V(qg = psps)

ol (10, 201,371, 4%, 570) = Z%(lﬂ 20,3, ot (4.5 j

7 helicity amplitudes: ) Projected leptonic current:
' Ao g=AN _ Ay =4
A (475577 = €l Ly, (47,57

o (15,2003, = { . ol . ol _)

21



Partonic &/ using spinor-helicity formalism

Our main idea

15)?
oD (12:2%:34:4% 52) = 24/2 < ~ A V2% 3N of , (45,57
full( q q°> ' b”) \/_<21><23><45> 0 ( q 6]) f,O( f)
— |+ 2530 |, (45,57 |
+ V(1752430 o, _(4F,57)
+ Have to solve for 4+ Universal

Example sol. for LOx:

2
910101019010 gD = | B ]85 s(Q” + ) (23)
0 8z(dq Vq) \/5 \/S(QZ— (02— 1) (12)2

o \/5(Q% = )(Q* ~ Dt + 1) F Os(t— ) (23
2 V1u(Q? — u)(Q2 - 1) (12)7

Q{S_rl) = F lgzla, —v,)]
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Partonic &/ using spinor-helicity formalism

Our main idea

+ Works at any order in a:
A n(11320.37:47.57) = A 20.37341.57) ~ 2)(1=-n+- 3+ + 5=
| C 72 C 72 ‘Q[O (1692 93q) QQ[f,()(4- 95{)
X {7“‘ <—L122—L123+3L13 —7+?> + (CF—7A> (—L223+3L45 — 8+?> ,
—.7+. 2+ + 5=\ -
+ V(1752430 ol (43,57)

vo |ope (f2osn), G12415), (55 16124157 (s
A - S45,S45 (35)s45 0 845 2 <35>2S£5 : S45

2)(1—.1+. 2+ + &=
+(C, — 2Cp) [le (ﬁ @>+<(25)2(13)2 ~ (15)(23)+(13)(25)>LSl (m %> T <Q[(_ )(lg ° 2 ° 3q) zQ{f, _(4 o 52)

K

S45 S45 (12)2(35)2 (12)(35) S45 S45
L2020503) | (51) | @RI, (55 GIRUNEHID, (55 + Have to solve for + Same as for LO;
(35)s45 S45 (12)(35)%s)3 813 (12)(35)%s,3 8§23
(3201205 (s | _[LI2I3ME11SHE5A3) (s
2(35)%s% i3 (35)253, '\ s

N [14]([12][34] + [13][24])(13)(45)
2(35)2[13][23][45] ’

. r. ; ﬁ,.wu< ; (QQQ%F mﬁm< "*“’T*"““< helicity density =~ summed over all helicities
1 000 Y matrix
< r - L2009, - L0000, RGO,

+o. + Get H?

|I.Moult, I.Stewart, i,ab
F.Tackmann, W.Waalewijn '15]|

Goal: H® ~ W, = Z ‘Q[?)*Q[E?)* 4 ﬂfﬁ{%})*

) (...)v\

i, ab



https://doi.org/10.1103/PhysRevD.93.094003
https://doi.org/10.1103/PhysRevD.93.094003

-
(@)

Amplitude Magnitude, |A} |

Power counting for NLOy Z-helicity amplitudes

Scaling (soft) in the low-¢,/Q limit

o ~0 (/1_1 (1 + log(4) + log(/l)z)),
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7,NLO
Aqqa 1
_|_

7, NLO
Aqqa 1
_I_

7, NLO
Aqq7 1
+

7Yk:O
Yi=1/2
Y= —1/2]

Expected Scaling

/Iq>0

1/2 2
| Aol sy ~ O (A% (1 + log(2) + log(4)?))
—— AN =0
14
| ——— ANy = 1/2
0.50_— ’Agg,NL()l” Yk _ _1/2
Expected Scaling
A, >0 P
| o010} e
0.05 yd :¢ g
T
1001} pd WQQOQQ :
0,001 | |

ﬂ=ﬂ<<1

O

qr (GeV)
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Singular term:

from massless spinor-helicity amplitudes

Non-singular term:

~non—sing, (2) __ [ afull

Gi, ab Gi, ab]RR

Goal 2: compute [6?“6112 RR Now onto RR

25



| Main pipeline for RR

1. Evaluate RR contribution to W, using conventional Feynman rules;

use spinor-helicity method as a check v *

26



| Main pipeline for RR

1. Evaluate RR contribution to W, using conventional Feynman rules;

use spinor-helicity method as a check &/ *

2. Integrate over hadronic radiation — derive set of 6 unique master integrals;

J APk kiky) J dQG-2¢)
[(p, — k)1 [(py, — ky)?]72 (1 — p,cosB,sin O, — ff,cosB,)/1(1 — f;cos B, sinB; — f, cos 6,)2

