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Abstract

The Drell-Yan process is a key tool for testing the Standard Model at hadron colliders. Angular
coefficients, which characterize the angular distribution of leptons in the Drell-Yan process, provide direct
access to the polarization structure of the intermediate boson and are especially useful for extracting
detailed information from experimental data. To make precise comparisons with measurements, we
need accurate theoretical predictions that include higher-order QCD corrections. Having fully analytic
expressions for these corrections helps improve both the efficiency of calculations and interpretability of
the underlying physics.

In this project, we compute the angular coefficients for Drell-Yan at finite transverse momentum,
including radiative corrections up to (O(α2

s)) for both real-real and real-virtual contribution. The final
result is a complete analytic prediction for helicity-resolved Drell-Yan at NNLO.



Acknowledgements

This thesis would not have been possible without the support and encouragement of many people at
both Nikhef and DESY. First and foremost, I want to thank Johannes Michel for his guidance, support,
and for always being available for a good discussion. This project simply wouldn’t have happened without
it, and I feel I have learned a lot in the last year. I also want to thank Wouter Waalewijn for being my
primary supervisor, for keeping us grounded, and for supporting me even beyond this project.
I’m very grateful to Alessandro Gavardi and Bahman Dehnadi for supervising me during the DESY
Summer School 2024, which became the starting point of this project. I am thankful for all the helpful
and enjoyable discussions during that time and in the months that followed. I also want to especially
thank Frank Tackmann for the opportunity to work with the DESY theory group.
My sincere thanks also go to the Nikhef theory group for their warm and welcoming atmosphere –
within just a year, it came to feel like a second home. Lastly, I would like to thank the entire group of
Nikhef theory master’s students for their moral support, and for making this year not only intellectually
stimulating but also genuinely fun and enjoyable.

1



Contents

1 Introduction 4

2 General theory 6
2.1 Quantum Chromodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Hadron-hadron collision factorization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Projectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2.2 Helicity Projections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

2.3 Amplitude and Squared Amplitude Classification . . . . . . . . . . . . . . . . . . . . . . . 13
2.3.1 Color structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.3.2 Charge configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.4 Poles and renormalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4.1 Pole structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4.2 PDF renormalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.5 Introduction to Soft-Collinear Effective Theory . . . . . . . . . . . . . . . . . . . . . . . . 21
2.5.1 Degrees of Freedom in SCET . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.5.2 Leading-Power SCET Operators and SCET Lagrangian . . . . . . . . . . . . . . . 22

2.6 Using V + jet threshold factorization as an analytic subtraction . . . . . . . . . . . . . . . 25
2.6.1 Parametrizing the PDF convolution integral . . . . . . . . . . . . . . . . . . . . . . 25
2.6.2 Structure of soft and final-state collinear singularities . . . . . . . . . . . . . . . . 26
2.6.3 Factorized singular cross section from the V + jet threshold limit . . . . . . . . . . 27
2.6.4 Final result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

3 Flavor decomposition of partonic cross-sections 32
3.1 Introduction to the approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
3.2 gg → V X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 qg → V X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.4 qq̄ → V X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
3.5 qq → V X . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4 Helicity decomposition of real-virtual contributions at amplitude level 38
4.1 Spinor-Helicity Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.1.1 Introduction and main idea . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.1.2 Projected lepton current . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.1.3 Afull . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
4.1.4 Lepton Configurations and Solving the System . . . . . . . . . . . . . . . . . . . . 49

4.2 Power Scaling of Helicity Amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2.1 Soft Scaling of Z-helicity Amplitudes in the qT /Q→ 0 Limit . . . . . . . . . . . . 54

4.3 Treatment of γ5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.4 Final results for LO1 and NLO1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
4.5 Rewriting 2 → 2 phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

5 Computation of double-real remainder terms 68
5.1 Calculating and squaring matrix elements . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2 Integrating over k-particle phase space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

5.2.1 Phase space of decay into N particles . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.2.2 Final cross section . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
5.2.3 Master integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

2



5.2.4 Partial fraction decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
5.3 PDF renormalization for double-real term . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.4 γ5 scheme for double-real terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
5.5 Obtaining the non-singular remainder terms . . . . . . . . . . . . . . . . . . . . . . . . . . 86

6 Comparison with previous results in the literature 88
6.1 Cross-checks and Comparing with literature . . . . . . . . . . . . . . . . . . . . . . . . . . 88

Conclusions 91

A Feynman Rules 93

B Spinor Identities 95

C Functions and Distributions 97
C.1 Plus Distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
C.2 Distributional expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

D PDF Renormalization 99

E Helicity Configurations 101
E.1 F.1 LO1 (and NLO1) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
E.2 F.2 LO2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

E.2.1 qq̄ → qq̄ℓℓ̄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
E.2.2 qq → qqℓℓ̄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
E.2.3 gg → qq̄ℓℓ̄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
E.2.4 qg → qgℓℓ̄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
E.2.5 qq̄ → ggℓℓ̄ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

3



Chapter 1

Introduction

Physics, at its heart, is a search for the hidden simplicity that lies beneath the complex and often chaotic
behavior of the natural world. Over centuries, seemingly unrelated phenomena have been merged together
under unified frameworks. The same field that explains the motion of electric charges also describes the
nature of light, the same quantum rules that govern radioactive decay apply to the structure of matter
around us.

At the center of our current understanding stands the Standard Model: a compact and elegant
mathematical structure that unifies the electromagnetic, weak, and strong interactions into a single self-
consistent theory. It is built on the gauge symmetry group SU(3)C × SU(2)L × U(1)Y , and its field
content and dynamics have been confirmed time and time again by experiment. The discovery of the
Higgs boson in 2012 at CERN’s Large Hadron Collider [1, 2] marked a major milestone. And importantly,
rather than being a surprise, it was a confirmation – the final predicted piece of the puzzle, completing
a framework that had already withstood decades of tests.

However beyond the Standard Model lies a landscape of open questions: it does not incorporate grav-
ity, nor does it account for dark matter or the nonzero masses of neutrinos, and it offers no explanation
for the observed matter-antimatter asymmetry. Additionally, many of its parameters, such as masses,
mixing angles or couplings, are inputs, not predictions.

In the absence of new particles or interactions appearing directly at accessible energies, the search for
physics beyond the Standard Model has turned to indirect strategies. One of the most promising paths
is plainly increasing the precision: measuring known processes with higher accuracy, and comparing
them against equally precise theoretical predictions, hoping that tiny, subtle deviations between data
and theory can hint at new physics. To do this well, one needs both sides of the equation to be sharp:
experiments must deliver clean, high-resolution data and theory has to be able to keep up with rising
precision. This has pushed collider physics into a new era, where full control over multi-differential
observables and higher-order corrections is no longer optional, but essential for both experimental and
theoretical sides.

Among the most important of these high-precision observables is the Drell-Yan process, where a
lepton pair is produced in hadron-hadron collisions via the exchange of a vector boson, such as a virtual
photon γ∗, Z boson or a W± boson (refer to Figure 1.1 for an illustration of the Drell-Yan process), and
the dilepton transverse momentum spectrum, which is one of the cleanest and most precisely measured
observables at the LHC [3] that has been recently used to both obtain the W boson mass [4] and the
strong coupling constant [5, 6]. The true power of it lies not just in the total cross section, but also
in the shape of the final state, in the angular correlations that access the spin and polarization state
of the intermediate boson, which in turn is easily influenced by both strong (QCD) and electroweak
(QED) corrections. These angular distributions are typically decomposed into a set of coefficients Ai,
which carry all the dependence on the polarization structure of the boson and, most importantly, the
QCD dynamics of the initial state. Their precise prediction and measurement allow us to test QCD
factorization, study parton distributions, and even extract fundamental parameters.

However, producing high-precision theoretical predictions for these coefficients at the next-to-next-
to-leading order (NNLO) in QCD remains quite computationally expensive. There is a multitude of
state-of-the-art tools used in collider phenomenology - numerical codes such as DYTurbo [7] and FEWZ [8],
but generally generating differential cross sections with sufficient statistics and precision can require
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Figure 1.1: An illustration of the Drell-Yan process involving various partons and intermediate vector bosons. In
the leftmost diagram, two protons collide, producing partons ξaPa and ξbPb, which in turn leads to the formation
of an intermediate virtual photon or Z boson and some final hadronic state (radiation) X. The boson decays
into a lepton-antilepton pair (ℓ+ℓ−). The other two diagrams depict the production of different lepton pairs via
a W± and Z boson. Each diagram represents different possible channels of the Drell-Yan process which leads to
the production of neutral or charged vector bosons.

thousands of CPU hours1. Every scale variation, observable bin or cut configuration must be recom-
puted multiple times, which is incredibly computationally expensive, especially when computing a set of
multiple angular components.

Analytic results offer a clean solution to this problem. Once derived, they can be evaluated orders of
magnitude faster, are reusable and modifiable, are fully transparent in their structure, which might give
us physical insights into the origin of various terms, such as soft or collinear logarithms, and allow one
to identify and isolate the key physics contributions in a way that numerical output cannot.

Therefore, the purpose of this thesis is to provide a complete analytic calculation of the
Drell-Yan angular coefficients at O(α2

s), in the regime of finite boson transverse momentum and
at leading order in the electroweak coupling.

This thesis is organized as follows:
In Chapter 2, we introduce the theoretical framework and outline our overall strategy. We begin with

a brief overview of QCD, followed by a discussion of factorization in hadron-hadron collisions. We define
helicity cross sections and their connection to angular coefficients. We also classify the contributing
Feynman diagrams at O(α2

s), and describe the expected infrared pole structure of the bare cross section.
To handle these divergences, we will be working in the framework of Soft-Collinear Effective Theory
(SCET), using which we introduce an analytic subtraction method based on the V +jet threshold factor-
ization, which cleanly separates singular terms in the invariant mass of the hadronic final state from the
regular part of the cross section. In Chapter 3 we describe the flavor decomposition procedure used to
organize the electroweak couplings. In Chapter 4, we compute the loop real-virtual (RV) contributions to
the singular helicity cross section. These terms are obtained by helicity decomposing the RV amplitudes
using an exptension of the spinor-helicity formalism. In Chapter 5, we evaluate the remainder of the
double-real (RR) tree-level contributions using conventional Feynman rules combined with the helicity
projection formalism introduced in Chapter 2. Here we also perform analytically the phase space inte-
gration over the hadronic radiation and we derive a dedicated set of master integrals to do so. In this
chapter we assemble the various contributions into the full helicity-resolved cross section. In Chapter 6
we compare our analytic results with known partial results from the literature. Finally, in Chapter 7
(Conclusions), we conclude and reflect on the outcome of the project, outlining possible directions for
future work.

1For example, computing the fully integrated Drell-Yan cross section at NNLO using purely Monte Carlo methods (as
in illustrated in DYTurbo [7]) can require around 8 hours per bin over 100 bins, even when parallelized over 20 threads -
totaling approximately 16 000 CPU-hours. In contrast, by implementing partial analytic results in the calculation, the
same result can be obtained in roughly 68 CPU-hours. This illustrates the substantial computational advantage of analytic
methods.
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Chapter 2

General theory

This chapter establishes the main theoretic frameworks required for the research conducted in the thesis,
as well as introduces our project pipeline.

2.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD) is the quantum field theory describing the dynamics of the strong
interaction, one of the fundamental forces in the Standard Model. It is a non-Abelian gauge theory
based on the symmetry group SU(Nc), with Nc = 3 in nature. The elementary degrees of freedom in
QCD are the quark and gluon fields. Quark fields qif (x) are in general massive spin-1/2 Dirac fermions,
where f labels the flavor and i = 1, . . . , Nc indexes the color degrees of freedom, which transform in
the fundamental representation of SU(Nc). Gluon fields Aa

µ(x) are massless spin-1 gauge bosons, where
a = 1, . . . , N2

c − 1 runs over the adjoint representation. The gluons mediate the strong force and carry
color charge themselves, leading to self-interactions.

Under a local SU(Nc) gauge transformation, these fields transform as

q(x) → U(x)q(x), (2.1)

Aµ(x) → U(x)Aµ(x)U†(x) +
i

gs
U(x)∂µU

†(x), (2.2)

where U(x) = exp[iαa(x)T a] is a position-dependent element of SU(Nc), and T a are the group generators
in the fundamental representation, satisfying

[T a, T b] = ifabcT c, Tr(T aT b) = TF δ
ab =

1

2
δab,

where fabc are the structure constants of the color group SU(3). More identities for the T a are used in
Section 2.3.1.

The full QCD Lagrangian in four-dimensional Minkowski space is given by

LQCD =
∑
f

q̄f (iγµDµ −mf ) qf − 1

4
Ga

µνG
aµν + θQCD

g2s
32π2

ϵµνρσG
a,ρσGa,µν , (2.3)

where: Ga
µν = ∂µA

a
ν − ∂νA

a
µ + gsf

abcAb
µA

c
ν is the non-Abelian field strength tensor, Dµ = ∂µ − igsA

a
µT

a

is the gauge-covariant derivative acting on quark fields, mf is the mass of quark flavor f , and gs is the
strong coupling constant.

The Lagrangian contains these key terms:

1. The gluon kinetic term, − 1
4G

a
µνG

aµν , which includes gluon self-interactions due to its non-
Abelian structure.

2. The quark kinetic and mass terms, describing free quark propagation.

3. The quark-gluon interaction, arising from the covariant derivative term q̄γµAa
µT

aq, which cou-
ples quark color and spin to the gluon field.
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4. The θ-term, which is proportional to a total derivative, and therefore does not contribute to
perturbative calculations, where the field is assumed to vanish at infinity asymptotically. In this
project we assume θQCD = 0.

At this moment we can modify our (classical) QCD Lagrangian and add a few extra terms tackling
the fixing of the gauge. To quantize the theory in a consistent way, one must fix the gauge redundancy
introduced by the local SU(Nc) invariance. In the path integral formalism this is done via the Faddeev-
Popov method [9], which fixes the gauge at the cost of introducing auxiliary fields known as ghosts.
The ghost term and the gauge fixing term in the Lagrangian take the form:

Lghost = c̄a(−∂µDab
µ )cb, Lg.f. = − 1

2ξ
(∂µAa

µ), (2.4)

where ca, c̄a are Grassmann-valued scalar fields, Dab
µ = δab∂µ+gsf

acbAc
µ is the adjoint covariant derivative

and ξ is a continuous parameter, value of which sets the gauge.
Although ghost fields do not correspond to physical particles (they cannot appear as external states

in any observable) they play an important role in ensuring gauge invariance and unitarity in covariant
quantization schemes. In particular, in covariant gauges such as Feynman (ξ = 1) or Landau (ξ → 0)
gauge, ghost contributions must be included in loop diagrams to cancel unphysical degrees of freedom
associated with longitudinal gluon polarizations.

In this project we encounter situations where the inclusion of ghost diagrams is necessary when work-
ing in Feynman gauge, specifically in contractions involving external gluon fields (see Section 5.1 for
further discussion). Alternatively, it is possible to avoid ghost contributions altogether by choosing a
gauge that restricts gluons to their physical polarizations, such as the lightcone or axial gauge. These
gauges eliminate the unphysical modes by construction at the cost of introducing more complex prop-
agators. For completeness, we summarize the Feynman rules relevant for both covariant and lightcone
gauges, and in general Feynman rules for both QCD and QED in Appendix A.

Like all quantum field theories with ultraviolet divergences, QCD requires renormalization. In this
process, the strong coupling constant

αs =
g2s
4π

becomes scale-dependent, and its evolution is described by the renormalization group equation:

µ
dαs(µ)

dµ
= β(αs) = −2β0

α2
s(µ)

4π
+ O(α3

s), (2.5)

where µ is the renormalization scale, αs(µ) is the renormalized strong coupling at the scale µ and the
one-loop coefficient of the QCD beta function is

β0 =
11

3
CA − 4

3
TFnf , (2.6)

where for QCD with gauge group SU(3), we have CA = 3, TF = 1
2 , and nf denotes the number of active

(effectively massless) quark flavors at the renormalization scale µ.
At typical LHC energies (e.g., mW ,mZ ,mH ∼ 100 GeV), the up, down, strange, charm, and bottom

quarks can be treated as massless to a good approximation. Therefore, the perturbative QCD calculations
in this thesis are performed in a theory with nf = 5 massless flavors. The only parameter of the theory
is the renormalized gauge coupling αs(µ).

The important point is the sign of β0: for nf < 17, we have β0 > 0, which implies a decreasing coupling
at high energies. This phenomenon is known as asymptotic freedom [10, 11], and it allows the use
of perturbative techniques in QCD at short distances. On the other hand, as µ → ΛQCD, the coupling
becomes large, marking the breakdown of perturbation theory and the appearance of non-perturbative
dynamics such as confinement and hadronization. The scale dependence of αs is thus central to the
structure of QCD.

In the MS scheme, which is used throughout this thesis, the bare (gs) and renormalized couplings
(αs(µ)) are related by

g2s
4π

= µ2ϵαs(µ)Zαs(ϵ, µ), (2.7)
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with the renormalization factor given by

Zαs
(ϵ, µ) =

eϵγE

(4π)ϵ

[
1 +

αs(µ)

4π

(
−β0
ϵ

)
+ O(α2

s)

]
. (2.8)

where γE is the Euler-Mascheroni constant.

2.2 Hadron-hadron collision factorization

The Drell-Yan (DY) process, predicted by S. Drell and T. M. Yan in the early 1970s [12], describes
the production of a lepton pair through an intermediate vector boson in unpolarized proton-proton (pp)
collisions. It is one of the most important processes for studying QCD and electroweak interactions
at hadron colliders. In this section, we introduce the general formalism used to describe vector boson
production in hadronic collisions, focusing on the decomposition of the cross section into helicity structure
functions and the subsequent derivation of the angular distribution of the final-state leptons. The theory
in this section is primarily based on the second chapter of the ref. [13] and the material of this section is
a short overview of it.

We are interested in the production of a single (either neutral or charged) vector boson V from an
unpolarized proton-proton collision, followed by its decay into a colorless leptonic final state L. The
process can be represented as

p(Pa) p(Pb) → V (q)X, (2.9)

where V = Z, γ∗,W± is a (potentially offshell) electroweak boson with invariant mass q2 = Q2, which
decays as

Z/γ∗(q) → ℓ−(q1) ℓ+(q2) , Z(q) → ν(q1) ν̄(q2) ,

W+(q) → νℓ(q1) ℓ+(q2) , W−(q) → ℓ−(q1) ν̄ℓ(q2) , (2.10)

and X denotes any additional final-state hadronic radiation.
The differential cross section for this process, measured in the laboratory frame (which we assume

coincides with the hadronic rest frame), can be factorized into a contraction of the leptonic tensor Lµν

and the hadronic tensor Wµν , as follows:

dσ(Θ)

d4q dO
=

1

2E2
cm

∑
V V ′

Lµν,V V ′(q,O,Θ)Wµν
V V ′(q, Pa, Pb), (2.11)

where qµ is the momentum of the vector boson V , which corresponds to the total momentum carried by
the final-state leptons L, Pa and Pb represent the momenta of the incoming protons, E2

cm = (Pa +Pb)
2 is

the square of the center-of-mass energy of the hadronic system, Θ represents potential fiducial cuts applied
to the leptonic final state, which are determined by the detector’s acceptance and the signal region, O is
a set of differential observables associated with the final-state leptons. Note that the incoming protons
are taken to be massless. This expression also contains an explicit sum over possible vector bosons V
and V ′ that could be produced in the collision.

The Hadronic Tensor Wµν

The hadronic tensor Wµν encodes the QCD dynamics of the proton-proton collision and is independent of
the specific cuts and measurements applied to the leptonic final state. It sums over all possible hadronic
radiation states X and integrates over their phase space, as follows:

Wµν
V V ′(q, Pa, Pb) =

∑∫
X

⟨pp|J†µ
V |X⟩⟨X|Jν

V ′ |pp⟩(2π)4δ4(Pa + Pb − q − kX), (2.12)

where we have kept the intermediate boson indices V V ′ explicit, Jµ
V represents the hadronic current

associated with the production of the vector boson V , and kX is the four-momentum of the final-
state hadronic radiation. The delta function enforces momentum conservation, ensuring that the total
momentum of the incoming protons is equal to the sum of the vector boson momentum q and the hadronic
radiation momentum kX .
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The Leptonic Tensor Lµν

The leptonic tensor Lµν describes the decay of the vector boson V into the final-state leptons L. It
encodes the kinematics of the leptonic final state and depends on the polarization and nature of the
vector boson. The general form of the leptonic tensor is given by:

Lµν
V V ′(q,O(, )Θ) =

∫
dϕL(q)M∗µ

V→L(ϕL)Mν
V ′→L(ϕL)δ(O − Ô(q, ϕL))Θ̂(q, ϕL), (2.13)

where ϕL represents the phase space measure of the leptonic final state, Mµ
V→L(ϕL) is the amplitude

for the vector boson V decaying into the leptonic state L, Ô(q, ϕL) is the set of measured observables
determined by the kinematics of the final leptons, Θ̂(q, ϕL) applies the fiducial cuts on the leptonic final
state. The delta function enforces the correspondence between the measured observables O and the
actual values determined by the kinematics of the leptons.