27


https://arxiv.org/abs/1101.3557

| Main pipeline for RR

1. Evaluate RR contribution to W, using conventional Feynman rules;

use spinor-helicity method as a check /" *

2. Integrate over hadronic radiation — derive set of 6 unique master integrals;

3. Add PDF counter terms.
check if finite

Important detail: ys scheme for RR in D = 4 — 2¢ dimensions

4+ non-anticommuting ys

l
Vs = ge,,,ypaJ/”}/”y" [Larin '93]

28


https://arxiv.org/pdf/hep-ph/9302240

Rescaled cross section, |k*6in|

Non-singular cross section
Check k? scaling

et . 8non—sing, (2) _ 8full
qr =10GeV i, ab i,ab] RR
k*0(1) Q? = m} ]
Yz =0 [
a0 60
6cszidn—g>Zgg’ Yp=0
----- oy Y =0 |
O.OIOl | O.lIOO | 110 | 10100
k* (GeV)

+ Get [8?5111191 rrp as well as

A

0]

i, ab

. 8sing, (2)

k2>0

non—sing,
i, ab



Results

B v N

From scratch using conventional Feynman From massless spinor-helicity amplitudes
+ master integrals
+ PDF renorm.

anon—sing, (2) _ [afull, (2) ~ asing, (2) ~ ) ) , | |
@i, ab ["z ab |rr O, b o flgi()“@(;ffhﬂ(;b(ﬂ )+S( >)
>

NS

Assemble analytically using V-+jet tactorization:

5(2) __ asing, (2) 15 Anon—sing, (2)

i, ab i, ab z ab
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Remember this slide?

o
-

LLO= Born x Born NLO = LO; x LO; NNLO = LO; x NLO; +- LO, x LO>

Born R RV RR

qq9 — Vqq, qq — Vqq,
qq >V qq — Vg, qg = Vq q9 = Vg, q8 = Vq qq — Vgg, 88 = Vqq,

q8 — Vqg

We calculated everything for g = u and VV' = ZZ, what about diflerent
quarks and vector bosons?
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Possible flavor couplings

Amplitudes and their EW couplings

P B

VVV\ V

—a—c———¢—— L O0)Q)

b

Cr ko

Amplitudes squared and their EW couplings

.

AVAVAVAVAVAVAVAV

o

|
|
|
| A
|
|
|

>

N
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Pysanky diagrams

Diagrammatic way of organizing EW couplings in cross sections

b

b Pysanka

bt
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Conclusion

Motivation:
Helicity cross sections in DY: central to precision tests of QCD.

Ingredients:
+ V-jet threshold factorization.
*+ RV extracted from massless spinor-helicity amplitudes.

*+ RR computed from scratch through conv. Feynman rules.

*+ Flavor decomposition through Easter egg diagrams.

Main result:
Computed NNLO helicity cross sections analytically at finite g-

Outlook:

(et numerical results for PDF & d&%b/ dgr,

More usage for Z-helicity amplitudes, master integrals

34
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Deriving angular coeflicients

3 step plan
1. Differential cross section in terms of | 2 Axes and polarization vectors | 3- Project the helicities of W*
leptonic and hadronic tensors n CS frame: onto the components of the

W,,, and combine into
structure functions W,

*p
W/‘t/l/ — € 6/1/ W//”/

Ho_ H
SpgFq — Saql)

\/Sab Saq qu W — Z W/M’

) ) A, A'=comb
M = Saq dbq q" - Sbq 4 Pa = Saq 4 Pgl
\/S agSbq 9° Sag Sbq = Sab 4°)
V= €M x 7, o e
Wl = — 1/\/§(W+0 + WO+ + W_() + W()_)a
| Wo==2(W, _+W_,)

do(®)

— (017 = €} = (x* F iy?), et = 7H
diqdo ~ 2mg, w BTN (@ T ) SV :
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Helicity cross sections

Relating to angular coeflicients

7

do 1 3 "

diqdcos0dg  2EZ. 16m 2w L@\ 0, AWile, Fa, 11)6i(0, )
CIrl x 1

==

3 do
- 16w d4q

7
1
(1 + cos® 0 + §Aﬂ(1 — 3 cos? f) + Z Aigi(0, ﬁf’))
1=1

W_, = (x“x" + Yy W, do do_; 1 dog
Wy = 222" W, d4q - d4q 9 d4g

W) = — 2"+ Z2Xx9HW,,, Helicity cross sections:

. — pHV Wy = = 2(x*x" = Yy )W, do; 1
Wi=P7W, g L.(q% 0, 9)Wiq, P,, P))

W; = 2i(y2" = Y)W, diqg ~ 2E2,
W, = 2i(xFy” — y¥xIW,,,
Ws = — (e + yx) W, Angular coeflicients:

We = — 02" + 27y")W,, A do

. 2i(x,uzv . ZM-XU)W’MU . dG_l + 1/2 dGO




Cross section and PDFs

do 1
L 6 P, P v
d4qd COS quﬁ QEQ 167 12 (%) (q I;E!J) (Q:r as b)gz( Qfl)

7
3 do o 1 o
= s (1 +cos? 0 + > Ag(1 — Bcos ) + ; A;g:(0, qﬁ))
g_1(0,0) =1+ cos” 8, g2(0, ) = % sin® 0 cos(2¢p), gs5(0, p) = sin® fsin(2¢p)
90(97 ‘10) =1- COSZ 0 : 93(07 (P) — SlIlH COs ¢, g6 (97 50) — Sln(29) sin ¥
91(0, ¢) = sin(20) cos g4(0,¢) = cos B, g7(8,p) = sinfsiny.
d&a dgb
{14 Z/ £ é-b f[h ‘5{1: au’F)f (5-5 )U’F) o) ub(&u as 5{;}3{;; )
Helicity cross section Parton distribution Partonic cross section

functions
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DYTurbo Benchmark

Q' 1gF op — Z — Il (fid. volume) ' 1gF op — Z — Il (fid. volume) Q' F
'E' 16 - 7 TeV, resummed component 'E' 16 = 7 TeV, resummed component — 300 (”Q__-,y i,
XS] 145_ ® DYTurbo (Vegas Int)| .S 145_ ® DYTurbo (Quad. Int)| =3 pooF- L P o o
o 14 _s%32.  DYRes o 14 o° DYRes & 7 F oL/ %
@ 12F o’ ® 125 o ? 100F- il "
N - 0 = N C o -
8 10 — g 10 = s © 0OF | -
© 8- s e S 8 = K ° 100 E T |
6 2 6E- T UE | e | ®  pp - Z — Il (fid. volume)
4 E-© 4 = _200:- . 7 TeV, asy.+f.0. terms
= - = ® DYTurbo (Vegas Int.)
2 2F ~300 DYRes
® — T ® ' Y o E— S
g 1 01_+? ............. + ........... g 1 01_ ............................................................................................................................................... ;t- ¢ + ¢
A A : & & IR
- 1= + ------- * ++++ ------- Gl Wﬂ < At | — RO IIR o A
8000l T T ! AR Ot I 800l ARRARARNF. 4 SR AN 8 ol
= =2 2 0.5t
S S ¢ o5t
0 1 10 (] 1 10 Q 1 10
q_[GeV] q_[GeV]

(a) (b) (c)

Figure 6 Comparison of differential fiducial cross sections computed with DYRes and DYTurbo at /s = 7 TeV as a function of the
Z-boson transverse momentum. The Z-boson fiducial phase space is defined by the lepton transverse momentum pf} > 20 GeV,
the lepton pseudorapidity |n¢| < 2.4, and the invariant mass of the lepton pair 66 GeV < m < 116 GeV. (a) Comparison of
resummed component between DYRes and DYTurbo with Vegas integration. (b) Comparison of resummed component between
DYRes and DYTurbo with Quadrature integration. (c) Comparison of the sum of asymptotic and finite-order terms between

DYRes and DYTurbo with Vegas integration. The top panels show absolute cross sections, and the bottom panels show ratios of
DYTurbo to DYRes results.

|S.Camarda, M.Boonekamp, G.Bozzi et al. 20|
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RR

Calculate hadronic
tensor for RR

F
Project helicity states

using Eq.(2.12)

:
Add projected
ghost contributions

1
Spinor-helicity check at D) = 4
.

Apply partial fraction de-
composition as in Eq.(7.36]

RV R
Compute through spinor- Crtipute through Wempute kusoee
helicitv Zohelicitv am spinor-helicity Z- tensor using
it d}r e D}r i helicity amplitudes conventional
POATAS R T AsatD = 4 Feynman rules
¥ |
R ¥
Squarezﬁillhilmty Square and he- Project helic-
s SR e licity average ity states us-
plitudes, achieve W, ¥ o ¥
Z-helicity ampli- ing Eq.(2.12)