In the subsequent calculations, we will simplify expressions by working in four dimensions, following
the conventions of ref. [13]. While dimensional regularization can be implemented for rigor, it is useful
only in the calculation of the hadronic tensor and terms derived from it, since the leptonic tensor is
divergence-free. The poles that emerge solely in the hadronic tensor will be treated in dimensional
regularization in D = 4 − 2ϵ before inserting the results into the final cross section formula.

Fully Inclusive Cross Section

When we sum over all possible final states of the leptons (i.e., fully inclusive over the leptonic decay
products), the cross section simplifies to:

dσ

d4q
=

1

2E2
cm

∑
V V ′

LV V ′(q2)

(
qµqν
q2

− gµν

)
Wµν

V V ′(q, Pa, Pb), (2.14)

where we have used the fact that the leptonic tensor can be expressed in terms of the vector boson
momentum qµ and metric tensor gµν .
This further reduces to:

dσ

d4q
=

1

2E2
cm

∑
V V ′

LV V ′(q2)Wincl,V V ′(q, Pa, Pb), (2.15)

where Wincl(q, Pa, Pb) represents the inclusive hadronic contribution to the cross section, integrated over
all possible final hadronic states.

2.2.1 Projectors

To express the non-inclusive hadronic tensor in a form that is suitable for further calculations and to
have an even clearer separation between the hadronic and leptonic tensors, we decompose Wµν into a
set of Lorentz-scalar projections with respect to four orthogonal vectors. These vectors are constructed
from the external momenta Pa, Pb, and the momentum of the vector boson q.

In the massless limit (P 2
a = P 2

b = 0), which is relevant for our calculations, the so-called projectors
are defined as follows:

tµ =
qµ√
Q2

, (2.16a)

zµ =
sbqP

µ
a − saqP

µ
b√

sabsaqsbq
, (2.16b)

xµ =
saqsbqq

µ − sbqq
2Pµ

a − saqq
2Pµ

b√
saqsbqq2(saqsbq − sabq2)

, (2.16c)

yµ = ϵµνρσtνxρzσ, (2.16d)

where the four-dimensional Levi-Civita convention is ϵ0123 = 1.
In the previous expressions we defined the following scalar parameters:

qµqµ = Q2, sab ≡ 2Pa · Pb, saq ≡ 2Pa · q, sbq ≡ 2Pb · q. (2.17)

It is important to note that the projectors tµ, zµ, xµ, and yµ are orthogonal to each other, and their
squared magnitudes in D-dimensions are: t2 = 1, x2 = −1, z2 = −1, and y2 = 3 − D. Thus, in the
neighborhood of four dimensions, the projector tµ is time-like, while xµ, zµ, and yµ are space-like.
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Another vital point is that these projectors, when contracted with the hadronic tensor, do not intro-
duce any new denominators dependent on the momenta of hadronic radiation. This is particularly useful
for future calculations of processes involving two partons in the final state, as it ensures that the projec-
tors do not add extra dependence on the external momentum of the hadronic radiation. Consequently,
there should be no significant increase in complexity when moving from inclusive cross section to the
projections of hadronic tensor, particularly with regard to the structure of the denominators, which is
important for phase space integration over hadronic radiation.

Finally, in four dimensions, these vectors define a reference frame known as the Collins-Soper (CS)
frame [14], in which the vector boson remains at rest, see Figure 2.1b.

lab frame

p2

hadron plane

pX

q

Pa Pb

p1

x
y

z

(a) Lab frame

CS frame

p2

hadron plane

γbγa

ϕ

Pa
Pb

lepton plane

θ

pX

p1

x
y

z
q

(b) Collin-Soper frame

Figure 2.1: Kinematics of the Drell-Yan process in two reference frames. (a) In the lab frame, the head-
on collision of incoming hadrons with momenta Pa and Pb and their decay into the intermediate boson with
momentum q define the hadron plane. (b) In the Collins-Soper frame the vector boson is at rest and the leptons
are produced back-to-back. In general, the orientation of hadrons in the CS frame is not symmetric, but the
angles γa, γb become equal in the massless-hadron limit. The lepton plane defines the angular variables θ and φ,
which are used to parameterize the lepton angular distribution. Figure taken from ref. [13]

2.2.2 Helicity Projections

We define the polarization vectors of the vector boson in the Collins-Soper frame as follows1:

ϵµ± =
1√
2

(xµ ± iyµ), ϵµ0 = zµ. (2.18)

Using these polarization vectors, we project the helicities of the hadronic tensorWµν onto the components
of the helicity density matrix Wλλ′ [16]:

Wλλ′(q, Pa, Pb) = ϵµλϵ
∗ν
λ′Wµν(q, Pa, Pb), (2.19)

where the helicity indices λ, λ′ take values {+,−, 0}.
These components can be further combined into nine Lorentz-invariant structure functions:

W−1 = W++ +W−− = (xµxν + yµyν)Wµν ,

W0 = 2W00 = 2zµzνWµν ,

W1 = − 1√
2

(W+0 +W0+ +W−0 +W0−) = −(xµzν + zµxν)Wµν ,

W2 = −2(W+− +W−+) = −2(xµxν − yµyν)Wµν ,

W3 = −
√

2(W+0 +W0+ −W−0 −W0−) = 2i(yµzν − zµyν)Wµν ,

W4 = 2(W++ −W−−) = 2i(xµyν − yµxν)Wµν ,

W5 = −i(W+− −W−+) = −(xµyν + yµxν)Wµν ,

W6 = − i√
2

(W+0 −W0+ −W−0 +W0−) = −(yµzν + zµyν)Wµν ,

W7 = −
√

2i(W+0 −W0+ +W−0 −W0−) = −2i(xµzν − zµxν)Wµν . (2.20)

1Note that we adopt a slightly different definition of the polarization vectors than what is used in [13]. This choice
becomes important only later in the calculation, where the explicit form of the polarization vectors enters (in Section 4.1.2).
The results that depend on this definition are computed separately from those that use coordinate-based projectors, so
there is no inconsistency. Our choice follows the convention in [15] and was made to ensure compatibility with angular
momentum conservation in the Born process. A more detailed explanation is given in Section 4.2.1.
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The inclusive structure function from Eq.(2.15) can now be written as:

Wincl = W++ +W−− +W00 = W−1 +
W0

2
. (2.21)

More generally, the second column in Eq.(2.20) defines combinations of xµ, yµ, zµ – projectors P̃µν
i –

using which the structure functions are defined through:

Wi(q, Pa, Pb) = P̃µν
i (q, Pa, Pb)W

µν(q, Pa, Pb). (2.22)

Note that P̃µν
i (q, Pa, Pb) are invariant under the rescaling of the momenta:

P̃µν
i (α q, β Pa, γ Pb) = P̃µν

i (q, Pa, Pb), for any real numbers α, β, γ > 0. (2.23)

Since the projections Wi are orthogonal, which is the consequence of the orthogonality of the CS frame
axes, we can invert them to reconstruct the original hadronic tensor:

Wµν =

7∑
i=−1

Pµν
i Wi, (2.24)

where Pµν
i are the inverted projectors.

With this, the differential cross section is given by:

dσ(Θ)

d4q dO
=

1

2E2
cm

∑
V V ′

Lµν,V V ′(q,O,Θ)Wµν
V V ′(q, Pa, Pb)

=
1

2E2
cm

∑
V V ′

7∑
i=−1

Li,V V ′(q,O,Θ)Wi,V V ′(q, Pa, Pb), (2.25)

where we absorb the projectors into the scalar lepton coefficients Li(q,O,Θ) = LµνP
µν
i .

By parameterizing the 1-to-2 leptonic decay phase space dϕL ≡ dϕq→q1q2 using CS angles (θ, ϕ), we
can rewrite the leptonic tensor contracted with the inverted projectors, achieving the following expression
for Li as a product of a leptonic factor L±(i) and real combinations of spherical harmonics:

Li(q,O,Θ) =

∫ 1

−1

d cos θ

∫ 2π

0

dϕ

32π2
Li(q

2, θ, ϕ)δ(O − Ô(q, θ, ϕ))Θ̂(q, ϕL),

Li(q
2, θ, ϕ) =

3

16π
L±(i)(q

2)gi(θ, ϕ), with ± (i) =

{
+, i ∈ {−1, 0, 1, 2, 5, 6},
−, i ∈ {3, 4, 7}

where the explicit forms of the spherical harmonics gi(θ, ϕ) are:

g−1(θ, ϕ) = 1 + cos2 θ, g2(θ, ϕ) = 1
2 sin2 θ cos(2ϕ), g5(θ, ϕ) = sin2 θ sin(2ϕ),

g0(θ, ϕ) = 1 − cos2 θ, g3(θ, ϕ) = sin θ cosϕ, g6(θ, ϕ) = sin(2θ) sinϕ,

g1(θ, ϕ) = sin(2θ) cosϕ, g4(θ, ϕ) = cos θ, g7(θ, ϕ) = sin θ sinϕ,

and the leptonic prefactors L(±),i are derived in full in ref. [13].
Finally, the differential cross section becomes:

dσ(Θ)

d4qdO
=

∫ 1

−1

d cos θ

∫ 2π

0

dϕ
1

2E2
cm

3

16π

∑
V V ′

7∑
i=−1

L±(i),V V ′(q2, θ, ϕ)Wi,V V ′(q, Pa, Pb)gi(θ, ϕ)

× δ(O − Ô(q, θ, ϕ))Θ̂(q, ϕL), (2.26)

with the reduced form:

dσ

d4qd cos θdϕ
=

1

2E2
cm

3

16π

∑
V V ′

7∑
i=−1

L±(i),V V ′(q2, θ, ϕ)Wi,V V ′(q, Pa, Pb)gi(θ, ϕ) (2.27)

=
3

16π

dσ

d4q

(
1 + cos2 θ +

1

2
A0(1 − 3 cos2 θ) +

7∑
i=1

Aigi(θ, ϕ)
)
, (2.28)
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where in the final line the sum over the intermediate bosons is assumed. We define the cross sections
with definite vector boson helicities – helicity cross sections:

dσi
d4q

=
1

2E2
cm

L±(i)(q
2, θ, ϕ)Wi(q, Pa, Pb),

dσ

d4q
=

dσ−1

d4q
+

1

2

dσ0
d4q

.

The angular coefficients Ai are then defined as the normalized helicity cross sections as:

Ai =
dσi

dσ−1 + 1/2dσ0
.

The angular coefficients describe not only the angular distribution of the final-state leptons but also carry
information about the helicity structure of the intermediate vector boson. These coefficients depend on
QCD radiation in a nontrivial way: when the transverse momentum qT of the boson becomes small, some
coefficients are suppressed, while others (A0, A4) stay finite. Because of this, the angular coefficients are
sensitive to soft and collinear QCD effects.

Several of these coefficients have been measured experimentally with growing precision in recent
years [17, 18, 19, 20, 21], and they are now important observables for testing the Standard Model. On
the theory side, analytic predictions at NNLO currently exist only for the inclusive (see [22, 23] at qT > 0,
total results can be restored through the qT subtraction [24, 25]) and partially for other (see [16] for the
W−1,0,1,2 and [16, 26, 27] for the W5,6,7) helicity cross sections. Fully differential results for all (i.e.
including the A3,4) individual angular coefficients at NNLO are not yet available.

The goal of this project is to compute all the NNLO contributions to helicity cross sections analytically
in the finite-qT region. What we ultimately want are the angular coefficients Ai, which are built from
the σi,ab. These, in turn, are given by known lepton-side prefactors L(±)i times the hadronic structure
functions Wi. The prefactors are already known, so the main task is to compute the structure functions
Wi from scratch. These are the core objects we need – once we have them, we can assemble the full
helicity cross sections and extract the angular coefficients.

Collinear factorization

Finally, it is important to note that in the context of the Drell-Yan process, the differential cross sec-
tion dσi/d

4q satisfies the collinear factorization theorem and therefore can be factorized using parton
distribution functions (PDFs). This factorization separates the long-distance non-perturbative effects,
described by the PDFs, from the short-distance perturbative effects described by the perturbatively cal-
culable hard (partonic, i.e. quarks and gluons) scattering cross section. The differential cross section is

thus expressed as a convolution of the PDFs f
[ha]
a (ξa, µ) and f

[hb]
b (ξb, µ), which describe the probability

densities for finding partons a and b within the hadrons (in our case, protons) ha and hb at momentum
fractions ξa and ξb, with the partonic scattering cross section, summed over all possible initial partons:

dσi
d4q

=
∑
a,b

∫
dξa
ξa

dξb
ξb
f [ha]
a (ξa, µ)f

[hb]
b (ξb, µ)σ̂i,ab(ξaPa, ξbPb, q), (2.29)

where µ is the factorization scale and σ̂i,ab(ξaPa, ξbPb, q) is the partonic cross section for the process for
partons going into the vector boson and hadronic radiation. Perturbative calculations are usually done
at the level of partonic observables, which later are combined with PDFs or equivalent non-perturbative
objects to obtain the hadronic observables. In our project we will use the information that the CS frame
defined in terms of the partonic momenta ξaPa and ξbPb is identical to the one that is experimentally
reconstructed in terms of the proton hadronic momenta Pa and Pb thanks to Eq.(2.23), where in particular
the V boson momentum is also held fixed between the two. This means it is not necessary to switch
to another, intermediate basis of projectors in order to perform the partonic calculation. Rather, one
can directly organize the calculation in terms of the physical observables of interest, without the need
for a basis change. Therefore we can simply perform the projections at the level of the partonic helicity
cross sections σ̂i,ab(ξaPa, ξbPb, q) and in the end convolve the result with appropriate PDFs to obtain
the hadronic cross sections.
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2.3 Amplitude and Squared Amplitude Classification

In high-energy processes like Drell-Yan amplitudes and their squares can be organized according to their
scaling with the strong coupling constant αs. This classification helps to keep track of the different
contributions appearing at various orders in perturbation theory and is especially useful when combining
results from different types of diagrams.

Amplitude Classification

In perturbative calculations the amplitudes are expanded as power series in αs, where each term corre-
sponds to a different set of Feynman diagrams. For the Drell-Yan the leading contribution comes from
the Born-level amplitude, which is purely electroweak and scales as O(α0

s). This corresponds to the basic
Drell-Yan process qq̄ → V → ℓ+ℓ−, without any QCD corrections, see Figure 1.1 for an example. Unfor-
tunately, at this level in perturbation theory the vector boson is emitted with null transverse momentum,
which corresponds to most of the angular coefficients being zero. We are interested in the limit qT > 0
therefore we focus our calculation on processes with at least one extra final state particle.

The first finite-qT amplitude appears at order O(α
1/2
s ). These are known as LO1 amplitudes and

describe tree-level processes involving a single absorbed/emitted gluon, such as:

qq̄ → V g, qg → V q,

with other configurations obtained by crossing. These diagrams play a key role in the cancellation of
divergences, as could be seen in the Section 2.4.1. The full set of LO1 diagrams can be seen in Figure 2.2
We have already established that in our convention our incoming partons have the momenta pa ≡ ξaPa

and pb ≡ ξbPb, and overall the structure of the momenta for the 2 → 2 process is shown in Figure 2.2,
where

q(pa)q̄(pb) → V (q)g(k), q(pa)g(pb) → V (q)q(k).

At higher orders, we encounter virtual corrections to the LO1 amplitudes, referred to as NLO1 ampli-

tudes, which appear at O(α
3/2
s ). These involve one-loop diagrams and do not change the number or

type of external partons, meaning the initial and final states remain the same as in the LO1 processes:

qq̄ → V g, qg → V q.

Overall there are 13 possible one-loop diagrams for each of the channels, all of them are shown in
Figures 2.3 and 2.4. The external momenta convention is the same as for the LO1 process.

At a higher perturbative order, we also include a new class of tree-level diagrams, referred to as LO2,
which involve two real partons in the final state. Examples of such processes are shown in Figures 2.6
and 2.5. The corresponding partonic channels include:

qq̄ → V qq̄, qq̄ → V gg, qg → V qg, qq → V qq, gg → V qq̄.

The momentum convention is

q(pa)q̄(pb) → V (q)q(k1)q̄(k2), q(pa)q̄(pb) → V (q)g(k1)g(k2),

q(pa)g(pb) → V (q)q(k1)g(k2), q(pa)q(pb) → V (q)q(k1)q(k2),

g(pa)g(pb) →V (q)q(k1)q̄(k2).

In general, the label LOn, NLOn, etc., indicates both the perturbative order and the number of final-state
partons (i.e., hadronic radiation) in the process. For example:

• LO1: Tree-level with one emitted parton (O(α
1/2
s ) in amplitude),

• NLO1: One-loop corrections to the LO1 process (O(α
3/2
s ) in amplitude),

• LO2: Tree-level with two emitted partons (O(α1
s) in amplitude).

The complete classification of amplitudes relevant for our calculations is summarized in Table 2.1.
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Figure 2.2: Quark-antiquark annihilation with production of a vector boson and hard gluon (qq̄ and q̄q) and
quark-gluon Compton scattering (gq, qg, gq̄ and q̄g). q̄q, gq and q̄g diagrams can be achieved from reversing the
direction of the fermion line (from qq̄ to q̄q, qg to q̄g and gq̄ to gq)

Figure 2.3: NLO1 diagrams for qg → V q process.

Figure 2.4: NLO1 diagrams for qq̄ → V g process.
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Figure 2.5:
(a) All possible diagrams for the qq̄ −→ V qq̄ channel: T-channel (1, 2, 3, 4) and S-channel (5, 6, 7, 8)
(b) All possible diagrams for the qq −→ V qq channel: T-channel (1, 2, 3, 4) and U-channel (5, 6, 7, 8)

Figure 2.6: All possible diagrams for the (a) qq̄ −→ V gg, (b) qg −→ V qg, (c) gg −→ V qq̄ channels
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Amplitudes classification qT > 0

O(α
1/2
s ) O(α

3/2
s ) O(α1

s)
LO1 NLO1 LO2

Figure 2.2 Figure 2.4 Figure 2.6

Table 2.1: Classification of Feynman diagrams according to the order of the strong coupling constant αs at finite
vector boson transverse momentum. The table presents different amplitude contributions: leading-order (LO1)

(O(α
1/2
s )), next-to-leading order (NLO1) (O(α

3/2
s )), and higher-order LO2 (O(α1

s)). Each column corresponds
to a specific order, with associated example Feynman diagrams for qq̄ −→ V X processes and references to figures
with all relevant diagrams.

Squared Amplitude Classification

To compute cross sections, one must square the amplitudes and sum over all relevant partonic channels.
These squared amplitudes also follow a classification by their order in αs. At leading order, the cross
section is given by squaring the Born-like amplitude, which contributes at O(α0

s). As mentioned above,
we are not interested in the null transverse momentum limit, therefore any combination of Born diagrams
are beyond this project.

At next-to-leading order (NLO) in finite-qT , we have the square of the LO1 amplitude, which con-
tributes at O(α1

s). We will refer to this contribution as the single-real (R).
At next-to-next-to-leading order (NNLO, O(α2

s)), we encounter two types of contributions: the inter-
ference between the LO1 and NLO1 amplitudes (called real-virtual or RV, as the NLO1 has both real
and virtual contributions), and the square of the LO2 tree-level amplitude (called double real or RR,
as LO2 has two real final state emissions). The structure of these contributions is shown in Table 2.2.