L

| 3 ;
Clbiontk T o tudes, achieve W,

Mirkes & Lyubovitskij ‘

l

Insert master inte-

grals from Table [7.1]

Check Wi, top Check spinor-helicity
loop w/ Gonsalves w/conventional Feynman
| -u|r 4 s
{_-'h ]Eij;___' 3,1 r I'k'T.IIl'E ]
Check fnite Wina w/ o La,2,3,4 w/Mirkes
hard function from B&S l
l‘ w:',ﬂll = Hz’,ub1
Wian = .H:_g.g-,, get Hi,.;g. Jo s

get H, . J®5

r

Multiply with full phase
space element, Hux fac-
tor,spins, color factors,

PDFs and symme-

try from Eq.(7.21)

|
Check leading £* — 0
terms with RR re-

Y

sults in Gonsalves Multiply with full phase space ele-
* ment, flux factor spins, color factors,
Multiply with full phase PDF's and symmetry from Eq.(7.21)

space element, Hux fac-

tor spins, color factors,
PDFs and symme-

b = f =in
try from Eq- Final R O, n B

w

Add PDF renormal-

ized R contributions

|
Check cancellation
of 1/e UV poles

Check 1/k* poles at V+1jet
limit vs. B&S expressions

!

L

Final RV 6/ 405

54 =k

Final RR 6, pg =
nh,:l:in_g = f non=sing
T, ar T TR

Combine contributions based on the flavor decomposition

Check Wi, w/Gonsalves

L i

Convolve with PDF's and implement numerically

Scope of this thesis

Check gr — 0 numerically
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Radiative corrections

Perturbative expansion in strong coupling:

o [ @ )n do'™
B 0 27 qu

dgr -
O(ay) O(a) O(a;)
> : : > - W e - > E -
v E )\ Y i & \.Q_QQQ_‘%’_Q_O_QQ;
= \le_O_O_Eb_O_O_O_O_; B h N N « M.O_O.%L .

LLO= Born x Born

NLO — LO1 X LO1

NNLO = LO; x NLO;

NNLO = LO3 x LOs

Born R RV RR
qq9 — Vqq, qq — Vqq,
qq =V qq — Vg, q8 = Vq qq — Vg, qg¢ — Vq qq — Vgg, g8 — Vqq,

qg — Vqg

1 x 1 diagrams

2 x 2 diagrams per process

2 x 13 diagrams per process

8 x 8 diagrams per process
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PDI renormalization

Master tormula for PDF renormalization

NG, ~bare (2 Splitting function
62 (EuP s &Py @) = 67 ><5aP &Py, q) i

—bare (/-
O ZaPar P9 1 2)e
—b 1 (0)
6,0 (Do P @) - Pi;

Achieved by performing the momentum fraction integral with (k%) from NLO cross section first

Barred LLO; xsection:

6, @b Po @) = 6,507 (2D os P V5K

Starred mom. fraction and delta factor: k=2,p,+Pp—q
— — 2
k™q Q% ¥ = Kq™ +ar ,
kt(k—=+q-) 7 k~(k*+gt)
A¥=k*(k™+q) AF=k(k*+q"),

=

' | —)
a, b - incoming partons £ zE
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PDI renormalization

Master formula (T-channel gg — Vqg)

~ (2 2), bare
z(u)d(pﬂf’p Q') — J.fid (pmp Q)

P(U) ( Zh

(1) ba,rc *
a; JUg Da; prb? q)

V N
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V+jet threshold factorization as an analytic subtraction

Main i1dea

Anon—sing, (2) __ [Afull .
Gl ab Gl ab] RR

+ lalfujllb(z)] rr - full PDF renormalized RR cross section
2.2
Asing, (2) _ [6. ] [ln(k [v7) : 1]
2 i.ab i,ab| R k2 k2
k2>0

PR

~full ~fin
* Two goals now: compute [61 ab] rr and [01 IRV
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V+jet threshold factorization as an analytic subtraction

Main i1dea

Singular terms using SCET factorization formula:

&Sing X Hi J R § - 6§inga (2) X I{l(z) + I{l(l)(J(l) i S(l))

I, ab I, ab

-~
N
N
0\
N
N\
s
.;‘.
"
N
LN ’
i,
ok 4,
S22
-
U,
Uh TN
N
. \."'
)
(PN
\
S
.
y
.

co\\weor
SCET factorization formula is fully finite in €
1 a 1 o, HSng 1 L 1 a+ bne
- ! - ! 62 ! ai,ﬁn . 62 ! Gi,ﬁn, sing c .
Cuv IR IR 1wy IR IR 1 rr R aCT L R dpprer