Amplitudes squared classification qT > 0
O(α1

s) O(α2
s)

NLO = LO1 × LO1=R NNLO = LO1 × NLO1+ LO2 × LO2=RV+RR

× ×

,

×

Figure 2.2 × Figure 2.2 Figure 2.2 × Figure 2.4, Figure 2.6 × Figure 2.6

Table 2.2: Classification of squared amplitudes based on the order of the strong coupling constant αs at
finite-qT . The table presents different contributions: next-to-leading order (NLO) and next-to-next-to-leading
order (NNLO). Each term is constructed by squaring or cross-multiplying amplitudes from different orders, as
illustrated by the corresponding example Feynman diagrams for qq̄ −→ V X and references to figures with all
relevant diagrams.

2.3.1 Color structure

Furthermore, it is possible to divide the combinations of diagrams into types based on their color struc-
ture, which is defined through the overall color factor that appears after summing over (but not yet
averaging!) the internal color degrees of freedom in the Feynman diagrams. This classification allows to
identify different contributions from different processes and helps isolate terms based on specific color
factors or their combinations. These factors represent the Casimir of the fundamental representation
(CF ) and the adjoint representation (CA) of the SU(3) color group, while TF is the trace normalization
factor for the fundamental representation, defined by

Tr[T aT b] = TF δ
ab, with TF =

1

2
in SU(3).

This classification simplifies the process of organizing and computing the contributions from various
color channels, as the terms with different color structures do not interfere with each other and contribute
independently to the final cross-sections.
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The main SU(3) relations useful for calculating color structures include:

• Tr[T aT b] = TF δ
ab, where T a are the generators in the fundamental representation.

• T ai
j T aj

k = CF δ
i
k, where the Casimir operator for quarks is CF =

N2
c−1
2Nc

= 4
3

• fabcfabd = CAδ
cd, where the Casimir operator for gluons is CA = Nc = 3.

NLO channels can have only one possible color structure CFCA, therefore all the single-real and
real-virtual terms will be proportional to it.

Tables 2.3 and 2.4 display the color factors for the combinations of diagrams corresponding to the
real-real processes qq̄ → V gg and qq̄ → V qq̄, respectively. Other partonic channels can be obtained by
crossing from qq̄ → V gg and qq̄ → V qq̄, and thus inherit the same color factors. In particular, qq̄ → V qq̄
and qq → V qq have identical color factors. Similarly, qq̄ → V gg, qg → V qg, and gg → V qq̄ share the
same color structure.

1 2 3 4 5 6 7 8
1
2
3

C2
FCA C2

FCA − 1
2CFC

2
A ∼ CF

4
5
6

C2
FCA − 1

2CFC
2
A ∼ CF C2

FCA

CFC
2
A

7
8

CFC
2
A CFC

2
A

Table 2.3: Color structure for diagrams for process qq̄ → V gg as illustrated in Fig.2.6. Note that the blue
(∼ CF section) is a linear combination of the C2

FCA and CFC
2
A color structures.

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
1 1
2 2

Q2
u QuQd

3 3
4

TFCFCA C2
FCA − 1

2CFC
2
A ∼ CF

4
QuQd Q2

d

Q2
u

final state the same
in both diagrams

5 5
6 6

Q2
u QuQd

7 7
8

C2
FCA − 1

2CFC
2
A ∼ CF TFCFCA

8

Q2
u

final state the same
in both diagrams QuQd Q2

d

Table 2.4: Color structures (left) and charge configurations (right) for the combinations of diagrams for the
process qq̄ → V qq̄, as illustrated in Fig. 2.5. The left side displays the color factors. The right side shows the
charge factors, where for diagrams 1, 2, 3 and 4 we have assumed that antiquark is ū and quark is d. For diagrams
5, 6, 7 and 8 incoming states are uū and outgoing states are dd̄. Qu and Qd represent the charges of up-type and
down-type quarks, respectively. Upper left corner of the tables corresponding to combinations of 1, 2, 3 and 4
diagrams is referred as T-channel and lower right corner with 5, 6, 7 and 8 as S-channel.

2.3.2 Charge configuration

Additionally, diagrams can be categorized based on their charge factors, as the coupling of the vector
boson depends on the flavor and charge of the particles involved. Diagrams may have different charge
factors depending on which line (incoming or outgoing) the boson couples to. Since only the flavor of the
incoming partons is specified in the partonic cross section, the flavor of the outgoing particles can vary,
leading to different charge factors. Similar to the color factors, diagrams with different charge factors are
independent and can be treated separately in calculations. The right table in Table 2.4 lists the charge
factors for the process qq̄ → V qq̄. Charge factors for qq̄ → V gg would all be identical, since there is only
one quark line participating in the interaction.
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Figure 2.7: Example pole structures in double-real (left) and real-virtual (right) diagrams.

2.4 Poles and renormalization

2.4.1 Pole structure

Throughout this section and in all related computations, we use dimensional regularization, which is
essential due to the potential appearance of divergences. These divergences manifest as poles in the
regulator ϵ = (4 −D)/2 when working in D spacetime dimensions. In general, two kinds of divergences
may appear: ultraviolet (UV) divergences, which arise from the high-momentum (short-distance)
behavior of loop integrals, and infrared (IR) divergences, which are associated with soft and collinear
limits of massless particles.

Double-real emission diagrams exhibit IR divergences in configurations where the final-state partons
become soft or collinear. As a concrete example, consider the left diagram in Fig. 2.7, where the internal
quark propagator scales as (pb − k2)−2. Assuming massless external partons, this becomes (pb · k2)−1,
which further reduces to (Epb

Ek2
(1 − cos θpbk2

))−1, where Epb
and Ek2

are the energies of the particles
pa and k1 respectively and the θpbk2

is the angle between these two particles. This expression diverges
either when the emitted gluon becomes soft, kµ2 → 0, which is defined as the k2 soft limit, or when it
becomes collinear with the incoming quark, cos θpbk2

→ 1, which is referred to as the initial-final collinear
limit. Additional IR singularities appear when the two final-state particles themselves become collinear
(final-final collinear limit). These various configurations can contribute overlapping divergences, and the
generic structure of the resulting poles takes the form

− 1

ϵ2IR
+

a

ϵIR
, (2.30)

where the double pole arises from the overlapping soft and collinear regions of the phase space.
Real-virtual terms, on the other hand, contain both loop and real emission components and are

therefore sensitive to both IR and UV regions. An example is shown in the right diagram of Fig. 2.7,
where a gluon loop leads to an integral of the form

∫
dDℓ/ℓ3, which diverges in the ultraviolet limit

ℓ→ ∞. The structure of poles in such diagrams is typically

1

ϵUV
+

1

ϵ2IR
+

b

ϵIR
. (2.31)

The infrared double-divergences in the RV processes must cancel with those arising from the RR dia-
grams, because these are the only places at our order in the strong coupling where the 1/ϵ2 could arise,
therefore for physical consistency they have to cancel at the end. The single IR poles in the RV and RR
are not necessarily identical, as the mechanism and structure of how the divergence shows up can differ.

The leftover divergences in RV and RR processes are canceled by renormalization. Specifically, the
renormalization of the strong coupling constant in the single real processes compensates for the UV
divergences in RV diagrams. As mentioned in the Section 2.4.1, during renormalization of the strong
coupling constant αs, the bare coupling gs takes the form as in Eq.(2.7) in dimensional regularization.
This renormalization procedure in the single-real diagrams introduces an ultraviolet pole in ϵ : −1/ϵUV.
When higher-order corrections are included, this pole cancels against corresponding UV divergences from
the real-virtual processes.

Therefore at this moment we are only left with the IR poles. For inclusive observables such as
the total cross section, the cancellation of soft and collinear divergences can be proven to all orders in
perturbation theory. This is a consequence of the Kinoshita-Lee-Nauenberg (KLN) theorem [28, 29],
which ensures infrared finiteness in any unitary theory provided that all degenerate final states within
a given energy resolution are summed over. Most known example of the infrared safe observable is the
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total cross section with initial states as hadrons (in our case, protons) and final state other hadrons and
a pair of leptons σ(PaPb → Xℓℓ̄).
An important example of an observable that is not infrared safe is the partonic cross section σ̂(papb →
Xℓℓ̄), which is the one we are calculating. Even though the initial particles in hadronic collisions are
hadrons, the actual interaction takes place between their constituent quarks and gluons, which do not
exist as physical asymptotic states. Because of confinement, partons cannot be observed directly, and
their hadronization into physical states is inherently non-perturbative. This means that the assumptions
behind the KLN theorem no longer hold. As a result, infrared divergences in the partonic cross section
do not cancel, and instead have to be absorbed into the parton distribution functions. This process
is referred to as PDF renormalization, and it effectively moves the IR poles into the renormalized
PDFs, which are the non-perturbative objects extracted from experimental data. The renormalization
of parton distribution functions addresses the remaining (a+ b)/ϵIR IR divergences.
PDFs renormalization is discussed in the section below and a full derivation of the bare PDFs is presented
in the Appendix D.

In our final result in order to further simplify the pole subtraction across RV and RR channels we
will resort to using the V + jet threshold factorization as an analytic subtraction, as described in the
Section 2.6.

2.4.2 PDF renormalization

For some of the IR divergences the poles in the RR and RV will be canceled by renormalizing the PDFs
in front of the cross sections of the single real NLO processes. In this section we will derive the master
formula for these renormalized cross sections.

So far we have the bare general setup of the collinear factorization theorem from Eq.(2.29):

dσi
d4q

=
∑
a,b

∫
dξa
ξa

dξb
ξb
f [ha], bare
a (ξa)f

[hb], bare
b (ξb)σ̂

bare
i,ab (ξaPa, ξbPb, q, µ), (2.32)

where the UV poles in σ̂ bare
i,ab have already been renomalized by the strong coupling renormalization.

Our goal is to find the renormalized partonic cross section σ̂i,ab in terms of the bare one σ̂bare
i,ab by

using the expression for the bare PDFs from Eq.(D.7) up to O(α2
s). Inserting the expressions for the

bare PDFs we obtain:

dσi
d4q

=
∑
a′,b′

∫
dξ′a
ξ′a

dξ′b
ξ′b

∑
a

∫ 1

ξ′a

dza
za

Γa′a(za)f [ha]
a

( ξ′a
za
, µ
)∑

b

∫ 1

ξ′b

dzb
zb

Γb′b(zb)f
[hb]
b

( ξ′b
zb
, µ
)
σ̂bare
i,ab (ξ′aPa, ξ

′
bPb, q, µ)

≡
∑
a,b

∫
dξa
ξa

dξb
ξb
f [ha]
a (ξa, µ)f

[hb]
b (ξb, µ)σ̂i,ab(ξaPa, ξbPb, q, µ),

where

Γij(z) = δijδ(1 − z) +
αs(µ)

4π

P
(0)
ij (z)

ϵ
+ O(α2

s), (2.33)

and the DGLAP splitting functions [30, 31, 32] Pij(z) – the probabilities that a parton of type j emits
a (collinear) parton of type i, with a fraction z – are defined in the Appendix D.
After rearranging the sums, identifying the ξ′a,b/za,b ≡ ξa,b and rewriting in terms of partonic momenta
one achieves the following expression for the renormalized partonic cross section:

σ̂i,ab(pa, pb, q, µ) = lim
ϵ→0

∑
a′,b′

∫ 1

zaξa

dza
za

Γa′a(za)

∫ 1

zbξb

dzb
zb

Γb′b(zb)σ̂
bare
i,a′b′(zapa, zbpb, q, µ), (2.34)

where we have already switched to the partonic momenta pa, pb.
Now one can expand both renormalized and bare cross sections in powers of the strong coupling:

σ̂bare
i,ab (pa, pb, q, µ) =

∑
n

[
αs(µ)

4π

]n
σ̂
bare (n)
i ab (pa, pb, q, µ) (2.35)

σ̂i,ab(pa, pb, q, µ) =
∑
n

[
αs(µ)

4π

]n
σ̂
(n)
i ab(pa, pb, q, µ), (2.36)
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and solve for the renormalized cross section order-by-order.

A quick check for NLO (O(α1
s)) gives σ̂

(1)
i,ab(pa, pb, q, µ) = σ̂

bare (1)
i,ab (pa, pb, q, µ) for ϵ→ 0 and qT > 0.

For NNLO (O(α2
s)) one gets:

σ̂
(2)
i,ab(pa, pb, q, µ) = σ̂

bare (2)
i,ab (pa, pb, q, µ)+

∑
a′

∫
dza
za

P
(0)
a′a(za)

ϵ
σ̂
bare (1)
i,a′b (zapa, pb, q, µ)

+
∑
b′

∫
dzb
zb

P
(0)
b′b (zb)

ϵ
σ̂
bare (1)
i,ab′ (pa, zbpb, q, µ).

The integrals over the momentum fractions za/zb can be written in the following way:∫
dza
za

P
(0)(za)
a′a σ̂

bare (1)
i,a′b (zapa, pb, q, µ) =

∫
dza
za

P
(0)
a′a(za)σ̄i,a′b(zapa, pb, q, µ)δ(k2)

∣∣∣∣∣
k=zapa+pb−q

≡ 1

∆∗
a

P
(0)
a′a(z∗a)σ̄i,a′b(z

∗
apa, pb, q, µ), (2.37)

where the barred cross section is

σ̂
bare (1)
i,a′b (zapa, pb, q, µ) = σ̄

bare (1)
i,a′b (zapa, pb, q, µ)δ(k2)

∣∣∣∣∣
k=zapa+pb−q

.

Here we have used the fact that the first-order cross section, single real one, within the assumption of the
massless external states has a δ(k2) enforcing the final state k parton to be massless. We have separated
out the k parton zero-mass delta function δ(k2) = δ((zapa + pb − q)2) and denoted the rest of the cross
section as σ̄i,a′b. The z∗a is the solution to the (zapa + pb − q)2 = 0 and ∆∗

a is the derivative of the
(zapa + pb − q)2 with respect to za at point z∗a.

In order to give explicit expressions for these variables we will go to the lightcone coordinates, which
in 4 dimensions for a 4-momentum k = (E, kx, ky, kz) are defined as follows:

k− = E + kz

k+ = E − kz

kT =
√
k2x + k2y

ϕ = arctan
ky
kx

(2.38a)



E =
k− + k+

2
kx = kT cosϕ

ky = kT sinϕ

pz =
k− − k+

2

(2.38b)

In terms of light cone coordinates these starred momentum fractions and Jacobians for both a and b
hadrons are:

z∗a =
k+q− + q2T
k+(k− + q−)

, (2.39a)

∆∗
a = k+(k− + q−), (2.39b)

z∗b =
k−q+ + q2T
k−(k+ + q+)

, (2.39c)

∆∗
b = k−(k+ + q+). (2.39d)

Finally, the master formula for the renormalized NNLO cross section reads:

σ̂
(2)
i,ab(ξaPa, ξbPb, q, µ) = σ̂

bare (2)
i,ab (ξaPa, ξbPb, q, µ)+

1

ϵ

∑
a′

P
(0)
a′a(z∗a)

∆∗
a

σ̄
bare (1)
i,a′b (z∗apa, pb, q, µ)

+
1

ϵ

∑
b′

P
(0)
b′b (z∗b )

∆∗
b

σ̄
bare (1)
i,ab′ (pa, z

∗
b pb, q, µ). (2.40)
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2.5 Introduction to Soft-Collinear Effective Theory

The great complexity of the pole structure expected in the final result motivates the use of a more
systematic and efficient method for handling renormalization. To this end, we use threshold factorization
as a subtraction scheme in the limit k2X → 0. This approach naturally leads to the framework of Soft-
Collinear Effective Theory, which provides the tools to implement the factorization.

Soft-Collinear Effective Theory (SCET)[33, 34, 35, 36, 37] is a top-down effective field theory de-
veloped to describe the dynamics of QCD in specific kinematic regimes. Unlike other EFTs, such as
the Fermi effective theory of weak interactions [38, 39], where entire particles are integrated out, SCET
integrates out only the off-shell modes of the fields.

In this way, SCET provides a framework for describing QCD in regions where radiation is either soft
(low energy) or collinear (small angle). In the section on the pole structure 2.4.1 we have already used
this terminology when referring to the various behavior limits of the final state particles. Here these
regions are defined more strictly. These kinematic configurations are everywhere in high-energy processes
at hadron colliders, where the associated soft and collinear singularities dominate the structure of the
cross section in many observables.

SCET is formulated as a systematic expansion in a small power-counting parameter λ ≪ 1, which
encodes the hierarchy between the soft/collinear and hard momentum scales. Therefore this theory has
a wide range of applications, ranging from the derivation of factorization theorems to the resummation
of Sudakov logarithms.

In this thesis SCET is used for formulation of the factorization formula at the V + jet threshold in
Section 2.6. The following sections on SCET introduction are based on ref. [40] and ref. [41]

2.5.1 Degrees of Freedom in SCET

To set up SCET, one first identifies the relevant degrees of freedom (modes) based on the scaling of their
momenta with λ.

In SCET, the relevant degrees of freedom correspond to highly energetic, nearly massless particles
propagating close to the light cone, making lightcone coordinates a natural choice for describing their
momenta. Therefore, the lightcone decomposition is used, introducing lightlike reference vectors nµi =
(1, n⃗i) and n̄µi = (1,−n⃗i) satisfying n2i = n̄2i = 0, ni · n̄i = 2. These vectors can either correspond to
the incoming hadron directions or the outgoing hadron or jet directions. Any four-momentum pµ can be
then decomposed in lightcone coordinates with respect to each of the reference vectors, as

pµ =
ni · p

2
n̄µi +

n̄i · p
2

nµi + pµ⊥ ≡ (p+, p−, p⃗⊥),

where the p+, p− correspond to the components along the reference vectors ni, n̄i and the last two-
dimensional entry p⃗⊥ corresponds to the transverse plane to the reference vectors:

p+ ≡ ni · p, p− ≡ n̄i · p. (2.41)

The four-momentum squared is thus:

p2 = p+p− + p2⊥ = p+p− − p⃗ 2
⊥, (2.42)

where we have highlighted the difference between the Minkowski pµ⊥ and Euclidean p⃗⊥. In the following
we will denote the magnitude of the Minkowski vector as p2T = −p2⊥ > 0. In the proton-proton collision
with reference vectors aligning with the direction of the two protons, both of which travel along the z
axis, pT would be equivalent to the transverse momentum of the particle with momentum pµ. For the
simplicity in the future we will drop the subscript i in the reference vector ni, assuming that there is a
whole set of possible collinear directions.

In SCET we are aiming to integrate out particles with p2 ∼ λQ2, Q2, but keep the degrees of freedom
that have weaker scaling with λ. That means that hard modes such as whose that scale as

pµh ∼ Q(1, 1, 1),

and their effects will be encoded in Wilson coefficients of local SCET operators which are obtained via
matching from QCD.
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The key momentum modes with p2 ≲ λ2Q2 in SCET (ignoring the Glauber modes2) are:

• (Anti-)Collinear modes: These describe energetic particles traveling along the reference direc-
tions (n̄µi ) nµi . Their momenta scale as

pµn ∼ Q(λ2, 1, λ), (2.43)

pµn̄ ∼ Q(1, λ2, λ), (2.44)

where the components refer to scaling in the (n · p, n̄ · p, p⊥) = (p+, p−, p⊥) directions. Note that
the power counting parameter λ is not unique, as its definition depends on the process.

• Soft modes: These are the isotropic (i.e. scaling homogeneously with λ) low energy modes with
scaling

pµs ∼ Q(λ, λ, λ).

Since the lightcone components of the soft modes are larger that the ones for the collinear modes,
the interaction between them will take the collinear particle off the mass shell. Essentially, since
the interaction of the soft modes with collinear ones would be scaling as λQ:

pn · ps ∼
1

2
Q2(p+n p

−
s + p−n p

+
s − 2p⃗n,⊥p⃗s,⊥) =

1

2
Q2(λ3 + λ− λ2) ∼ λQ2,

interactions between soft and collinear modes has to be integrated out and incorporated into the
EFT matching coefficient.

• Ultrasoft (or usoft) modes: These correspond to isotropic lowest-energy radiation and scale
homogeneously as

pµus ∼ Q(λ2, λ2, λ2).

The interactions of these modes with collinear one is included into the SCET Lagrangian.

In many cases, the description of a given observable involves only collinear modes and either ultra-soft
or soft modes, depending on what is relevant to the measurement. These two regimes are categorized as
SCETI, when the dominant soft radiation is usoft, and SCETII, when soft modes ∼ (λ, λ, λ) are relevant
instead. For our case we will be using the Lagrangian with SCETI fields and refer to the ultrasoft field
as just soft for the simplicity.

2.5.2 Leading-Power SCET Operators and SCET Lagrangian

The objective of this section is to describe SCET operators and write down the full form of the leading-
power SCET Lagrangian.
At leading power O(λ0), operators in the SCET Lagrangian are constructed from gauge-invariant com-
binations of collinear and soft fields that scale homogeneously with λ, obey the symmetries of the theory
(including gauge and reparameterization invariance, which are not covered in this thesis, for detailed
explanation see e.g. chapter 5 in ref. [41]), and respect the power-counting rules. The allowed operator
structures are determined by these scaling and symmetry constraints, and subleading corrections are
systematically organized as higher-order terms in the λ-expansion.
The relevant degrees of freedom describing quarks and gluons are:

ψ(x) = ψn(x) + ψn̄(x) + ψs(x); (2.45)

Aµ(x) = Aµ
n(x) +Aµ

n̄(x) +Aµ
s (x), (2.46)

where we have separated out the fields into the (anti-)collinear (ψn̄, A
µ
n̄) ψn, A

µ
n and soft ψs, A

µ
s terms.

It is not necessary to introduce explicit fields for other momentum regions, such as the hard region, since
their effects are integrated out and encoded in the Wilson coefficients multiplying operators constructed

2Glauber modes (pµG ∼ Q(λ2, λ2, λ)) are spacelike momentum modes that can mediate long-range interactions between
different collinear sectors. They can, in some cases, obstruct factorization by introducing non-local effects. However, for
many standard observables, their contributions cancel or are power suppressed. Since we are not deriving factorization
from first principles and focus only on the leading-power operator structure in SCETI, we will neglect Glauber modes in
this discussion. For a detailed treatment, see [42].
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from soft and collinear fields.
The fermionic field in each collinear sector is further decomposed into two components:

ψn(x) = ξn(x) + φn(x), (2.47)

where

ξn(x) =
/n/̄n

4
ψn(x), φn(x) =

/̄n/n

4
ψn(x) (2.48)

We make this decomposition because the two components of the fermion field scale differently with λ,
since collinear momenta scale differently along different lightcone directions. Also, one of the component,
φ, drops out of the SCET Lagrangian at leading power due to its equation of motion being /̄nφn = 0.
Following the prescription in ref. [40] we would arrive at the power scaling for the fields:

collinear quark fields: ξn(x) ∼ λ, φn(x) ∼ λ2,

soft quark field: ψs ∼ λ3, (2.49)

collinear gluon fields: An(x) ∼ (λ2, 1, λ),

soft gluon field: As(x) ∼ (λ2, λ2, λ2),

where, as noted above, the φn field is suppressed in comparison with the ξn.
The general SCET Lagrangian is given as a sum of the hard operators Lhard and a dynamical La-

grangian encoding the low energy interactions Ldyn:

LSCET = Lhard + Ldyn, (2.50)

which can be expanded in the λ:

LSCET =

∞∑
i=1

L(i)
hard +

∞∑
i=1

L(i)
dyn. (2.51)

Since we are interested in using the SCET for derive (or at least explain) threshold factorization theorem,
we will be focusing on the dynamical Lagrangian. The rest of the leading-power Ldyn can be written as

L(0)
dyn =

∑
ni

L(0)
ni

+ L(0)
s . (2.52)

Here, L(0)
ni describes the leading-power interactions of particles within a given collinear sector ni = n, n̄

(where again, n refers to a possible set of collinear directions, not just one), including their interactions

with soft gluons, while L(0)
s describes the self-interactions of soft particles.

To get the explicit leading order expressions for the SCET Lagrangian, one first defines the covariant
derivative:

iDµ ≡ i∂µ + gsAµ = i∂µ + gs(An,µ +An̄,µ +As,µ). (2.53)

The n collinear Lagrangian is thus:

L(0)
nξ = ψ̄ni /Dψn = ξ̄n

/̄n

2
in ·Dξn + ξ̄ni /D⊥

1

in̄ ·D
i /D⊥

/̄n

2
ξn

=ξ̄n
/̄n

2
in ·Dξn + ξ̄ni /Dn,⊥

1

in̄ ·Dn
i /Dn,⊥

/̄n

2
ξn, (2.54)

where we have both applied the relations /nξn = 0, /̄nφn = 0 ξ̄n /D⊥ξn = 0, φ̄n /D⊥φn = 0 as well as
integrated out the φn field from the Lagrangian as explained in Section 4.2 in [40]. Note that this
Lagrangian now also includes the interaction between soft and collinear fields though the covariant
derivative in the first term. Additionally, since at leading power only the n · A component of the
gluon field has the same scaling in both the collinear and soft sectors (see. Eq.(2.49)), while all other
components of the soft gluon field are power suppressed, the second term in the expression – which
involves only contractions with n̄ ·A and A⊥ – describes exclusively interactions between particles in the
collinear sector, and thus contains only the collinear covariant derivative:

iDn,µ ≡ i∂µ + gsAn,µ.
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For the same reason it is possible to expand the covariant derivative in the light cone basis exchanging
the − and ⊥ components for the ones only including collinear fields:

Dµ = n ·Dn̄
µ

2
+ n̄ ·Dn

nµ

2
+Dµ

n,⊥. (2.55)

Since the n ·As(x) is the only component of the soft gluon field that is not power suppressed with respect
to the n ·An(x) component of the collinear gluon field, it would be the only term entering the interaction
of the soft and collinear fields:

in ·D = in · ∂ + gs n ·An(x) + gs n ·As(x−), (2.56)

where n ·As(x−) is the above mentioned leading power expansion term of the soft gluon field around the
point xµ− = (x · n̄)nµ/2.

As for the gluon fields, collinear terms in the Lagrangian would have the same form as the QCD
Lagrangian with gluon field Aµ exchanged for the collinear gluon field Aµ

c :

L(0)
ng = −1

4
(F a

n )µν(F a
n )µν . (2.57)

The Lagrangian with soft fields has the exact form as the QCD Lagrangian, but with the fields replaced
by their soft equivalents and the covariant derivative including only the soft part:

L(0)
s = ψ̄si /Dsψs −

1

4
(F a

s )µν(F a
s )µν , (2.58)

where, unlike the collinear Lagrangian, which includes covariant derivatives containing both collinear and
soft gauge fields, the soft Lagrangian involves only the soft covariant derivative. This asymmetry arises
because soft gluons can interact with collinear particles at leading power, due to their long wavelength
relative to collinear modes. In contrast, from the perspective of soft fields, collinear fluctuations are
highly off-shell and their effects are power-suppressed. As a result, collinear fields do not appear in
the soft Lagrangian at leading order but contribute instead through higher-order operators. The soft
covariant derivative and field strength are given as:

iDµ
s = i∂µ + gsA

µ
s = i∂µ + gs(A

a
s)µT a ,

igs(F
a
s )µνta = [iDµ

s , iD
ν
s ] = igs {∂µAν

s − ∂νAµ
s − igs[A

µ
s , A

ν
s ]}

Thus full leading-order SCET dynamical Lagrangian is:

L(0)
dyn = ψ̄si /Dsψs −

1

4
(F s,a

µν )2 + ξ̄n
/̄n

2

[
in ·D + i /Dn,⊥

1

in̄ ·Dn
i /Dn,⊥

]
ξn − 1

4
(Fn,a

µν )2 + (n↔ n̄), (2.59)

where we have kept the color coding from [40] with soft terms being colored in brown and collinear
ones colored in blue. In the last term it is assumed replacement of nµ by n̄µ and vice versa only in the
collinear sector in order to achieve the anti-collinear term.

At leading power in the λ-expansion, the interaction between collinear quark fields and soft gluons in
the SCET Lagrangian appears only through the n ·As component of the soft gauge field. This coupling
has an eikonal form and can be removed via a field redefinition, known as the decoupling transformation,
which effectively factorizes the Lagrangian into independent soft and collinear parts.
For the collinear quark field and the collinear gluon field in the n-direction, the transformation takes the
form respectively:

ξn(x) → Yn(x−) ξ(0)n (x),

Aµ
n(x) → Yn(x−)A(0)µ

n (x)Y †
n (x−), (2.60)

where ξ
(0)
n and A

(0)µ
n (x) are the decoupled collinear quark and gluon fields, and Yn(x) is a soft Wilson

line:

Yn(x) = P exp

(
igs

∫ 0

−∞
ds n ·Aa

s(x+ sn)T a

)
. (2.61)

In the last line the symbol P refers to the path ordering of the color matrices. The conjugate Wilson
line Y †

n is defined with the opposite ordering prescription.
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In general, a Wilson lineW (x, y) is a gauge-invariant, non-local operator defined as the path-ordered
exponential of the gauge field along a chosen spacetime path with endpoints x and y. It is customary
in SCET to use Wilson lines that go to the infinity W (x) ≡ W (x,−∞n̄). In more broad terms, in
QCD Wilson line represents the parallel transport of a color charge through a gauge field and captures
the accumulated phase associated with traversing a gauge connection, therefore encoding how gauge-
dependent fields transform along that path.
Analogously, the anti-collinear fields ξn̄ are redefined with Wilson lines Yn̄ along the n̄-direction.

After performing this transformation, the leading-power SCET Lagrangian becomes fully decoupled:

L(0)
dyn =

∑
ni=n,n̄

L(0)
ni

(ξ(0)ni
, A(0)

ni
) + L(0)

s (ψs, As), (2.62)

in which the interaction term now reads:

ξ̄n
/̄n

2
in ·Dξn(x) → ξ̄(0)n

/̄n

2
in ·D(0)

n ξ(0)n (x) = ξ̄(0)n

/̄n

2
(in · ∂ + gsn ·A(0)

n (x))ξ(0)n (x) (2.63)

This structure reflects that, at leading power, collinear and soft sectors evolve independently. It is
important to emphasize that this decoupling holds only at leading order in the power-counting expansion.
At subleading power (O(λ) and beyond), the decoupling breaks down, and subleading Lagrangian terms
include nontrivial soft-collinear interactions.

The SCET Lagrangian does more than just identify the relevant degrees of freedom and their scaling
with λ, as it also makes clear how the different sectors of the theory interact and organize at leading
power. After performing the decoupling transformation, the soft and collinear sectors no longer interact
directly in the Lagrangian, which allows us to separate their contributions in physical observables, such
as cross sections. This separation forms the basis for writing a factorization theorem, which will be
introduced and applied in the following sections.

2.6 Using V + jet threshold factorization as an analytic subtrac-
tion

In this section, we go back to the pole structure described in Section 2.4.1 and describe our approach
to organizing and handling the infrared and ultraviolet poles that appear in our process. We begin by
separating the cross section according to its behavior in the limit there the invariant mass of the final-
state hadronic system k2X → 0, which is called partonic threshold limit. This limit corresponds to the
V + jet configuration, where the vector boson must recoil against a jet, and the available phase space
restricts this jet to be nearly massless. We can apply the threshold factorization theorem derived from
SCET, which significantly simplifies the structure of infrared singularities in this limit. This approach
allows us to make use of known results for the soft and jet functions, and reduces the remaining task to
computing the infrared-finite part of the real-virtual corrections.

2.6.1 Parametrizing the PDF convolution integral

First things first we define the parametrization used in this section.
The partonic cross section depends on pµa , pµb , qµ, which together fix the total momentum kµX ≡ kµ of
the hadronic final state with kµ⊥ = −qµ⊥. To organize the PDF convolution integral, it is convenient to
change integration variables to the rapidity and invariant mass of the hadronic final state,

yk =
1

2
ln
k−

k+
, k2 = k+k− − k2T = k+k− − q2T . (2.64)

Accounting for the simple Jacobian of dξa dξb = dyk dk2/(P−
a P

+
b ), this results in

dσi
d4q

=
∑
a,b

∫
dξa
ξa

dξb
ξb
f [ha]
a (ξa)f

[hb]
b (ξb)σ̂i,ab(ξaPa, ξbPb, q, µ) (2.65)

=
∑
a,b

∫
dyk dk2

p−a p
+
b

f [ha]
a

( p−a
P−
a
, µ
)
f
[hb]
b

( p+b
P+
b

, µ
)
σ̂i ab(pa, pb, q, µ) , (2.66)
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where now pa,b are dependent functions of yk and k2 under the integral,

pµa =
nµ

2

(
q− +

√
q2T + k2 e+yk

)
, pµb =

n̄µ

2

(
q+ +

√
q2T + k2 e−yk

)
. (2.67)

And the σ̂i,ab in general would then include terms which arise from the distributional expansion of terms
with 1/k2+2ϵ, and the finite remainder O[(k2)0]. We stress that going from Eq.(2.65) to Eq.(2.66) involves
no approximation. In Eq.(2.66), we have kept the integration limits implicit in the physical support of
the partonic cross section and the PDFs,

fi(x, µ) ∝ θ(x) θ(1 − x) , σ̂i ab(pa, pb, q, µ) ∝ θ(k2) , (2.68)

where θ(k2) is the Heaviside function.
Performing the inner k2 integral first, the explicit integration range for k2 at fixed yk reads

0 ≤ k2 ≤
[
min

{
(P−

a − q−)e−yk , (P+
b − q+)e+yk

}]2
− q2T . (2.69)

The outer integration bounds on yk are then

− ln
P+
b − q+

qT
≤ yk ≤ ln +

P−
a − q−

qT
. (2.70)

2.6.2 Structure of soft and final-state collinear singularities

The advantage of having k2 as one of the integration variables in Eq.(2.66) is that at qT > 0 singularities
that require a plus distribution prescription in the renormalized partonic cross section uniquely arise as
k2 → 0. This is the limit of small invariant mass of the final-state partonic system, where either (a)
all final-state partons except for one become soft or (b) all final-state partons become collinear to each
other. By contrast, other singularities that for qT ≥ 0 can still manifest as plus distributions within the
renormalized partonic cross section, such as the limit of all partons becoming soft, are cut off by qT > 0.

Essentially, using this parametrization the partonic cross section divides into two contributions:
singular and the non-singular with respect to the behavior as k2 → 0,

σ̂i,ab(pa, pb, q, µ) = σ̂sing
i,ab (pa, pb, q, µ) +

[
σ̂i,ab(pa, pb, q, µ) − σ̂sing

i,ab (pa, pb, q, µ)
]
k2>0︸ ︷︷ ︸

σ̂non-sing
i,ab (pa,pb,q,µ)

. (2.71)

In other words, the leading singular behavior of the renormalized partonic cross section takes the following
form as k2 → 0,

σ̂i ab(pa, pb, q, µ) = σ̂sing
i ab (p̃a, p̃b, q, k

2, µ)
[
1 + O

( k2

q+q−

)]
, (2.72)

where the all-order structure of the singular cross section is

σ̂sing
i ab (p̃a, p̃b, q, k

2, µ) =
∑
n

[
αs(µ)

4π

]n{
c
(n,−1)
i ab (p̃a, p̃b, q, µ, ν) δ(k2)

+

2n−1∑
m=0

c
(n,m)
i ab (p̃a, p̃b, q, µ, ν)

[
θ(k2)

ln(k2/ν2)

k2

]ν2

+

}
. (2.73)

Here
[
θ(k2) q(k2)

]ν2

+
, denotes a plus distribution in the dimensionful variable k2. Its action on a regular

test function f(k2) is given by∫
dk2

[
θ(k2) q(k2)

]ν2

+
f(k2) ≡

∫ ν2

0

dk2 q(k2)
[
f(k2) − f(0)

]
+

∫ ∞

ν2

dk2 q(k2) f(k2) . (2.74)

More information on plus distributions is given in Appendix C.
The dependence on the (arbitrary) boundary condition ν of the plus distributions exactly cancels at each
individual perturbative order in Eq.(2.73) between the plus distributions and logarithmic terms in the
various coefficients in Eq.(2.73).
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The single-real and real-virtual contributions, as well as higher-loop corrections to subprocesses with
a single on-shell parton with k2 = 0 in the final state (NnLO1), are entirely localized at k2 → 0 and
appear as terms proportional to δ(k2). Their infrared singularities cancel against those arising from the
integration over soft or final-state collinear radiation. The remaining finite pieces at k2 = 0 contribute
to the singular part of the cross section, σ̂sing

i,ab .

The real-real contributions on the other hand can have terms local to k2 = 0, but can also include
k2-finite terms O(1) or O(k2), these will enter in the regular piece of the full cross section σ̂non-sing

i,ab .
This analytic separation into singular and nonsingular parts also allows for an efficient convolution

with PDFs. The singular terms, involving distributions like δ(k2) and [1/k2]+, require careful treatment
near the k2 → 0 limit. Meanwhile, the nonsingular part is fully finite and can be integrated numerically
using a parametrization like the one in Eq.(2.66) as a standard two-dimensional integral over yk and k2 .

In the remainder of this section we describe how the coefficients c
(n,m)
i ab are obtained from the all-order

threshold factorization for V + jet production, and then discuss how the desired total cross section can
be assembled by performing a separate, simpler calculation of the renormalized partonic cross section at
k2 > 0. The specific implementation of these two steps for the case of the Drell-Yan angular coefficients
at O(α2

s) is then described in Chapter 4 and Chapter 5, respectively, in turn covering the real-virtual
and real-real contributions to the cross section.

Choice of Born projection

Before we proceed, we have yet to comment on the notation p̃a,b that we introduced in Eq.(2.73) for the
arguments of the singular cross section. Here the tildes indicate that the arguments pa, pb, and q of the
partonic cross section, which in general correspond to a phase space point pa +pb = q+k with a massive
hadronic final state k2 ≥ 0, are projected onto the underlying Born phase space of a 2 → 2 scattering
process p̃a + p̃b = q̃ + k̃ with p̃2a = p̃2b = 0 as before, but with a single massless final-state momentum

k̃2 = 0. There are some choices involved in how this Born projection is performed, and in the following
we motivate the choices we make and give the explicit expressions for the Born projection.

We are aiming for an analytic calculation of the cross section fully differential in q, so we are required
to keep q = q̃ fixed in this projection. This means that the change from k to k̃ must be absorbed by
adjusting the initial-state parton momenta from pa,b to p̃a,b. Furthermore, we would like to ensure that
the CS frame is held fixed under the projection to avoid having to account for mixing between structure
functions. Thanks to Eq.(2.23), this is easily implemented by taking p̃a,b to still be along the z axis
and be proportional to the unity vectors along it, n and n̄ respectively, and not pick up any transverse
momentum. This implies k̃µ⊥ = kµ⊥, but still leaves a choice in which other properties of k to hold fixed in
the projection. A projection that plays particularly nicely with our integral parametrization in Eq.(2.66)
is to hold the rapidity fixed,

yk̃ =
1

2
ln
k̃−

k̃+
!
= yk =

1

2
ln
k−

k+
. (2.75)

Overall, this results in the following Born projection:

k̃µ =
nµ

2
qT e

+yk +
n̄µ

2
qT e

−yk − qµ⊥ ≡ wJ
nµJ
2
,

p̃µa =
nµ

2
(q− + k̃−) ≡ wa

nµa
2
, p̃µb =

n̄µ

2
(q+ + k̃+) ≡ wb

nµb
2
, (2.76)

where we have already defined the momenta of the Born projection to be along three principal collinear
directions: nµJ is the jet direction and nµa , n

µ
b are the beam directions.

2.6.3 Factorized singular cross section from the V + jet threshold limit

As mentioned above, the k2 → 0 corresponds to the partonic threshold limit, there the physical configu-
ration corresponds to the vector boson recoiling against a nearly massless jet – ”V + jet”. The singular
terms in Eq.(2.71) are localized in this limit, therefore this section will deal only with them. An efficient
way to organize the cancellation of the IR and UV singularities for these terms in this limit is to make
use of the known factorization theorem of V + jet production at threshold [43, 44, 45], in the limit where
the invariant mass of the V +jet system approaches the available hadronic center-of-mass energy (k2 → 0
at Q ∼ qT ∼ Ecm).
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Thus the renormalized singular k2 → 0 partonic cross section is obtained by stripping off the renor-
malized PDFs from the V + jet threshold factorization theorem, which in our notation results in

σ̂sing
i ab (p̃a, p̃b, q, k

2, µ) =
1

2p̃−a p̃
+
b

∑
V V ′

L±(i)V V ′(q2)Hi V V ′ ab(p̃a, p̃b, q, µ) (2.77)

×
∫

d(k̃ · ks)Sab(k̃ · ks, yk, µ)

∫
ds Jj(ab)(s, µ) δ

(
k2 − s− 2k̃ · ks

)
.