H® + HOJO 4 5D




Checks: spinor-helicity formalism
Main idea (first for LO;)

Factorize the spinor-helicity amplitude pip2 — p3(V — p4p5)

/151 _’161 A —Ap ’161 _’161
‘Q[full(l/lga 2@93q ,4;”’ 52 f) — Z ‘Qi‘l(l/lga 2qa3q )
A

‘ Projected leptonic current:
/, helicity amplitudes:

- (12003 1 4% 577 = el L, (4%.57%)
‘le(lﬂgazg%Bqﬂq) — {‘Q[()a <Q[_|_9 ﬂ_} & g1 2N e r

Ay 2= ghr =2
ngim(lﬂg,Zc_]Jq ,4;,52 ‘) <w

1

Helicity projectors: € = ﬁ(;c“ F wyt), én =2
A
458 Leptonic current: _
Moy, (427, 57) ~ 47 (ve — aey®)[5),  Ae=1/2,
A MATE T 4 —ad)[B], A= —1/2
2. -y (Avu(ve — aey?)[3], - Ae /
2
by Goal: -[/V/\AF
17 3 el
q .7
91910101019 Iz)oéarlsatlons of summed over all helicities
0)510111




Ai=>0: A= (“Ug S {Ig) Slq[

Aoy = (ve — ag)

A <0 Agu:(ﬂg—i—ﬂg)

Aer = (ve + ﬂf)

Ao = (ve + ag)

Projected leptonic current:

24)(25) — s5,[14](15)

)

\/51251¢524

Ll Sz‘f(\/ e 1) # [14]<15>sgq(\/

q2312

1) +2(25)(15)[21][45]

:[24](25)51{ir (\/

qzﬂlz

1) & [14](15>52q(\/

\/51/512 \/(51q32q = 3129’2)

q2512

| 1) — 2(25)(15)[21][45]

$14(24)[25] — s24(14)[15]

/51281452

q

" (24) [25151q(\/

qgslz

\/53/812 \/(Squzq — S1zq2)

)

1) + (14)[15152q(\/ e 1) — 2[25][15](21)(45)

sl (y/

Foia 4 1) 1 (14)[15]ss, (/222

V2,/512+/ (514524 — 512¢)

1) + 2[25] [15](21)(45>:

\/ixXSIZN/(SquZggq'_'Slﬂqg)
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Power counting for Z-helicity amplitudes

Scaling in the low-g;/Q limit

i q9 |
: Analytical result ‘AO_’ :
AT
1H i -
. ﬂ < 1 Expected Scaling ~ q%/ ? /./
— _ : _
Q o ‘ Aqg‘ ‘/
.= 0100} ® Numerical result —~ ‘/ -
< : AL P
1/2 = ! .
‘ 0 ‘ ~ (/1 ) ’ < 7~
q8—Vq Z - P
_1 = 0010} /.\ . O.E
| + ‘45]—>V8 ~ <;t ) = : o 5"
< A
_ ‘/ & 02
0.001 - 7~ :
; © —~ 0.1
_ ./ 00 o™
o e 0 20 40 60 80 100
1074 | - qr (GeV)
| 03 | T S0 100




Power counting for Z-helicity amplitudes

Scaling in the low-g;/Q limit

Agy Ags Ae/Ax | | Aol scaling at soft limit | [ A4 | scaling at soft limit | |.A_| scaling at soft limit
LO, q9 — Zq
o O (\72) O (\172) O (\72)
—, O ()\1/2) O ()\3/2) O (1/)\1/2)
LOi1 qqg — Zg
4+, + O (\Y) O (1/0) O (N
T+ O (X% O (\) O (1/A)
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/lq:{_l_a_}

Power counting for Z-helicity amplitudes

AZ={O,+,_}

|A:_7I_:r.i"-iL'i:.i'| || }.-k —

|— AP o=l

[| wmmm= Expected Scaline

3 050 |.':l:_.|;u,_?“']],l_':l| |I }-IL = J_II.'IE

010

Ampiitnde Magnitude, | A5

[k =
(i -

(0
0S0n T T T T T 1T ] T T

" P |A:‘;_'_r.hr|'.-‘.'?| |I :Ilr-r'\. =

A = 10

4
s

AR 8 T I i

o | Expected Scaling
]

Amplitude Magnitnde. | A%

0l /

00 / 1’;‘___,-#‘

i 100 |

0050

D010 +

01005 |

00

NLOq, 99 — Zqg
Ay >0

| —— AP =1
oo [| ——— AP, =

| ===== Ezxpermed sealing

Tk i _
Al’:;ﬁl.. Liiy |:, ]_[. _ ﬂ

Lhadif]