On the first line, p̃−a p̃
+
b = 2p̃a · p̃b = ξaξbE

2
cm is the partonic center-of-mass energy squared, L±V V ′ are

the leptonic prefactors from Eq.(2.27) and Hi V V ′ ab is the hard function, which encodes the effect of
hard virtual corrections to the underlying Born process. The hard function is given by the square of the
IR-finite part of the Born and virtual amplitudes for the process a(p̃a) b(p̃b) → V (q) j(k̃), projected onto
the vector-boson helicity channel i. At example of the NLO contribution to the hard function is shown
in Figure 2.8

On the second line, Sab is the V + jet threshold soft function, which describes the effect of isotropic
soft radiation in the event. It is given by a vacuum matrix element of fundamental and adjoint soft
Wilson lines (Yni

, Y †
ni

) along the directions p̃µa,b of the incoming partons and the direction of the outgoing

jet k̃µ (ni = na, nb, nJ):

⟨0|TrT
[(
Y †
a YkT

aY †
k Yb

)
(x−)

]
T
[(
Y †
b YkT

aY †
k Ya

)
(0)
]
|0⟩ = CFNc

∫ ∞

0

d(ωJk
+
s ) e−ik+

s x−/2 Sqq̄(ωJk
+
s ),

⟨0|TrT
[(
Y †
a YbT

aY †
b Yk

)
(x−)

]
T
[(
Y †
k YbT

aY †
b Ya

)
(0)
]
|0⟩ = CFNc

∫ ∞

0

d(ωJk
+
s ) e−ik+

s x−/2 Sqg(ωJk
+
s ),

where x− = n̄J · x and k+s = nJ · ks, such that ωJk
+
s = k̃ · ks. T a are the fundamental color generators.

T denoted time ordering, while T denotes anti-time ordering – it orders operators from left to right
in increasing time (later to earlier). As could be seen from the definition above the soft function only
depends on the color charges of the particles in the Born process (i.e., whether the process is qq̄ → V g or
qg → V q), and the conformal cross ratio of their dot products – the polar angle of the jet as encoded in
yk. In addition, it depends on the quantity that is measured on the soft radiation, which is the projection
k̃ · ks of the total soft partonic momentum kµs onto k̃µ.

Finally, the jet function Jj encodes the effect of collimated final-state collinear radiation and depends
on the total invariant mass s of the jet system, which ends up contributing to the total partonic invariant
mass k2 as k2 = s + 2k̃ · ks. The jet function depends on the parton type of j (on whether j is a
quark/antiquark or a gluon), and is defined as a vacuum matrix element of collinear quark or gluon
fields, respectively:

⟨0|χ̄i
J(x) /̄nJχ

j
J(0)|0⟩ = δij

∫
d4p

(2π)3
θ(p0) δ(n̄J · p) Jq(p2) e−ix·p,

⟨0|Aaµ
J,⊥(x)Ab ν

J,⊥(0)|0⟩ = δab (−gµν⊥ ) g2s

∫
d4p

(2π)3
θ(p0) δ(p2) Jg(p2) e−ix·p,

where p2 = (k−ks)2, which in Eq.(2.77) is shifted to s by the δ(k2−s−2k̃ ·ks). In the definition Aaµ
j,⊥(x)

is the perpendicular component of the gauge-invariant ni = nJ -collinear gluon field with color index a
and χj

J(x) is the gauge-invariant quark nJ -collinear field with color index i. These gauge-invariant fields
are defined as:

χi(x) = W †
i (x)

/ni /̄ni
4

ψi(x), Aµ
n,⊥(x) = W †

i (x) [iDµ
n,⊥Wi(x)], (2.78)

where ψi(x) is the previously defined collinear quark field, and Dµ
n,⊥ is the perpendicular component of

the collinear covariant derivative. Wi(x) is the collinear Wilson line:

Wi(x) = P exp

(
ig

∫ 0

−∞
ds n̄i ·Ai(x+ sn̄i)

)
. (2.79)

Both above-mentioned soft and jet function are normalized to

Sab(k̃ · ks, yk, µ) = δ(k̃ · ks) + O(αs) , Jj(s, µ) = δ(s) + O(αs) (2.80)
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Figure 2.8: Left: V + jet threshold factorization of the scattering amplitude, pa, pb are the incoming partons,
q is the outgoing vector boson and k = kJ + ks is the hadronic radiation. Blue lines correspond to the particles
collinear to the outgoing jet and red thin lines denote soft emissions. Right: Virtual corrections to the hard
function H. The first-order term H(1) corresponds to the squared tree-level single-emission (LO1) amplitude.
The second-order term H(2) comes from the one-loop correction to this amplitude, which correspond to the finite
part of the real-virtual cross section. Figure adapted from ref.[48]

at tree level and – rather impressively, in the case of the soft function – are fully known to O(α3
s)

[43, 44, 45, 46], sufficient for the overall O(α4
s) (N3LO1) at cross-section level [47] .

The most useful for the IR and UV renormalization fact about the all-order factorization theorem
in Eq.(2.77) is that it involves renormalized matrix elements and Wilson coefficients (i.e., the IR-finite
parts of hard amplitudes) that are individually finite in D = 4. Therefore for the singular cross section
it is not required to perform the strong coupling and PDF renormalizations, as they have been handled
internally within each part of the factorization theorem.

About the PDF renormalization in the Eq.(2.77) it is relevant to point out that the factorization
theorem in Eq.(2.77) can be written down at the level of either the renormalized or the bare partonic
cross section due to the fact that taking the threshold limit commutes with the PDF renormalization when
the DGLAP kernels Pij are also consistently expanded to their leading O[(1 − z)−1] (z → 1, as k2 → 0)
terms. In particular, k2 → 0 at the level of the renormalized cross section retains the leading O[(1−z)−1]
terms from the splitting functions in the PDF counterterms, which are absorbed into the renormalized
threshold-factorized cross section. By contrast, convolutions of the finite O[((1 − z)0] remainders of the
splitting functions with the bare cross section at lower orders (either leading or subleading in k2) result
in a term that is overall power suppressed in k2. Therefore for our convenience we choose to use the
already renormalized threshold-factorized cross section in our singular calculation, in order to not to
have to deal with the IR and UV poles for the RV loop terms.

While the PDF renormalization is thus still required to obtain the complete finite remainder at k2 > 0,
and will also contribute nontrivial finite terms to it, including it is made significantly simpler since at
O(α2

s) we only need to account for the PDF counterterm at z < 1 (k2 > 0), which greatly simplifies the
functions of the splitting kernels Pij and therefore the master formula in Section 2.4.2.

Here we will provide more explicit expressions for the right-hand part of the Eq.(2.77) using the
expressions for the renormalized NLO soft and jet functions from ref. [43].
All of the QCD-dependent terms in the Eq.(2.77) can be expanded as perturbative series in strong
coupling:

Hi V V ′ ab(p̃a, p̃b, q, µ) =
∑
n=1

(
αs(µ)

4π

)n

H
(n)
i V V ′ ab(p̃a, p̃b, q, µ),

Sab(k̃ · ks, yk, µ) =
∑
n=1

(
αs(µ)

4π

)n

S
(n)
ab (k̃ · ks, yk, µ),

Jj(ab)(s, µ) =
∑
n=1

(
αs(µ)

4π

)n

J
(n)
j(ab)(s, µ).
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Combining them and expressing the term O(α2
s):

Hi V V ′ ab(p̃a, p̃b, q, µ)

∫
d(k̃ · ks)Sab(k̃ · ks, yk, µ)

∫
ds Jj(ab)(s, µ) δ

(
k2 − s− 2k̃ · ks

)
=

(
α2
s

4π

)2
[
H

(2)
i V V ′ ab(p̃a, p̃b, q, µ)δ(k2) +H

(1)
i V V ′ ab(p̃a, p̃b, q, µ)

(
S
(1)
ab (k2, yk, µ) + J

(1)
j(ab)(k

2, µ)
)]
,

where the factors multiplyingH
(n)
i V V ′ ab are derived through taking the combinations of different (αn

s , n < 2)

orders of soft and jet functions. Here again, H
(2)
i V V ′ ab(p̃a, p̃b, q) is the second order hard function, which

encodes the RV corrections to the Born process. H
(1)
i V V ′ ab(p̃a, p̃b, q) is the first order hard function, which

is just proportional to the single real cross section without any loop corrections.
At the leading order, α0

s, the S and J are proportional to δ-functions of their variables, therefore the
convolution of them reads:

S
(0)
ab (k̃ · ks, yk, µ) = δ(k̃ · ks) , J

(0)
j , (s, µ) = δ(s)∫

d(k̃ · ks)S(0)
ab (k̃ · ks, yk, µ)

∫
ds J

(0)
j(ab)(s, µ) δ

(
k2 − s− 2k̃ · ks

)
= δ(k2). (2.81)

The cross term of the first order soft function with a tree-level jet function is:

S
(1)
ab (k̃ · ks, yk, µ) = Ci


[
2 ln2

(
2na · nb

na · nJ nb · nJ

)
− π2

3

]
δ(k̃ · ks)+

16 ln
(

k̃·ks

µ

√
2na·nb

na·nJ nb·nJ

)
k̃ · ks

[k̃·ks,µ]

+

 ,

J
(0)
j (s, µ) = δ(s),

∫
d(k̃ · ks)S(1)

ab (k̃ · ks, yk, µ)

∫
ds J

(0)
j(ab)(s, µ) δ

(
k2 − s− 2k̃ · ks

)
= S

(1)
ab (k2, yk, µ)

= C1

[(
2 ln2

(
4

na · nJ nb · nJ

)
− π2

3

)
δ(k2)

+ 16

(
L1(k2, ν2) + L0(k2, ν2) ln

(
ν2

wJ µ

)
+

1

2
δ(k2) ln2

(
ν2

wJ µ

)

− 1

2
ln
(na · nJ nb · nJ

4

)(
L0(k2, ν2) + δ(k2) ln

(
ν2

wJ µ

)))]
, (2.82)

where C1 = CF − 1
2CA for a gluon, so process ab = qq̄ (qq̄ → V g) and C1 = 1

2CA for ab = qg (qg → V q).
Here we have also introduced the notation

Ln(x, µ) ≡ 1

µ
Ln(x/µ), Ln(x) =

[
θ(x) lnn x

x

][x,1]
+

,

where the so-called boundary condition µ can be shifted by applying:

L1(x, µ) = L1(x, µ′) + ln
µ′

µ
L0(x, µ′) +

1

2
ln2 µ

′

µ
δ(x),

L0(x, µ) = L0(x, µ′) + ln
µ′

µ
δ(x).

As mentioned above, all dependence on the arbitrary boundary condition ν drops out in the full result.
The terms with first-order jet functions are as follows:
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a) quark jet for ab = qg

S
(0)
ab (k̃ · ks, yk, µ) = δ(k̃ · ks) , J (1)

q (s, µ) = CF

[ (
7 − π2

)
δ(s) + 4

[
ln(s/µ2)

s

][s,µ2]

+

− 3

[
1

s

][s,µ2]

+

]
∫

d(k̃ · ks)S(0)
qg (k̃ · ks, yk, µ)

∫
ds J

(1)
q(qg)(s, µ) δ

(
k2 − s− 2k̃ · ks

)
= J

(1)
q(qg)(k

2, µ)

= CF

[ (
7 − π2

)
δ(k2) + 4

(
L1(k2, ν2) + L0(k2, ν2) ln

(
ν2

µ2

)
+

1

2
δ(k2) ln2

(
ν2

µ2

))
−3

(
L0(k2, ν2) + δ(k2) ln

(
ν2

µ2

))]
, (2.83)

b) gluon jet for ab = qq̄

S
(0)
ab (k̃ · ks, yk, µ) = δ(k̃ · ks) , J (1)

g (s, µ) =

(
CA

(
67

9
− π2

)
− 20

9
TFnf

)
δ(s)

+ 4CA

[
ln(s/µ2)

s

][s,µ2]

+

− β0

[
1

s

][s,µ2]

+∫
d(k̃ · ks)S(0)

qq̄ (k̃ · ks, yk, µ)

∫
ds J

(1)
g(qq̄)(s, µ) δ

(
k2 − s− 2k̃ · ks

)
= J

(1)
g(qq̄)(k

2, µ)

=

(
CA

(
67

9
− π2

)
− 20

9
TFnf

)
δ(k2) + 4CA

(
L1(k2, ν2) + L0(k2, ν2) ln

(
ν2

µ2

)
+

1

2
δ(k2) ln2

(
ν2

µ2

))
− β0

(
L0(k2, ν2) + δ(k2) ln

(
ν2

µ2

))
. (2.84)

2.6.4 Final result

Here we recap that the fully renormalized partonic cross section is given by:

σ̂i,ab(pa, pb, q, µ) = σ̂sing
i,ab (p̃a, p̃b, q, k

2, µ) + σ̂non-sing
i,ab (pa, pb, q, k

2, µ), (2.85)

where the fully IR- and UV- finite singular term captures all threshold-localized contributions as k2 → 0,
and is written as:

σ̂sing
i ab (p̃a, p̃b, q, µ) =

1

2p̃−a p̃
+
b

∑
V V ′

L(±)i,V V ′

(
H

(2)
i V V ′ ab(p̃a, p̃b, q, µ)δ(k2)

+
αs(µ)

4π
H

(1)
i V V ′ ab(p̃a, p̃b, q, µ)

(
S
(1)
ab (k2, yk, µ) + J

(1)
j(ab)(k

2, µ)
))
. (2.86)

Here the dependence on the strong coupling αs has been absorbed into the definition of the hard functions.
The structure of factors in the second line – the soft and jet functions, as well as the first-order hard
functions, that consist of the finite single-real contributions – are fully known in the literature [43].

However, the full set of helicity-projected second-order hard functions H
(2)
i V V ′ ab, which receive their

contributions from the RV terms, is not known analytically. In Chapter 4 we describe how to efficiently
perform the helicity projection of the RV contributions directly at the level of the amplitude, using the
well-known spinor-helicity amplitudes for a(p̃a) b(p̃b) → ℓ−(p1) ℓ+(p2)j(k̃) as input data.

Since all of the real-virtual contributions (and a portion of the real-real ones in the form of H(1)(S(1)+

J (1))) are included in σ̂sing
i,ab , the remaining part of the RR contributions must enter the regular component

of the cross section. The latter one is obtained by subtracting the singular term from the full (PDF
renormalized) RR result:

σ̂non-sing
i,ab (pa, pb, q, k

2, µ) = σ̂full, RR
i,ab (pa, pb, q, k

2, µ) − σ̂sing
i ab (p̃a, p̃b, q, k

2, µ)
∣∣∣
k2>0

. (2.87)

The condition k2 > 0 ensures that only the part of the singular cross section relevant to RR is subtracted,
since the entire RV contribution is proportional to δ(k2). In Chapter 5 we describe how we compute
these RR remainder terms through the conventional Feynman rules. Subtracting the singular part from
the full renormalized RR cross section yields the non-singular remainder that completes the full result.
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Chapter 3

Flavor decomposition of partonic
cross-sections

In this Chapter we move on from the more ideological concepts of our calculation and talk about the
organization of the weak couplings in our final result.

3.1 Introduction to the approach

In our calculation we consider only identical quark flavors and included the V V ′ = ZZ boson as the
intermediate vector boson. Therefore we temporarily drop the indexes V V ′ in our results, assuming
that both the vector boson of both sides of the amplitude and conjugated amplitude are Z bosons. In
reality, multiple quark flavors and other neutral or charged bosons (such as γ and W±) can contribute.
However, the most complicated parts of the squared matrix element are structurally independent of the
specific quark flavor or boson type – only the electroweak couplings vary. This allows us to take the
complete result, remove the specific electroweak coupling factors used, and later reinsert a more general
set of couplings to account for the full flavor and boson content.

Each diagram may carry a distinct electroweak coupling structure, for example, some couple to a
single quark line, while others connect different quark flavors on the amplitude and conjugated amplitude
sides (i.e., ”across the cut”). To systematically organize this complexity, we developed a diagrammatic
approach based on flavor topologies - the so-called ”Pysanka” or ”Easter egg diagrams” - which allow
us to track how each flavor flow pattern corresponds to a particular structure of electroweak couplings
in the Drell-Yan-type processes. The key idea is to represent the amplitude and its complex conjugate
within a single topological diagram, shaped like an Pysanka (a Ukrainian decorated Easter egg).
Figure 3.1 shows how this representation arises from a rearrangement of the standard cut diagram. The
partons 1, 2, which couple to the vector boson, are reflected across the vertical axis, while the incoming
partons a, a′ and b, b′ are grouped at the top and bottom of the diagram. This arrangement ensures
that identical incoming parton flavors appear on both sides of the cut, as required for a consistent cross
section. Therefore, the external legs represent the initial state partons (a, a′ and b, b′) and the quarks
participating in the weak interaction (1, 1′ and 2, 2′), while the internal structure keeps track of flavor
flow between the amplitude and its conjugate.

We assign flavor indices f1, f2 to the quarks coupling to the vector boson in the amplitude, and f ′1, f
′
2

to those in the conjugate. The weak couplings are expressed as generic coefficients cf1f2 , which could
be used for both charged and neutral vector bosons, therefore the order of the flavor indexes and the
conjugation matter in these couplings:

cf1f2 =


−iQfe, where f = f1 = f2, for γ∗,

± gW
2
√
2
Vf2f1 , where f1 ̸= f2, for W±,

±i gZ2 vf or ± i gZ2 af , where f = f1 = f2, for Z.

Each diagram then yields a term of the form∏
flavor i,j

δij × cf1f2 c
∗
f ′
1f

′
2
,
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Figure 3.1: Topological representation of the flavor structure in a Drell-Yan-type process involving a neutral
vector boson V . The diagram on the right shows the standard cut diagram, with incoming partons a, b and
their conjugates a′, b′, and vector boson couplings to partons 1, 2 (and 1′, 2′). This can be transformed into the
Pysanka diagram on the left by inverting the positions of 1 and 2, and grouping a, a′ at the top and b, b′ at the
bottom of the ellipse.

where the combination of Kroneker-delta’s depends on how the flavors are connected: for each line
connecting points i and j there would be one δij enforcing the same flavor for both partons. We always
assume that the incoming particles on both sides of the cut are the same partons and have the same
flavor, therefore this assumption can be written down as two additional Kroneker-delta’s δfaf ′

a
δfbf ′

b
in

front of all the terms in the cross section.
Since these diagrams inherently represent the flavor flow inside the combination of amplitudes, each

of them would represent a unique flavor contraction and therefore a unique EW coupling. There is
a roughly1 one-to-one correspondence between possible EW couplings and the Pysanka diagrams, the
problem of finding all of the relevant couplings comes down to purely combinatorial one – drawing all
the Pysanka diagrams and then computing the EW couplings from them.

One major advantage of this method is that it keeps the analysis completely agnostic to the color flow.
Since gluons are flavor-blind, they can be ignored when identifying weak interaction couplings: we only
care about which quark flavors are involved and how they couple to the boson. Therefore one Pysanka
diagram would describe a whole set of squared amplitudes. This makes the diagrams very general and
useful for organizing all possible weak couplings in a process. It also means the method can be extended
to cases at higher orders of strong-coupling. Additionally, we are agnostic to internal quark loops that
do not couple to the vector boson or the external states, as their coupling would not be present in the
final result.

To count the number of distinct Pysanka diagrams, observe that for j incoming gluons (with j = 0, 1, 2
for processes with two incoming partons), there remain 8 − 2j flavor-carrying legs that can participate
in flavor contractions. This follows from the fact that gluons do not carry flavor/charge and thus do not
contribute to the flavor structure inside the diagram. Among these 8−2j points, exactly half correspond
to incoming flavor currents and half to outgoing ones. The combinatorial problem then reduces to
counting all possible pairings between the 4 − j incoming and 4 − j outgoing points. Denoting the
outgoing points as O1, . . . , O4−j and the incoming ones as I1, . . . , I4−j , each diagram corresponds to a
bijection Oi 7→ Iσ(i) for some permutation σ ∈ S4−j . Since there are no constraints on the matching,
as the crossings and nonlocal connections are allowed, the total number of such diagrams is simply the
number of permutations of 4 − j elements, that is, (4 − j)!.

Below we describe the possible Pysanka topologies, their couplings and the possible diagrams they
represent. Please note that as relevant examples of the physical processes we would refer mostly to either
the lowest order diagrams for said topology, and/or to the diagrams that are relevant at our order and
are discussed in the sections above: Born, LO1, NLO1 and LO2.

3.2 gg → V X

For two incoming gluons, there are exactly (4 − 2)! = 2 possible flavor contraction diagrams, labeled A1
and A2 in Fig.3.2.

The A1 topology corresponds to a quark loop stretching across the cut and contributes starting at
order α2

s. This Pysanka represents all the diagrams for LO2 gg → V qq̄.

1As could be seen from the explicit results below, it is possible to have two or more unique Pysanka diagrams for one
EW coupling, since the diagrams carry a bit more internal information about the process than the coupling.
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Figure 3.2: Flavor contraction diagrams grouped by partonic channel.
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The A2 diagram involves two separate quark triangles, one on each side of the cut, with the vector
boson coupling to both. This configuration corresponds to the process gg → V , which vanishes at all
orders due to the Landau-Yang theorem [49, 50]: a massive spin-1 boson cannot couple to two identical
massless spin-1 bosons in a symmetric state. However, once an additional gluon is radiated, as in
gg → V g, the process becomes allowed, and A2 begins to contribute at α3

s.
The flavor structure for this channel is

WV V ′

i,gg = δ
f ′
1

f1
δ
f ′
2

f2
cf1f2c

′∗
f ′
1f

′
2
× A1 + δf2f1 δ

f ′
2

f ′
1
cf1f2c

′∗
f ′
1f

′
2
× A2

=
∑
f1,f2

cf1f2c
′∗
f1f2 × A1(O(α2

s)) +
∑
f1,f ′

1

cf1f1c
′∗
f ′
1f

′
1
× A2(O(α3

s)), (3.1)

where the sums are over quark flavors, and in the last line the expressions in parentheses indicate the
lowest order at which each diagram contributes. As mentioned previously, cf1f2c

′∗
f ′
1f

′
2

are couplings from

the diagrams on both sides of the cut: cf1f2 on the left (amplitude) side of the cut, c′∗f ′
1f

′
2

– on the right

(conjugate amplitude) side of the cut.
Importantly, since gluons do not carry flavor, the only way they can couple to a vector boson is via

closed quark loops. Consequently, both A1 and A2 necessarily involve internal fermion loops: for A1
it is a quark f1 = f ′1 and f2 = f ′2 stretching across the cut, for A2 it is two quark loops f1 = f2 and
f ′1 = f ′2 on two sides of the cut. This imposes a strict constraint on the types of vector bosons that can
appear in such diagrams: only neutral bosons like the Z and γ∗, which couple to flavor-diagonal quark
currents, can contribute to A2, while charged currents mediated by W±, which require flavor-changing
interactions, are excluded in A2, but are allowed in A1.

In general, if a diagram contains a direct connection between f1 and f2 (and/or f ′1 and f ′2) – that

is, if it involves a factor like δf2f1 (and/or δ
f ′
2

f ′
1
), or equivalently a coupling of the form cf1f1 – then only

neutral vector bosons such as the Z or γ∗ can mediate the interaction. Any other flavor topology, with
nontrivial flavor flow, allows the possibility of charged boson exchange.

3.3 qg → V X

For one incoming gluon, there is (4 − 1)! = 6 possible Pysanka diagrams, labeled as B1-B6 in Fig. 3.2.
The full flavor structure for this channel is thus:

WV V ′

i,qfag
=
∑
f2

cfaf2c
′∗
faf2 × B1(O(αs)) +

∑
f1

cf1fac
′∗
f1fa × B2(O(α3

s))

+
∑
f1

cf1f1c
′∗
fafa × B3(O(α2

s)) +
∑
f ′
1

cfafac
′∗
f ′
1f

′
1
× B4(O(α2

s))

+
∑
f1,f2

cf1f2c
′∗
f1f2 × B5(O(α3

s)) +
∑
f1,f ′

1

cf1f ′
1
c′∗f1f ′

1
× B6(O(α3

s)) (3.2)

In diagram B1, the incoming quark directly couples to the vector boson, while the real gluon connects
to a closed quark loop across the cut at flavor f2. The structure effectively resembles a Born-like diagram
in its upper half, where the quark line connects uninterrupted to the boson. All of the LO2 qg → V qg
and most of the NLO1 qg → V q (except for the top-loop) diagrams fall into this category. Diagram B2 is
the crossed counterpart of B1, where the loop now forms on the f1 side. Since we assume the lower legs
b and b′ to be gluons, this crossed configuration contributes only at higher orders in the strong coupling.

Diagrams B3 and B4 represent the topologies with a single quark loop on the f1 = f2 and f ′1 = f ′2
sides, respectively. The top-loop diagrams from NLO1 qg → V q crossed with the LO1 qg → V q fall into
these categories.

Diagrams B5 and B6 appear at O(α3
s) and beyond, as they correspond to the A1 and A2 topologies

in the gg → V X process, with the upper gluon a now coupling to a quark line.
Among these, only B3, B4, and B5 necessarily require mediation by a neutral vector boson, due to

the presence of closed quark loops on one or both sides of the cut.
Overall the topologies that contribute at up to O(α2

s) are

WV V ′

i,qfag
=
∑
f2

cfaf2c
′∗
faf2 × B1 +

∑
f1

cf1f1c
′∗
fafa × (B3 + B4), (3.3)

where we have used the fact that B3 and B4 are mediated by either Z or γ∗ bosons, therefore their
couplings are hermitian c∗ij = cij and thus both B3 and B4 have the same type of coupling.
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3.4 qq̄ → V X

For no incoming gluons, there is (4− 0)! = 24 possible Pysanka diagrams, labeled as C1-C24 in Fig. 3.2.
The full flavor structure for this channel is

WV V ′

i,qfa q̄fb
=cfafbc

′∗
fafb

× C1(O(α0
s)) + cfbfac

′∗
fbfa

× C2(O(α4
s))

+cfbfbc
′∗
fafa × C3(O(α2

s)) + cfafac
′∗
fbfb

× C4(O(α2
s))

+δfafb

[∑
f2

cfbf2c
′∗
faf2 × C5(O(α2

s)) +
∑
f2

cfaf2c
′∗
fbf2

× C6(O(α2
s))

+
∑
f1

cf1fac
′∗
f1fb

× C7(O(α2
s)) +

∑
f1

cf1fbc
′∗
f1fa × C8(O(α2

s))

]

+δfafb

[∑
f1

cf1f1c
′∗
fafb

× C9(O(α2
s)) +

∑
f1

cf1f1c
′∗
fbfa

× C10(O(α4
s))

+
∑
f ′
1

cfafbc
′∗
f ′
1f

′
1
× C11(O(α2

s)) +
∑
f ′
1

cfbfac
′∗
f ′
1f

′
1
× C12(O(α4

s))

]

+
∑
f1

cf1fbc
′∗
f1fb

× C13(O(α2
s)) +

∑
f2

cfbf2c
′∗
fbf2

× C14(O(α4
s))

+
∑
f2

cfaf2c
′∗
faf2 × C15(O(α2

s)) +
∑
f1

cf1fac
′∗
f1fa × C16(O(α4

s))

+
∑
f ′
1

cfbfbc
′∗
f ′
1f

′
1
× C17(O(α3

s)) +
∑
f1

cf1f1c
′∗
fbfb

× C18(O(α3
s))

+
∑
f1

cf1f1c
′∗
fafa × C19(O(α3

s)) +
∑
f ′
1

cfafac
′∗
f ′
1f

′
1
× C20(O(α3

s))

+δfafb

[ ∑
f1,f2

cf1f2c
′∗
f1f2 × C21(O(α2

s)) +
∑
f1,f ′

1

cf1f1c
′∗
f ′
1f

′
1
× C22(O(α4

s))

]

+
∑
f1,f ′

1

cf1f1c
′∗
f ′
1f

′
1
× C23(O(α4

s)) +
∑
f1,f2

cf1f2c
′∗
f1f2 × C24(O(α4

s)) (3.4)

Diagram C1 corresponds to the Born-like topology, where the incoming quarks a and b couple directly
to the quark lines f1 and f2, respectively. This configuration appears at the lowest order in perturbation
theory. All of the contractions of LO1 qq̄ → V g with most of the NLO1 qq̄ → V g diagrams (except those
involving top-quark loops) share this Born topology, since both incoming quarks couple directly to the
vector boson. Likewise, all combinations of LO2 qq̄ → V gg diagrams fall into this category.

Diagram C2 is the crossed version of the Born configuration: here, quark a couples to f ′2, and quark
b to f ′1, rather than to f1 and f2 directly. This topology is more suppressed and arises only at higher
orders in the strong coupling expansion.

Diagrams C3 and C4 describe the same basic process but appear as conjugate configurations. Each
represents an interference of two LO2 T-channel diagrams with the vector boson emitted from a different
external leg (which corresponds to the QuQd charge factor). As an example, the cut diagram where on
one side of the cut the boson is radiated from the upper quark line (1 or 2 in Figure 2.5 (a)), while on
the other side it comes from the lower one (3 or 4 in Figure 2.5 (a)) contributes to the C4 cross section.

Diagrams C5 through C12 all feature a direct line connecting the incoming quarks a and b, which
imposes the condition that they must be of the same flavor. C5-C8 correspond to various interferences
between LO2 S-channel and T-channel diagrams. In contrast, C9-C12 involve an NLO1 quark loop on
either the f1 side (C9, C10) or the f2 side (C11, C12), interfering with a LO1 Born-like diagram on the
opposite side of the cut. Among these, C10 and C12 exhibit strongly crossed topologies and thus appear

36



only at higher orders in αs.
Diagrams C13 through C16 depict loop topologies stretching across the cut, corresponding to various

combinations of T-channel diagrams where the vector boson is emitted from the same line on both sides
(Q2

u charge factor). Diagrams C17-C20 represent quark-loop diagrams interfering with T-channel LO2

topologies, and as such contribute at O(α3
s).

Finally, diagram C21 is the interference of two LO2 S-channel diagrams, while C22 involves the
interference of two quark-loop diagrams with identical incoming quark flavors. Diagrams C23 and C24
are analogous to A1 and A2 in the gg → V X channel, now with gluons coupling to external quark lines
instead of forming closed loops.
Therefore at the O(α2

s) relevant Pysanka diagrams are:

WV V ′

i,qfa q̄fb
=cfafbc

′∗
fafb

× C1 + cfbfbc
′∗
fafa × C3 + cfafac

′∗
fbfb

× C4

+δfafb

[∑
f2

cfbf2c
′∗
faf2 × C5 +

∑
f2

cfaf2c
′∗
fbf2

× C6

+
∑
f1

cf1fac
′∗
f1fb

× C7 +
∑
f1

cf1fbc
′∗
f1fa × C8

]
+δfafb

∑
f1

cf1f1c
′∗
fafb

[
C9 + C11

]
+
∑
f1

cf1fbc
′∗
f1fb

× C13 +
∑
f2

cfaf2c
′∗
faf2 × C15

+δfafb

[ ∑
f1,f2

cf1f2c
′∗
f1f2 × C21

]
, (3.5)

where in some cases we let the δfafb to be explicit, since it is a part of important information for the
PDF’s that will be multiplying the structure function.

3.5 qq → V X

For the qq → V X channel, the set of Pysanka diagrams remains unchanged, but their physical interpre-
tation and the perturbative order at which they contribute differ. Since the diagrams themselves are the
same, the associated set of electroweak couplings is identical to that in the qq̄ → V X case, and we will
not repeat it here. However, it is important to note that although the coupling structures are shared, the
strong coupling order at which each diagram contributes is not. As such, care must be taken to include
only the appropriate electroweak structures corresponding to the desired order in αs.
The complete list of Pysanka contributions to the qq → V X channel at O(α2

s) is as follows:

WV V ′

i,qfaqfb
=cfafbc

′∗
fafb

× C1 + cfbfac
′∗
fbfa

× C2

+cfbfbc
′∗
fafa × C3 + cfafac

′∗
fbfb

× C4

+δfafb

[∑
f2

cfbf2c
′∗
faf2 × C5 +

∑
f2

cfaf2c
′∗
fbf2

× C6

]
+
∑
f1

cf1fbc
′∗
f1fb

× C13 +
∑
f2

cfaf2c
′∗
faf2 × C15 (3.6)

Since the process qq → V X has no Born-level contribution, all corresponding Pysanka diagrams represent
flavor contractions that first appear at order α2

s or higher.
Diagrams C1 and C2 correspond to the interference between U-channel and T-channel LO2 qq → V qq

topologies, where the vector boson is emitted from opposite quark lines on either side of the cut. Diagrams
C3 and C4 represent the contraction of two T-channel or two U-channel diagrams, respectively, in which
the vector boson is emitted from different fermion lines. Diagrams C5 and C6 correspond to T-U
contractions where the boson is emitted from the same quark line on both sides of the cut. Diagrams C13
and C15 describe contractions of two T-channel diagrams with the vector boson emitted and absorbed
across the cut on the same leg.

The remaining diagrams either represent crossed versions of those listed above, contributing only at
higher orders in αs, or involve contractions between NLO2 diagrams (e.g., those with internal quark
loops) and LO2 T- or U-channel diagrams, which themselves begin at O(α3

s). Others require additional
gluons to support their topology and thus do not contribute at the order considered here.
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Chapter 4

Helicity decomposition of
real-virtual contributions at
amplitude level

4.1 Spinor-Helicity Method

In this chapter, we describe the computation of the hard function Hi,V V ′ ab(p̃a, p̃b, q, µ) used in the
expression for the singular cross section in Eq.(2.77), which is defined as the squared, infrared-finite part
of the Born and virtual amplitudes for the partonic process a(p̃a) b(p̃b) → V (q) j(k̃), projected onto a
specific vector-boson helicity channel i.

As mentioned previously in Section 3, we will focus mostly on the process with V V ′ = ZZ and later
introduce the appropriate EW couplings. Additionally, since we will be deriving the hard function from
the NnLO1 amplitudes, we will drop the tildes in the notation of the Born projection, as it is clear
that for these processes the final hadronic state (i.e. the one parton left after the interaction) is apriori
massless k2 = 0.

Here in this chapter we outline how this helicity projection can be carried out efficiently at the ampli-
tude level by making use of known spinor-helicity results for the full process a(pa) b(pb) → ℓ−(p1) ℓ+(p2) j(k).
These relevant amplitudes are fully known up to one-loop O(gs α

2
s) [51, 22, 52, 53], with partial results

available at two loops O(gs α
3
s) [54, 55].

This method applies to both the LO1 and LO2 amplitudes and in this project has been used as a
consistency check for these cases. As such, this section presents the spinor-helicity approach for both the
real-virtual and double-real contributions. For the RV (NLO1 amplitudes) case, it is used as the main
source of the results, while for the RR (LO2 amplitudes) case, it serves primarily as a four-dimensional
cross-check against analytic results obtained through other means (for that see Chapter 5).

4.1.1 Introduction and main idea

The spinor-helicity formalism is a powerful tool for computing scattering amplitudes in gauge theories,
especially in the high-energy limit where particles can often be approximated as massless [56, 57, 58,
59, 60]. Rather than working with conventional four-momenta and polarization vectors, the formalism
encodes the momentum and helicity of massless particles using two-component Weyl spinors [61]. Any
massless momentum pµ can be expressed in bispinor form as

pµσµ = |p⟩[p|, pµσ̄µ = |p]⟨p|, (4.1)

where |p⟩ and |p] are commuting spinors associated with the momentum p, and σµ, σ̄µ are the four-
dimensional Pauli matrices. These spinors can be contracted to form Lorentz-invariant quantities – the
so-called spinor brackets:

⟨ij⟩ = ū−(pi)u+(pj), [ij] = ū+(pi)u−(pj), (4.2)

which serve as the building blocks of massless amplitudes [62].
One of the central advantages of the formalism is that it naturally organizes the computation: instead

of performing a sum over all external spin states at the outset, the spinor-helicity formalism isolates and
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computes amplitudes for specific helicity configurations. This decomposition and usage of bispinors
leads to much simpler expressions, particularly for processes involving many external gauge bosons. The
physical cross section can be recovered by squaring and summing over the relevant helicities at the end.
Furthermore, the formalism removes the gauge redundancies of conventional polarization vectors, making
it ideally suited for QCD and electroweak calculations [63, 60, 57].

Despite its strengths, the spinor-helicity formalism in its standard form is limited to four dimensions,
therefore one might worry about its compatibility with dimensional regularization. However, this does
not present a problem in our case: as discussed in the previous Section 2.6.3, the singular part of the cross
section, for which we are using the spinor-helicity formalism, is described by a fully finite factorization
formula, so all ingredients can be computed in exactly four dimensions. This justifies the use of spinor-
helicity formalism in our calculation of the real-virtual contributions to the hard function.

Another constraint of the conventional massless spinor-helicity formalism is that it applies directly
only to massless external legs with spin (however, massive external legs can still appear in the process
as long as they are scalars, since they carry no spinor degrees of freedom). It is important to emphasize
that we want to have our calculations performed using this massless spinor-helicity formalism, as it yields
significantly more compact and manageable expressions for the amplitudes (although extensions of the
method to include massive particles have been developed in the literature, see e.g. ref. [64]). Since we
are interested in a process with a massive spin-1 vector boson V in the final state, we cannot directly
apply the spinor-helicity approach to our calculation. Therefore, instead of treating V as an external leg,
we compute (or more precisely reuse) the full spinor-helicity amplitude for the process where the vector
boson decays into the lepton pair and solve for the partonic helicity amplitude.
The key idea is to factorize the full amplitude for the process

p1p2 → {pi}n−1
i=3 ℓ(pn)ℓ̄(pn+1)

into a sum over the helicities λ ∈ {+,−, 0} of the intermediate vector boson V . The amplitude is
decomposed as

Afull(1, 2, . . . , n, n+ 1) =
∑
λ

Aλ(1, 2, . . . , n− 1)Aℓλ(n, n+ 1), (4.3)

where 1, 2, . . . , n, n + 1 are the shorthand notation for particles p1, p2, . . . , pn, pn+1 taking part in the
interaction. The amplitude Aλ describes the production of a vector boson with helicity λ, and the
leptonic amplitude Aℓλ encodes its decay. For example, in the NnLO1 process p1p2 → p3(V → p4p5),
the factorization reads

Afull(1
λg , 2

λq

q̄ , 3−λq
q , 4λℓ

ℓ , 5
−λℓ

ℓ̄
) =

∑
λ

Aλ(1λg , 2
λq

q̄ , 3−λq
q )Aℓλ(1λg , 2

λq

q̄ , 3−λq
q , 4λℓ

ℓ , 5
−λℓ

ℓ̄
), (4.4)

where λg, λq and λℓ are the gluon, quark and lepton helicities respectively. The projected leptonic
current is:

Aℓλ(1λg , 2
λq

q̄ , 3−λq
q , 4λℓ

ℓ , 5
−λℓ

ℓ̄
) = ϵµλ(1λg , 2

λq

q̄ , 3−λq
q )Lλℓ,µ(4λℓ

ℓ , 5
−λℓ

ℓ̄
) (4.5)

where ϵµλ are the polarization vectors of the vector boson in the Collins-Soper frame from Eq.(2.18), and
the leptonic current is given by

Lλℓ,µ(4λℓ

ℓ , 5
−λℓ

ℓ̄
) ∼

{
[4|γµ(vℓ − aℓγ

5)|5⟩ λℓ = + 1
2 ,

⟨4|γµ(vℓ − aℓγ
5)|5] λℓ = − 1

2 .
(4.6)

The goal of this decomposition is to solve the system in Eq.(4.4) for lepton-less helicity amplitudes
with the final state being the vector boson with the helicity λ. These helicity amplitude we occasionally
call partonic amplitudes or later when we establish our approach to only Z boson as the final state,
Z-helicity amplitudes:

Aλ(1λg , 2
λq

q̄ , 3−λq
q ) =

{
A0,A+,A−

}
.
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To extract these helicity amplitudes, we need several ingredients:
Afull = A0Aℓ0 + A+Aℓ+ + A−Aℓ−,

Afull = . . . ,

Afull = . . . .

(4.7)

1. Projected leptonic current: The first step is to obtain analytic expressions for the projected leptonic
current Aℓλ, defined in Eq.(4.5). The derivation is presented in Section 4.1.2.

2. Full amplitude input: Next, we need the full QCD amplitude Afull that appears on the left-hand
side of Eq.(4.4). These amplitudes can be either computed directly or taken from the literature. In
our case, we rely on the expressions from ref. [65], which we review in Section 4.1.3. That section
also explains how to obtain different external helicity configurations, allowing us to reconstruct the
full set of Z-helicity amplitudes for different helicities of the external particles.