G (GEV)

1 1 |

|7 _.:1"-;"""'""."":' |:| ]__[ — U

g P— "_;1.-__|+.;||1_=...'_.'.J:||?}r[ e l.-'E

L] .
— ATy = 10

""" Expected Scaling

iy (GeW)

AL

Dos

ol

L

N 1 |-.-.II.T_I_-\";.|i':||_|I'rh_rl:r —‘-_I'

.00l

tir [GeN)

0.4y

ar (LeV)

AR 3 —
:Ali:J',.r'-lL.{.h | -&1 =3 I_I-'.E:'

oy, ML ==
ATPHLOY 3

i

Expected Scaling

== 'II,"'.-:!
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e 2

Calculate hadronic
tensor

Project helicity states

Simplify the cross
section

Apply partial fraction
decomposition

Integrate over
k — k,k, decay space

Main pipeline for RR

“Sausage factory’ - boring (but important) stuff

ki o
e erams AVAVAVAVAVE! — 0CQ00, —— 0000, ——\ VN
. Y i ks
Q0G0 7 ' 1
Y ¢ Ko b
—a—\Q0Q0, 7 +«—\0Q0Q; “ \_0_0_4%
1 2 3 7 -
% .
. o, . —— AV
Fa T ) : 1224
AN, 0000, . = WH*(q, P, Pb)
“:-'I__ Y F-']_.,. Y <
+—QQ0OQ +—QQQQ, e AVAVAVAVAY "O‘Q%F
4 ) i 3

FeynCalc + FeynArts

Multiply with the rest of
the factors + PDF CT

Important detail: y5 scheme for RR in D = 4 — 2¢ dimensions

4+ non-anticommuting ys

l

+ Vs = 3 wps? Y'Y [Larin '23| [Feyncalc manuall

ol


https://arxiv.org/abs/2312.14089
https://feyncalc.github.io/FeynCalcBookDev/FCSetDiracGammaScheme.html
https://arxiv.org/pdf/hep-ph/9302240
https://feynarts.de/FA3Guide.pdf

e 2

Calculate hadronic
tensor

Project helicity states

Simplify the cross

section

Apply partial fraction
decomposition

Integrate over
k — k,k, decay space

Multiply with the rest of
the factors + PDF CT

Main pipeline for RR

“Sausage factory’ - boring (but important) stuff

VV;(Q? Paa Pb) — ﬁfw(% Pg? Pb) WMU(Q» Paa Pb)

-

Structure functions

‘\ k Hadronic tensor

projectors

D2



e Main pipeline for RR

xO_Q_O_O_f?_O_O_Q_QJ
T4 “Sausage factory” - boring (but important) stuff
. Mm >
kel bare D7, aDj. aD., D
Calculate hadronic ddi X J'd¢4VVZ’ d¢4 x d kl d k2 d q1 d %
tensor

di

Project helicity states

d2

Simplify the cross

section kq
Apply partial fraction :' : | i
decomposition .

dey = dgb(papﬁqk) dqb(él—%hé]z) dgb(k—ﬂqkz)

Integrate over
k — k,k, decay space ; | :

« (dk~dktdg~dg*tdgz) ~ dOB-2¢) o dOB—26)
over lepton decay space over k decay space
untouched integrated

Multiply with the rest of

the factors + PDF CT -




e Main pipeline for RR

xO_Q_O_O_f?_O_O_Q_QJ
T “Sausage factory” - boring (but important) stuff
. Lo.o_o_czdzm >
kel bare D7, aDj. aD., D
Calculate hadronic ddi X J'd¢4VVZ’ d¢4 x d kl d k2 d q1 d %
tensor

Project helicity states

M (paps — qkrka) |2 £V €0, u2] £ (€0, p2)]

dazh,ab — dgbpapb%qkd‘bq%qwz /dgbk_)klk2 2E§m nany N, Np X Sym.
Simplily the cross __ (4m) (h)"° dk~dk*dg-dgtdgh fo"Ea nE)S" (6 3] f APk okuks | ]2 x sym
section - (4m)2F(1 —¢€) 2E2 (k= +q7)(k+ +qt) NgMp Ny Ny gz 2T ¢ v
x 0(q7)0(q")0(k™)O(kT)O(2E, — k™ — q )0(2Ey — k™ — ¢ ™), (7.21)