3. Generating independent equations: Since the system in Eq.(4.4) involves three unknowns but
initially provides only one equation, we need a way to increase the number of independent equa-
tion. For this we notice that the Z-helicity amplitudes are independent of the specific lepton
momenta. We can therefore choose three linearly independent lepton configurations, which affect
the spinor products with the leptons and therefore both Aℓλ and Afull, but not Aλ, and obtain
three independent equations. This procedure is discussed in detail for both analytic and numerical
implementation in Section 4.1.4.

Once these Z-helicity amplitudes are determined, the helicity density matrix can be reconstructed as

Wλλ′ ∼ ⟨P | Jµ |X⟩ ⟨X| Jν |P ⟩ ϵµλϵ
∗ν
λ′ = A∗

λ′Aλ, (4.8)

where Aλ′ = ⟨X| Jν |P ⟩ ϵ∗νλ′ , such that in the decomposition

Afull(1, 2, . . . , n, n+ 1) =
∑
λ

Aλ(1, 2, . . . , n− 1)Aℓλ(n, n+ 1) =
∑
λ

⟨X| Jµ |P ⟩ ϵ∗µλ ϵνλLν .

However, the correct helicity density matrix has to account for the sum over the internal possible helicities
in the system:

Wλλ′ ∼
∑

helicities in the system

A∗
λ′Aλ, (4.9)

which is directly comparable to the hadronic tensor projected using the standard Lorentz basis in
Eq.(2.19) and later with structure functions.

This method offers several advantages as a strong comparison with the results from conventional
Feynman rules. First, it avoids the need for dimensional regularization at the amplitude level since the
spinor algebra is performed strictly in four dimensions. Second, it isolates helicity structures explicitly
on the amplitude level, allowing flexibility in the calculation. Third, the compactness and literature
accessibility of spinor expressions drastically reduces algebraic overhead in multi-leg computations. Most
importantly for our purposes, this decomposition provides an independent and robust cross-check of the
structure functions derived through projection methods in Chapter 5. Any discrepancy in the helicity
density matrix would signal an inconsistency in the projection procedure or in the derivation of the
amplitudes through Feynman rules.

4.1.2 Projected lepton current

First we turn towards expressing lepton-dependent terms Aℓλ on the right-hand side of the system in
Eq.(4.4).
We have used the following rule for the replacement between physical 4-momenta (pa, pb as incoming
partons, ki, i = 1 for LO1 and i = 1, 2 for LO2 as outgoing partons and q1, q2 as outgoing leptons) and
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all-outgoing momenta in spinor-helicity formalism (p1, p2, p3, . . . , pn, pn+1):

LO1/NLO1 LO2

pµa = −pµ1 , pµa = −pµ1 ,
pµb = −pµ2 , pµb = −pµ2 ,
kµ = pµ3 , kµ1 = pµ3 , (4.10)

kµ2 = pµ4 ,

qµ1 = pµ4 , qµ1 = pµ5 ,

qµ2 = pµ5 , qµ2 = pµ6 .

Using the definitions of the projectors from Eq.(2.16a) we can calculate the projected currents:

λℓ > 0 : zµ[4|γµ(vℓ − aℓγ
5)|5⟩ =

s2qp
µ
1 − s1qp

µ
2√

s12s1qs2q
[4|γµ(vℓ − aℓγ

5)|5⟩

=
s2q(vℓ[4|/p1|5⟩ − aℓ[4|/p1γ

5|5⟩) − s1q(vℓ[4|/p2|5⟩ − aℓ[4|/p2γ
5|5⟩)

√
s12s1qs2q

= (vℓ − aℓ)
s1q[24]⟨25⟩ − s2q[14]⟨15⟩

√
s12s1qs2q

.

λℓ < 0 : zµ⟨4|γµ(vℓ − aℓγ
5)|5] =

s2qp
µ
1 − s1qp

µ
2√

s12s1qs2q
⟨4|γµ(vℓ − aℓγ

5)|5]

= (vℓ + aℓ)
s1q⟨24⟩[25] − s2q⟨14⟩[15]

√
s12s1qs2q

,

where we have kept notation sab = 2papb, such that s1q = 2p1q. In the final line we have used the
completeness relation from Eq.(B.7).
In a similar manner we derived the contraction of the lepton tensor with xµ projector:

λℓ > 0 : xµ[4|γµ(vℓ − aℓγ
5)|5⟩ =

s1qs2qq
µ − s2qq

2pµ1 − s1qq
2pµ2√

s1qs2qq2(s1qs2q − s12q2)
[4|γµ(vℓ − aℓγ

5)|5⟩

= (vℓ − aℓ)
q2s1q[24]⟨25⟩ + q2s2q[14]⟨15⟩√

s1qs2qq2(s1qs2q − s12q2)
.

λℓ < 0 : xµ⟨4|γµ(vℓ − aℓγ
5)|5] =

s1qs2qq
µ − s2qq

2pµ1 − s1qq
2pµ2√

s1qs2qq2(s1qs2q − s12q2)
⟨4|γµ(vℓ − aℓγ

5)|5]

= (vℓ + aℓ)
q2s21q⟨24⟩[25] + q2s2q⟨14⟩[15]√

s1qs2qq2(s1qs2q − s12q2)
,

where we have used the fact that qµ = pµ4 + pµ5 .
Finally, by using the following expression for Dirac gamma matrices in order to rewrite the Levi-Civita

contraction in the definition of yµ:

γµγνγρ = gµνγρ + gνργµ − gµργν − iϵσµνργσγ
5

⇒ ϵσµνργσ = iγµγνγργ5 − igµνγργ5 − igνργµγ5 + igµργνγ5

we achieve:

λℓ > 0 : yµ[4|γµ(vℓ − aℓγ
5)|5⟩ = [4|ϵµνρσγµtνxρzσ(vℓ − aℓγ

5)|5⟩ = i[4|/t/x/z(vℓγ
5 − aℓ)|5⟩

= i(vℓ − aℓ)
s1q[24]⟨25⟩ − s2q[14]⟨15⟩ + 2⟨25⟩⟨15⟩[21][45]

√
s12
√

(s1qs2q − s12q2)
.

λℓ < 0 : yµ⟨4|γµ(vℓ − aℓγ
5)|5] = ⟨4|ϵµνρσγµtνxρzσ(vℓ − aℓγ

5)|5] = i⟨4|/t/x/z(vℓγ
5 − aℓ)|5]

= −i(vℓ + aℓ)
s1q⟨24⟩[25] − s2q⟨14⟩[15] + 2[25][15]⟨21⟩⟨45⟩

√
s12
√

(s1qs2q − s12q2)
.

41



Combining these projections we receive:

λℓ > 0 : Aℓ0 = (vℓ − aℓ)
s1q[24]⟨25⟩ − s2q[14]⟨15⟩

√
s12s1qs2q

,

Aℓ+ = (vℓ − aℓ)

 [24]⟨25⟩s1q
(√

q2s12
s1qs2q

− 1
)

+ [14]⟨15⟩s2q
(√

q2s12
s1qs2q

+ 1
)
− 2⟨25⟩⟨15⟩[21][45]

√
2
√
s12
√

(s1qs2q − s12q2)

 ,
Aℓ− = (vℓ − aℓ)

 [24]⟨25⟩s2q
(√

q2s12
s1qs2q

+ 1
)

+ [14]⟨15⟩s2q
(√

q2s12
s1qs2q

− 1
)

+ 2⟨25⟩⟨15⟩[21][45]
√

2
√
s12
√

(s1qs2q − s12q2)

 .
λℓ < 0 : Aℓ0 = (vℓ + aℓ)

s1q⟨24⟩[25] − s2q⟨14⟩[15]
√
s12s1qs2q

,

Aℓ+ = (vℓ + aℓ)

 ⟨24⟩[25]s1q

(√
q2s12
s1qs2q

+ 1
)

+ ⟨14⟩[15]s2q

(√
q2s12
s1qs2q

− 1
)

+ 2[25][15]⟨21⟩⟨45⟩
√

2
√
s12
√

(s1qs2ggq − s12q2)

 ,
Aℓ− = (vℓ + aℓ)

 ⟨24⟩[25]s1q

(√
q2s12
s1qs2q

− 1
)

+ ⟨14⟩[15]s2q

(√
q2s12
s1qs2q

+ 1
)
− 2[25][15]⟨21⟩⟨45⟩

√
2
√
s12
√

(s1qs2q − s12q2)

 .
4.1.3 Afull

In this subsection, we turn to the explicit expressions for the full helicity amplitude Afull on the left-
hand side of the system in Eq.(4.4), which includes the decay of the intermediate vector boson into
the lepton pair. Additionally, we show the rules for computing different helicity configurations of these
full amplitudes. By solving the system in Eq.(4.4) for these different configurations we will get set of
Z-helicity lepton-less amplitudes for various helicity values of the particles in the process.

The expressions for the leading-order (LO1, LO2) and next-to-leading-order (NLO1) amplitudes are
taken from ref. [65]. All results have been independently validated by comparison with calculations from
ref. [52] and cross-checked against our own calculation (for LO1 and LO2, not at one-loop level). The
expressions in ref. [65] are kept fully general, allowing application to both neutral (γ, Z) and charged
(W±) vector bosons.

The full amplitude takes the form:

Afull(. . . ℓℓ̄) =e2
{[

QℓQq + vℓλℓ
vqλq

PZ(sℓℓ̄)
]
Aq(. . . ℓℓ̄)

+

nf∑
i=1

[
QℓQq + vℓλℓ

vi− + vi+
2

PZ(sℓℓ̄)

]
Av(. . . ℓℓ̄))

+
vℓλℓ

sin 2θW
PZ(sℓℓ̄)Aa(. . . ℓℓ̄)

}
, (4.11)

with the vector and axial couplings expressed as:

v+ =
gZ
e

v − a

2
, v− =

gZ
e

v + a

2

The term proportional to QℓQq arises from the photon-mediated contribution, while the terms involving
vector and axial couplings describe the Z boson contributions. Aq corresponds to diagrams where the
γ/Z couples directly to the external quark line of flavor q; Av contains diagrams where the γ/Z couples
via a vector current to a closed internal quark loop, summed over nf massless quark flavors; Aa involves
the axial current coupling, which only receives contributions from the top-bottom isodoublet, since the
axial coupling vanishes when summed over a massless isodoublet within the Standard Model. It is
assumed that the mass of the top quark is massive, while all other quraks are massless.
For charged currents (W±), analogous expressions are given by:

Afull(. . . ℓ
−ν̄+) =

e2Vab

2 sin2 θW
PW (sℓν̄)Aq(. . . ℓ−ν̄+),

Afull(. . . ν
−ℓ̄+) =

e2V †
ab

2 sin2 θW
PW (sνℓ̄)Aq(. . . ν−ℓ̄+), (4.12)
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where Vab is the appropriate CKM matrix element. PZ,W (s) denotes the ratio of the massive boson
propagator to the photon propagator:

PZ,W (s) =
s

s−m2
Z,W + iΓZ,WmZ,W

,

but for our purposes, since the Z and W bosons appear in the final state rather than as intermediate
propagators, we set PZ(s) = PW (s) = s throughout. Additionally, we will perform all of our calculations
for the intermediate Z boson and later enforce the more general coupling in a process described in Section
3.

Each partonic process has its own color decomposition, with the full amplitude factorized into color
structures and color-stripped amplitudes Ax (x = q, v, a), as shown in ref. [65]:

V + 1 jets: Ax(g1q2q̄3ℓ4ℓ̄5) = iT a1
α2ᾱ3

Ax(1; 2q, 3q̄; 4ℓ, 5ℓ̄),

V + 2 jets: q′q̄′qq̄V Ax(q′1q̄
′
2q3q̄4ℓ5ℓ̄6) = 2iTF (δα1ᾱ4

δα3ᾱ2
Ax(1q′ , 2q̄′ ; 3q, 4q̄; 5ℓ, 6ℓ̄)

+ δα1ᾱ2δα3ᾱ4

1

Nc
Bx(1q′ , 2q̄′ ; 3q, 4q̄; 5ℓ, 6ℓ̄))

ggqq̄V Ax(g1g2g3q̄4ℓ5ℓ̄6) = i
∑
σ∈S2

[T aσ(1)T aσ(2) ]α3ᾱ4
Ax(σ(1), σ(2); 3q, 4q̄; 5ℓ, 6ℓ̄)

+ i tr[T a1T a2 ] δα3ᾱ4Bx(1, 2; 3q, 4q̄; 5ℓ, 6ℓ̄) .
(4.13)

The color-stripped amplitudes Ax are then expanded in αs as:

V + 1 jets: Ax = gs(µ)

∞∑
n=0

A(n)
x

(
αs(µ)

4π

)n

;

V + 2 jets: Ax = g2s(µ)

∞∑
n=0

A(n)
x

(
αs(µ)

4π

)n

.

These amplitudes are written in the all-outgoing convention, which is a convenient basis for calculations
and matches the convention of ref. [65]. Crossing to physical initial-state configurations is performed by
helicity and momentum substitutions, along with appropriate signs from fermion crossings, discussed in
detail below and in Appendix E.

For helicity amplitudes, we will present results for specific helicity configurations relevant to LO1,
NLO1, and LO2, with the detailed spinor structures, parity and charge conjugation relations, and their
crossing into the physical channels.

LO1 and NLO1

We have the following helicity amplitudes for LO1 and NLO1 0 → gqq̄ℓℓ̄ processes:

A(0)
q (1+; 2+q , 3

−
q̄ ; 4+ℓ , 5

−
ℓ̄

) = −2
√

2
⟨35⟩2

⟨45⟩⟨12⟩⟨13⟩
, A(0)

v = A(0)
a = 0. (4.14)

The divergent part of the one-loop helicity amplitude is given by

A
(1)
q,div(1+; 2+q , 3

−
q̄ ; 4+ℓ , 5

−
ℓ̄

) = A(0)
q (1+; 2+q , 3

−
q̄ ; 4+ℓ , 5

−
ℓ̄

)

×

{
− 1

ϵ2
(CA + 2CF ) +

1

ϵ

[
CA(L12 + L13 − L23) + CF (2L23 − 3) − β0

2

]}
. (4.15)
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The finite part of the one-loop helicity amplitude is given by

A
(1)
q,fin(1+;2+q , 3

−
q̄ ; 4+ℓ , 5

−
ℓ̄

) = A(0)
q (1+, 2+q̄ , 3

−
q ; 4+ℓ , 5

−
ℓ̄

)

×
{
CA

2

(
−L2

12 − L2
13 + 3L13 − 7 +

π2

3

)
+

(
CF − CA

2

)(
−L2

23 + 3L45 − 8 +
π2

6

)
+ CA

[
−Ls−1

(
s12
s45

,
s13
s45

)
+

⟨3|24|5⟩
⟨35⟩s45

L0

(
s13
s45

)
− 1

2

⟨3|24|5⟩2

⟨35⟩2s245
L1

(
s13
s45

)]
+ (CA − 2CF )

[
Ls−1

(
s12
s45

,
s23
s45

)
+

(
⟨25⟩2⟨13⟩2

⟨12⟩2⟨35⟩2
− ⟨15⟩⟨23⟩ + ⟨13⟩⟨25⟩

⟨12⟩⟨35⟩

)
Ls−1

(
s13
s45

,
s23
s45

)
+

2[12]⟨25⟩⟨13⟩
⟨35⟩s45

L0

(
s13
s45

)
+

⟨25⟩2[2|1|3⟩ |13⟩
⟨12⟩⟨35⟩2s13

L0

(
s45
s13

)
− ⟨3|21|5⟩⟨25⟩⟨13⟩

⟨12⟩⟨35⟩2s23
L0

(
s45
s23

)
− ⟨13⟩2 |1|2|5⟩2

2⟨35⟩2s213
L1

(
s45
s13

)
− [1|2|3⟩[4|1|5⟩⟨45⟩⟨13⟩

⟨35⟩2s223
L1

(
s45
s23

)
+

[14]([12][34] + [13][24])⟨13⟩⟨45⟩
2⟨35⟩2[13][23][45]

]}
, (4.16)

The axial current coupling term arising from the top loop contribution expanded in the powers of top
mass 1/m2

t is given in ref. [52] and is

A(1)
a (1+; 2+q , 3

−
q̄ ; 4+ℓ , 5

−
ℓ̄

) = 4
√

2TF [12][14][35]

[
1

s245
L1

(
s23
s45

)
− 1

12s45m2
t

]
, A(1)

v = 0, (4.17)

where the following functions are used for shortening the length of the expressions:

L0(r) =
ln r

1 − r
, L1(r) =

L0(r) + 1

1 − r
, Ls−1(r1, r2) = Li2(1 − r1) + Li2(1 − r2) + ln r1 ln r2 −

π2

6
.

To ensure analyticity and proper continuation across the physical regions, we follow the branch cut
conventions of ref. [65], using the prescription: sij → sij + i0 for logarithms and Im[Li2(1 − r)] =
− ln(1 − r)Im[ln r] for dilogarithms, which would correspond to the following identities:

ln r → ln(−r) + iπ for r < 0,

ln(1/r) → − ln(−r) − iπ for r < 0,

ln(−r) → ln r − iπ for r > 0,

and the dilogarithmic identities:

Li2(r) = −Li2(1 − r) +
π2

6
− ln r ln (1 − r) ⇒

Li2(1 − r) → −Li2(r) − ln (1 − r)(ln (−s) + iπ) +
π2

6
for r < 0.

We consider the full set of helicity configurations for the gluon, quark, and lepton system. For the V + 1
jet case, these can be labeled by the triplet λg(λq, λℓ), where λq, λℓ ∈ +1/2,−1/2 and λg ∈ +1,−1.
There are 8 such configurations:

λg(λq, λℓ) : + (+,+),+(+,−),

+ (−,+),+(−,−),

− (+,+),−(+,−),

− (−,+),−(−,−).

Since our final Z-helicity amplitudes are supposed to be independent of the helicity of the leptons, λℓ,
checking this invariance serves as a strong consistency check.

Using spinor identities and symmetry properties (charge conjugation C and parity P ), it is possible
to derive the transformation rules between different helicity amplitudes. These are:

Ax,+(+;+)(p̃1; p̃2, p̃3; p̃4, p̃5) = Ax(1+; 2+q , 3
−
q̄ ; 4+ℓ , 5

−
ℓ̄

),

Ax,λ(λq ;−)(p̃1; p̃2, p̃3; p̃4, p̃5) = Ax,λ(λq ;+)(p̃1; p̃2, p̃3; p̃5, p̃4),

A(q,v),λ(−;λℓ)(p̃1; p̃2, p̃3; p̃4, p̃5) = −A(q,v),λ(+;λℓ))(p̃1; p̃3, p̃2; p̃4, p̃5),

Aa,λ(−;λℓ)(p̃1; p̃2, p̃3; p̃4, p̃5) = Aa,λ(+;λℓ))(p̃1; p̃3, p̃2; p̃4, p̃5),
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which are derived through the action of the charge conjugation operator C on the fermion lines 4−5 and
2 − 3 respectively which exchanges the labels of the particles affected and can be interpreted as flipping
the helicity sign. The extra sign for the helicity flip of the 2 − 3 pair arises since the charge conjugation
operator not only effects the helicity of the particles, but also flips the sign of the Z boson coupling [65].
Amplitudes with a negative-helicity gluon are obtained via parity, which flips all the helicities and
conjugates all the spinors:

A(q,v),−(λq ;λℓ)(p̃1; p̃2, p̃3; p̃4, p̃5) = A(q,v),+(−λq ;−λℓ))(p̃1; p̃2, p̃3; p̃4, p̃5)
∣∣∣
⟨... ⟩↔[... ]

,

Aa,−(λq ;λℓ)(p̃1; p̃2, p̃3; p̃4, p̃5) = −Aa,+(−λq ;−λℓ))(p̃1; p̃2, p̃3; p̃4, p̃5)
∣∣∣
⟨... ⟩↔[... ]

.