Apply partial fraction
decomposition

Integrate over
k — k,k, decay space

Multiply with the rest of
the factors + PDF CT -




o Main pipeline for RR
v “Sausage factory’ - boring (but important) stuff
«—000000000

e 2

_ . _ APk ky ke 1
Can have up to 4 unique denominators: / or  (den 17 (den 2)%(den 3)%(den 4)

——

C12 C13 Ci14 Ca3

(den 1)72(den 2)72 t (den 1)713(den 3)72 * (den 1)714(den 4)+ T (den 2)72 (den 3)ds2 e

Calculate hadronic
tensor

r

Project helicity states

, C24 | C34
" (den 2)724(den 4)422  (den 3)7s1(den 4)ds

Simplify the cross
section 1
ABCD
Apply partial fraction ”//7\
decomposition ‘ 1 1 1 | 1

ABCc T aBp T Aacp T BCD

Integrate over M

k — kik, decay space 1 1 1 | 1
AB = AC = BC™

Multiply with the rest of
the factors + PDF CT

25



e 2

Calculate hadronic
tensor

Project helicity states

Simplify the cross

section

Apply partial fraction
decomposition

Integrate over
k — k,k, decay space

+

Multiply with the rest of
the factors + PDF CT

Main pipeline for RR

“Sausage factory’ - boring (but important) stuff

In general d¢g_ x ) has non-trivial dependence on kj, k, momenta.

Our master integrals help integrate D dim. expressions like

i dD -k k) i dQG—=¢)

. - X . .
) [(p, — k)1 [(p, — ky)?12 ) (1 — B, cosb,sinb; — fB,cosO,)/1(1 — ;cosb,sin O, — f, cos 0,)

Result: set of 6 unique master integrals.

20


https://arxiv.org/abs/1101.3557

e 2

Calculate hadronic

tensor

Project helicity states

Simplify the cross

section

Apply partial fraction
decomposition

Integrate over

+

k — k,k, decay space

Multiply with the rest of
the factors + PDF CT

Main pipeline for RR

“Sausage factory’ - boring (but important) stuff

(Pa—k1)* | (Pa—k2)® | (po—k1)® | (m—k2)® | (g+Fki)* | (q+k2)°
One den, Two den’s, Two den’s, | Two den’s, | Two den’s,
(pa — k1)? massless Separable | both massless | both massless | one massive | one massive
(7.28) (7.32a) (7.32b) (7.33a)) (7.33Db)
One den, Two den’s, Two den’s, | Two den’s, | Two den’s,
(po — k2)? | Separable massless both massless | both massless | one massive | one massive
(7.28) (7.32b) (7.32a) (7.33Db) (7.33a)
Two den’s, Two den’s, One den, Two den’s, | Two den’s,
(pp — k1)? | both massless | both massless massless Separable | one massive | one massive
(7.32a) (7.32Db)) (7.29) (7.33c) (7.33d)
Two den’s, Two den’s, One den, Two den’s, | Two den’s,
(pp, — k2)? | both massless | both massless | Separable massless one massive | one massive
(7.32b) (7.32a)) (7.29) (7.33d) (7.33c)
Two den’s, Two den’s, Two den’s, Two den’s, One den,
(g + k1)? | one massive | one massive | one massive | one massive massive Separable
7.33a) (7.33Db) (7.33c) (7.33d) (7.30)
Two den’s, Two den’s, Two den’s, Two den’s, One den,
(g + k2)? | one massive | one massive | one massive | one massive | Separable massive
(7.33b) (7.33a)) (7.33d) (7.33c) (7.30)
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e Main pipeline for RR

000000000,
roo “Sausage factory” - boring (but important) stuff
«—h00000Q000
Calculate hadronic
tensor
J'dqbk—ﬂqkz B J Addi_ ik, 1 B
| B 27 g+ k)" [(py — k)] 27 g+ k)" [Py — k)]
Project helicity states ] L
o € — — -+ 2 . iy (] — i —
(—1)J1+Jz (471-) _(k T4 )(k 4 +qT) [k_(k++q+)] J2 1 ( :]2 6)
(ktk= — g#)° _ k— _ 4n)? T2 —j, — 2¢)

Simplify the cross
section

k™ <\/4 (k~+q7) (k" +q%) g7+ (kTq~ —k™qT) > +k q" +q (kT + 2q+)>

2 (k= +q7) (k~q* + ¢3)

><F1<j1,1—j2—€,1—j2—€,2—j2—2€,1—

Apply partial fraction
decomposition

1 —

k™ <—\/4 (k" +q7) (k" +q%) g7+ (kTq~ —k™qT) > +k q" +q (kT + 2q+)> )

2 (k= +q7) (k~q* + q7)

Integrate over
k — k,k, decay space

+

Multiply with the rest of
the factors + PDF CT .




e 2

Calculate hadronic

tensor

Project helicity states

Simplify the cross
section

Apply partial fraction
decomposition

Integrate over

k — k,k, decay space

Multiply with the rest of
the factors + PDF CT

Main pipeline for RR

“Sausage factory’ - boring (but important) stuff

oM@~ (dk~dktdg~dgtdg;) 2-to-2 measure

l

X dqb(q—%hé]z) lepton decay phase space

X Jd¢(k—>k1kz) | A ‘izab k decay space and matrix el.
[7,] lhy] ’

X fL fb b PDEF's

X fac . flux, symmetry, spin, color etc.

1 <« PO(z%) L
+— Z = = 2 gbare(D)  PDF renormalization
€ A 1,a'b
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Putting results together

Flavor decomposition - Easter Egg diagrams

But! We calculated everything for g = u, g = i, what about different quarks?

/2K R .
H 5ljxcf1fchifé Cfifa = \ -

[PYSANKA MOSAIC web)

1 ]’
2 /4
bb
—iQ re, where f = f1 = fo, for 4%, Pysanka
:%szfl, where f1 # fo, for W=,
192 vy or £i%Zay, where f = f; = fo, for Z

flavori,j -

Goal of the approach: get the exact number of unique flavor couplings o0


https://pysankamosaic.com/pages/history-of-the-art

ada
1 1’
2 2/
bb
GGt

Putting results together

Flavor decomposition - Easter Egg diagrams

[PYSANKA MOSAIC web]

1
+ O(ay)... Pysanka

. | 1 BT

> > N\ NANANNANNNNN—
) a a v2 0 2] a’
. A + Nelo]o]eInloo]elo} +
| b’ b 7 : T b’

« < -« %

- il

At O(a?) Pa=8 Pp=28: 2 comb. of EW couplings
Pa=49 Pp = 8§- 2 ...
paZQanZQS 61


https://pysankamosaic.com/pages/history-of-the-art

gg —+ VX

gg —+ V.X

a a
1 11 1 1"
2 o 2 .

hb' b

Al A2

a aa aa aa
1 A | 1’ 1 | AR | 1/
2 ot 9 2 2 ¢

2 2 g

E?" bhb hb' b

i ng B3 B4
1 & 1 1’
2 2 2 5.

b b

B5 B6
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VX

qq —

a
1 1’
2 2!

bb'

C1

a a’

o N
b =

bt
C5

(L &

o
e I

a a

bb'
C2

(1

bt
C6

(L

C14

(aa
1 I
2 2/
b
C3
aa

e
b =

hb'
C7

(1 &

R
T

C15

(i €l
1’

i}."

e I

b
C4

a a

e
e I

b
C8

aa

En"

P s
el

b b/
C16
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 a

h b
C17
aa'

bb'
C21

]_n"

2."

(1 €L

h b
C18
aa'

b
C22

Ef

aa
1 1
2 2
b
C19
aa
1 &
2 o
by
C23

( a

b
C20
aa

b
C24

En"
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Extra extra

(@) = lim | f(2)8(z — €) + 6(z — €) f dy £(y)

= £ J

[0(x) In™ z] 0(z — €) In" e
Lalg) = ¥ = lim S Lo + 0(x — €) &% , with n > 0.
| T | | T n+1
DGLAP
5 © /0 n+1 dz 2ny+1 " (n)
2 s h n ;
a2 ; . = J k
#Faﬁ%f (& up) = ‘;D( ) f Z s ( w) i (2) 5 - 2)
1+ 22 (1-2)¢

3 .
PO (2) = 2Cp0(2)Pyg(2), Pyql2) = (2;:.3(1 —2) = 0(1 - 2)(1+2) + 55(1 - 2:)) — o1 - 2)
) (0)
1+ (1-—2)2 P
Péqﬂ) (2) = 2C50(2)P,q(2); Puy(z) =0(1 —2) (z ) : ’
Figure D.1: LO splitting
Pég)(z) — 2TFB(E)PQQ(E)= qu(z) — 9(1 - 3)[1 - 25(1 - z)]: 7 — k with momentum frac-

21 — tions & — (2&, (1—2)€), de-
PO (2) = 200(:)Pyg(2) + Bod(1 — 1), Pygl2) =2£0(1 —2) + 01 - D221 - 2) + 202 2], \bed vy AO(a)

where (y = %O A— %Tpn ¢ is the leading-order QCD beta function coefficient.
- 6o