Overall the amplitudes that correspond to the possible helicity configurations are:

λ : g(λq, λℓ) : + (+,+) : Ax,+(+;+)(p̃1; p̃2, p̃3; p̃4, p̃5),

+ (+,−) : Ax,+(+;+)(p̃1; p̃2, p̃3; p̃5, p̃4),

+ (−,+) : −A(q,v),+(+;+)(p̃1; p̃3, p̃2; p̃4, p̃5), Aa,+(+;+)(p̃1; p̃3, p̃2; p̃4, p̃5)

+ (−,−) : −A(q,v),+(+;+)(p̃1; p̃3, p̃2; p̃5, p̃4), Aa,+(+;+)(p̃1; p̃3, p̃2; p̃5, p̃4)

− (+,+) : −A(q,x),+(+;+)(p̃1; p̃3, p̃2; p̃5, p̃4)
∣∣∣
⟨... ⟩↔[... ]

,−Aa,+(+;+)(p̃1; p̃3, p̃2; p̃5, p̃4)
∣∣∣
⟨... ⟩↔[... ]

,

− (+,−) : −A(q,v),+(+;+)(p̃1; p̃3, p̃2; p̃4, p̃5)
∣∣∣
⟨... ⟩↔[... ]

, −Aa,+(+;+)(p̃1; p̃3, p̃2; p̃4, p̃5)
∣∣∣
⟨... ⟩↔[... ]

,

− (−,+) : A(q,v),+(+;+)(p̃1; p̃2, p̃3; p̃5, p̃4)
∣∣∣
⟨... ⟩↔[... ]

, −Aa,+(+;+)(p̃1; p̃2, p̃3; p̃5, p̃4)
∣∣∣
⟨... ⟩↔[... ]

,

− (−,−) : A(q,v),+(+;+)(p̃1; p̃2, p̃3; p̃4, p̃5)
∣∣∣
⟨... ⟩↔[... ]

, −Aa,+(+;+)(p̃1; p̃2, p̃3; p̃4, p̃5)
∣∣∣
⟨... ⟩↔[... ]

.

All amplitudes in ref. [65] are provided in the all-outgoing configuration. To relate them to physical
processes with incoming particles, we apply crossing symmetry. The general rules are as follows: crossing
a particle from the final to the initial state inverts its momentum (p→ −p), flips its helicity, and reverses
its electric charge. Moreover, crossing fermions introduces an overall sign change in the amplitude.
The canonical all-outgoing helicity amplitude configuration is:

0 → g+(p1)q+(p2)q̄−(p3)ℓ+(p4)ℓ̄−(p5) : Ax,+(+,+)(p̃1; p̃2, p̃3; p̃4, p̃5) = Ax(1+; 2+q , 3
−
q̄ ; 4+ℓ , 5

−
ℓ̄

),

where p̃i denote momenta in the all-outgoing convention, and pi correspond to physical momenta used
in actual processes.
Crossing into qg → qℓℓ̄ and qq̄ → gℓℓ̄ following the rules described above is thus

q+(p1)g−(p2) → q+(p3)ℓ+(p4)ℓ̄−(p5) : −Ax,+(+,+)(−p̃2; p̃3,−p̃1; p̃4, p̃5), (4.18)

q+(p1)q̄−(p2) → g+(p3)ℓ+(p4)ℓ̄−(p5) : Ax,+(+,+)(p̃3;−p̃2,−p̃1; p̃4, p̃5) (4.19)

LO2

We now turn to LO2 0 → q′q̄′qq̄ℓℓ̄ amplitudes. The relevant color-stripped tree-level helicity ampli-
tudes from ref. [65] are:

A(0)
q (1+q′ , 2

−
q̄′ ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

) = −B(0)
q (1+q′ , 2

−
q̄′ ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)

=
2

s12s56

[
[13]⟨46⟩(⟨12⟩[15] − ⟨23⟩[35])

s123
+

⟨24⟩[35]([⟨12⟩⟨26⟩] + [14]⟨46⟩)
s124

]
,

A(0)
q (1−q′ , 2

+
q̄′ ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

) = −B(0)
q (1−q′ , 2

+
q̄′ ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)

=
2

s12s56

[
[23]⟨46⟩(⟨12⟩[25] + ⟨13⟩[35])

s123
+

⟨14⟩[35]([⟨12⟩⟨16⟩] − [24]⟨46⟩)
s124

]
,

All vector-loop and axial-loop contributions vanish at this order:

A(0)
v = A(0)

a = B(0)
v = B(0)

a = 0.

Loop corrections to these processes, discussed in ref. [52], begin at O(α3
s) and are therefore beyond the

scope of this project.
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For this process it is important to keep track of which out of two quarks the Z boson couples to, since,
based on the Eq.(4.11), the vqλq

coupling depends on the flavor of the quark q, and in this channel it is
possible to have diagrams with either same flavor and different incoming-outgoing quarks.

The complete set of helicity configurations for non-vanishing LO2 amplitudes involves all combinations
of fermion helicities:

(λq′ , λq, λℓ) : (+,+,+), (+,+,−)

(+,−,+), (+,−,−)

(−,+,+), (−,+,−)

(−,−,+), (−,−,−)

The transformation rules among these configurations are as follows:

A
(0)
q,(+,+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A(0)

q (1+q′ , 2
−
q̄′ ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

),

A
(0)
q,(−,+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A(0)

q (1−q′ , 2
+
q̄′ ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

) = −A(0)
q,(+,+,+)(p̃2, p̃1; p̃3, p̃4; p̃5, p̃6),

A
(0)
q,(λq′ ,λq,−)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A

(0)
q,(λq′ ,λq,+)(p̃1, p̃2; p̃3, p̃4; p̃6, p̃5),

A
(0)
q,(λq′ ,−,λℓ)

(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A
(0)
q,(λq′ ,+,λℓ)

(p̃1, p̃2; p̃4, p̃3; p̃5, p̃6),

where one would notice a pattern, where if the charge conjugation was applied on the fermion line that
in not connected with vector boson, the amplitude not only swaps the position of the spinors but also
has an extra minus sign in front of it.
Crossing from all-outgoing to physical configurations are thus:

0 → q′+(p1)q̄′−(p2)q+(p3)q̄−(p4)ℓ+(p5)ℓ̄−(p6) : Ax,(+,+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

q′+(p1)q̄′−(p2) → q+(p3)q̄−(p4)ℓ+(p5)ℓ̄−(p6) : Ax,(+,+,+)(−p̃2,−p̃1; p̃3, p̃4; p̃5, p̃6), (SRqq̄→qq̄V )

q+(p1)q̄−(p2) → q′+(p3)q̄′−(p4)ℓ+(p5)ℓ̄−(p6) : Ax,(+,+,+)(p̃3, p̃4;−p̃2,−p̃1; p̃5, p̃6), (SLqq̄→qq̄V )

where both expressions are corresponding to the processes with different incoming-outgoing flavor quarks.
The first crossed expression (SRqq̄→qq̄V ) would correspond to the S-channel with vector boson coupling
to the outgoing fermion leg and the second expression (SLqq̄→qq̄V ) would correspond to S-channel with
vector boson at the incoming leg. In order to get the same flavor amplitudes one has to set all-outgoing
each colored amplitudes to:

Ax(q1q̄2q3q̄4ℓ5ℓ̄6) = Ax(q′1q̄
′
2q3q̄4ℓ5ℓ̄6) −Ax(q′1q̄

′
4q3q̄2ℓ5ℓ̄6), (4.20)

which corresponds, upon crossing, to the following processes:

q′+(p1)q̄−(p2) → q′+(p3)q̄−(p4)ℓ+(p5)ℓ̄−(p6) : −Ax,(+,+,+)(p̃3,−p̃1;−p̃2, p̃4; p̃5, p̃6), (TDqq̄→qq̄V )

q+(p1)q̄′−(p2) → q+(p3)q̄′−(p4)ℓ+(p5)ℓ̄−(p6) : −Ax,(+,+,+)(−p̃2, p̃4; p̃3,−p̃1; p̃5, p̃6), , (TUqq̄→qq̄V )

where we retain the (now redundant) primed labels for clarity, to indicate which quark is being crossed
to which side of the process. The first expression (TDqq̄→qq̄V ) corresponds to a T-channel exchange
with the vector boson coupling to the lower fermion line, while the second (TUqq̄→qq̄V ) corresponds to
a T-channel with the boson coupling to the upper line. In this setup, the q′ quark resides in the upper
line, carrying momentum p1.
It is important to note that crossing also affects the color structure. Specifically, the color factor trans-
forms as:

2TF (δα1ᾱ4δα3ᾱ2 , δα1ᾱ2δα3ᾱ4

1

Nc
)︸ ︷︷ ︸

ColorFactor[1, 2, 3, 4]

→ 2TF (δα2ᾱ4
δα3ᾱ1

, δα2ᾱ1
δα3ᾱ4

1

Nc
)︸ ︷︷ ︸

ColorFactor[2, 1, 3, 4]

for SRqq̄→qq̄V ,

ColorFactor[3, 4, 2, 1] for SLqq̄→qq̄V ,

ColorFactor[3, 1, 2, 4] for TDqq̄→qq̄V ,

ColorFactor[2, 4, 3, 1] for TUqq̄→qq̄V

Since Kronecker delta indices and the delta functions themselves commute, these can be reduced to just
two distinct color structures: ColorFactor[1, 2, 3, 4] for SRqq̄→qq̄V and SLqq̄→qq̄V and ColorFactor[1, 4, 3, 2]
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for TDqq̄→qq̄V and TUqq̄→qq̄V .
At leading order LO2 the full amplitude takes the form:

Afull(. . . ℓℓ̄) = e2
{[

QℓQq + vℓλℓ
vqλq

PZ(sℓℓ̄)
]

ColorFactor[1, 2, 3, 4]Ax,(λq′ ,λq,λℓ)(−p̃2,−p̃1; p̃3, p̃4; p̃5, p̃6)︸ ︷︷ ︸
SRqq̄→qq̄V

+
[
QℓQq′ + vℓλℓ

vq
′

λq′
PZ(sℓℓ̄)

]
ColorFactor[1, 2, 3, 4]Ax,(λq′ ,λq,λℓ)(p̃3, p̃4;−p̃2,−p̃1; p̃5, p̃6)︸ ︷︷ ︸

SLqq̄→qq̄V

−
[
QℓQq + vℓλℓ

vqλq
PZ(sℓℓ̄)

]
ColorFactor[1, 4, 3, 2]Ax,(λq′ ,λq,λℓ)(p̃3,−p̃1;−p̃2, p̃4; p̃5, p̃6)︸ ︷︷ ︸

TDqq̄→qq̄V

−
[
QℓQq′ + vℓλℓ

vq
′

λq′
PZ(sℓℓ̄)

]
ColorFactor[1, 4, 3, 2]Ax,(λq′ ,λq,λℓ)(−p̃2, p̃4; p̃3,−p̃1; p̃5, p̃6)︸ ︷︷ ︸

TUqq̄→qq̄V

}
,

where the couplings make explicit which fermion line the vector boson is attached to, depending on the
crossing.
Crossing into qq → qqV is gives:

q+(p1)q′+(p2) → q+(p3)q′+(p4)ℓ+(p5)ℓ̄−(p6) : −Ax,(+,+,+)(p̃4,−p̃2; p̃3,−p̃1; p̃5, p̃6), (TUqq→qqV )

q+(p1)q′+(p2) → q+(p3)q′+(p4)ℓ+(p5)ℓ̄−(p6) : −Ax,(+,+,+)(p̃3,−p̃1; p̃4,−p̃2; p̃5, p̃6), (TDqq→qqV )

q+(p1)q′+(p2) → q+(p4)q′+(p3)ℓ+(p5)ℓ̄−(p6) : Ax,(+,+,+)(p̃3,−p̃2; p̃4,−p̃1; p̃5, p̃6), (UUqq→qqV )

q+(p1)q′+(p2) → q+(p4)q′+(p3)ℓ+(p5)ℓ̄−(p6) : Ax,(+,+,+)(p̃4,−p̃1; p̃3,−p̃2; p̃5, p̃6), (UDqq→qqV )

where the U-channel contributions (UUqq→qqV ) and (UDqq→qqV ) arise by crossing p3 and p4 in TU and
TD cases, respectively. These could alternatively be obtained by applying Eq.(4.20) directly to the
qq → qqV amplitudes.
As for color factors, TUqq→qqV and TDqq→qqV will retain ColorFactor[1,4,3,2] and UUqq→qqV and
UDqq→qqV will have to be dressed with ColorFactor[1,2,3,4]. TUqq→qqV and UUqq→qqV will have cou-

pling depending on the helicity of the q′ quark (vq
′

λq′
) and TDqq→qqV with UDqq→qqV will have coupling

depending on the helicity of the q quark (vqλq
).

Finally, we note an important technical point: the helicity-flip rules differ between crossings. In
particular, S- and T-channels will have different fermion lines onto which conjugation operator will act.
Full list of all expressions for helicity configurations for both LO1 and LO2 in given in Appendix E.

The LO2 0 → ggqq̄ℓℓ̄ color-stripped amplitudes from ref. [65] are

A(0)
q (1+, 2+; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

) = −4
⟨46⟩2

⟨12⟩⟨13⟩⟨24⟩⟨56⟩
,

A(0)
q (1+, 2−; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

) =
4

s12s56

[
⟨13⟩⟨23⟩⟨46⟩ (⟨23⟩[35] − ⟨12⟩[15])

⟨13⟩s123
+

⟨24⟩[35][14] ([12]⟨26⟩ + [14]⟨46⟩)
[24]s124

+
([12]⟨26⟩ + [14]⟨46⟩)(⟨23⟩[35] − ⟨12⟩[15])

⟨13⟩[24]

]
,

A(0)
q (1−, 2+; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

) =
4

s12s56

[
[23]2⟨46⟩ (⟨12⟩[25] + ⟨13⟩[35])

[13]s123
+

⟨14⟩2[35] ([12]⟨16⟩ − [24]⟨46⟩)
⟨24⟩s124

+
[23][14][35]⟨46⟩

[13]⟨24⟩

]
,

A(0)
v = A(0)

a = B(0)
q = B(0)

v = B(0)
a = 0. (4.21)

The distinct helicity configurations of the external gluons in the 0 → ggqq̄ℓ+ℓ− process are explicitly
stated in the structure of the amplitude defined in Eq. (4.21). This detail arises because these helicity
amplitudes cannot, in general, be related to one another via simple applications of discrete symmetries
such as parity or charge conjugation. This is due to the fact that gluons are vector particles and their
helicities transform nontrivially under these operations. As a result, each distinct helicity combination
must be treated independently in the amplitude decomposition.
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Unlike the case of the 6-fermion amplitude, there is no ambiguity here regarding which fermion line
the vector boson couples to, as there is only a single available quark line for the coupling.
The complete set of helicity configurations is thus:

λ1, λ2(λq;λℓ) : +,+(+; +),+,+(+;−)

+,+(−; +),+,+(−;−)

+,−(+; +),+,−(+;−)

+,−(−; +),+,−(−;−)

−,+(+; +),−,+(+;−)

−,+(−; +),−,+, (−;−)

−,−(+; +),−,−(+;−)

−,−(−; +),−,−(−;−)

Helicity flip rules do not affect the sign of the amplitude, but change the color structure of the colorful
amplitude:

Axλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = T̄A⃗xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = T̄

Ax

(
1λ1 , 2λ2 ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)
Ax

(
2λ2 , 1λ1 ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)
Bx

(
1λ1 , 2λ2 ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)
 ,

where we named T̄ the color basis: T̄α3ᾱ4
= i diag([T a1T a2 ]α3ᾱ4

, [T a2T a1 ]α3ᾱ4
, tr[T a1T a2 ]δα3ᾱ4

).

A⃗xλ1λ2(+,−)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A⃗xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃6, p̃5),

A⃗q,xλ1λ2(−,±)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = VA⃗q,xλ1λ2(+,±)(p̃1, p̃2; p̃4, p̃3; p̃5, p̃6),

Aaλ1λ2(−,±)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = −VA⃗a,λ1λ2(+,±)(p̃1, p̃2; p̃4, p̃3; p̃5, p̃6),

with V =

0 1 0
1 0 0
0 0 1

 .

An alternative physical interpretation of the color factor decomposition at LO2 is that the term propor-
tional to

[T a2T a1 ]α3ᾱ4

corresponds to diagrams where the two outgoing gluon legs are crossed. This structure allows for a
classification of amplitudes into two distinct subsets:

(a) Uncrossed, where the gluon ordering is (1λ1 , 2λ2):

A(0)
x

(
1λ1 , 2λ2 ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)
,

(b) Crossed, where the gluon ordering is (2λ2 , 1λ1):

A(0)
x

(
2λ2 , 1λ1 ; 3+q , 4

−
q̄ ; 5+ℓ , 6

−
ℓ̄

)
.

While this decomposition is conceptually useful for organizing contributions with different color struc-
tures, it is not strictly necessary. The helicity flip and permutation rules apply the same to both crossed
and uncrossed configurations, ensuring that the full amplitude remains consistent under the relevant
symmetries, as long as the rules for exchanging the color factors are preserved.
Crossing into all the physical configurations with two gluons is straightforward:

0 → g+(p1)g+(p2)q+(p3)q̄−(p4)ℓ+(p5)ℓ̄−(p6) : A⃗xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

g−(p1)g−(p2) → q+(p3)q̄−(p4)ℓ+(p5)ℓ̄−(p6) : A⃗xλ1λ2(+,+)(−p̃1,−p̃2; p̃3, p̃4; p̃5, p̃6),
(NoCr+Crgg→qq̄V )

q+(p1)g−(p2) → q+(p3)g+(p4)ℓ+(p5)ℓ̄−(p6) : A⃗xλ1λ2(+,+)(p̃4,−p̃2; p̃3,−p̃1; p̃5, p̃6),
(NoCr+Crqg→qgV )

q+(p1)q̄−(p2) → g+(p3)g+(p4)ℓ+(p5)ℓ̄−(p6) : A⃗xλ1λ2(+,+)(p̃4, p̃3;−p̃2,−p̃1; p̃5, p̃6).,
(NoCr+Crqq̄→ggV )
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where the ”NoCr+Cr” tag implies that the amplitude consists of all the relevant diagrams at LO2, so
both ones with uncrossed and crossed external legs. We should also note that crossing into the physical
configurations does not alter the color factor and does not affect the Z boson coupling.

Full helicity flip rules for channels with two external gluons are given in Appendix E.

4.1.4 Lepton Configurations and Solving the System

To increase the number of equations in Eq. (4.4) and solve for Aλ, we use Schouten identities and
momentum conservation to obtain three independent solutions corresponding to different configurations
of the leptons.

LO1, NLO1, analytic extraction

For an analytical solution, we select a subset of linear and independent Schouten identities along with
momentum conservation identities for spinor products. We then solve these equations for all possible
combinations of lepton-parton spinor products in terms of parton-parton spinor products. For instance,
we express

⟨15⟩ = f(⟨12⟩, ⟨13⟩, ⟨23⟩),
⟨14⟩ = g(⟨12⟩, ⟨13⟩, ⟨23⟩),
⟨25⟩ = h(⟨12⟩, ⟨13⟩, ⟨23⟩), etc.,

where f, g, h are some functions of spinor brackets. We will see a bit further that one possible solution
in the LO1 case is to align one of the leptons with the momentum direction of p1, p2, or p3.

Schouten identities used:

⟨42⟩⟨13⟩ − ⟨41⟩⟨23⟩ = ⟨43⟩⟨12⟩, (SchoutenA)

⟨52⟩⟨13⟩ − ⟨51⟩⟨23⟩ = ⟨53⟩⟨12⟩, (SchoutenB)

where the identification of partons and leptons in physical and all-outgoing notation follows Eq. (4.10).
Momentum conservation identities used:

[12]⟨24⟩ + [13]⟨34⟩ + [15]⟨54⟩ = 0, (Mom14)

[12]⟨25⟩ + [13]⟨35⟩ + [14]⟨45⟩ = 0, (Mom15)

[21]⟨14⟩ + [23]⟨34⟩ + [25]⟨54⟩ = 0, (Mom24)

[21]⟨15⟩ + [23]⟨35⟩ + [24]⟨45⟩ = 0, (Mom25)

[31]⟨14⟩ + [32]⟨24⟩ + [35]⟨54⟩ = 0, (Mom34)

[31]⟨15⟩ + [32]⟨25⟩ + [34]⟨45⟩ = 0. (Mom35)

where the ’external’ particles are chosen as (p1, p4), (p1, p5), (p2, p4), (p2, p3), (p3, p4), and (p3, p5),
respectively.

The following combinations of Schouten and momentum conservation identities give the following
solutions for parton-lepton spinor products:

• Using (SchoutenA), (SchoutenB), (Mom15), along with two additional momentum conservation
identities with external p4 (e.g., (Mom24) and (Mom34)) and their conjugates, we obtain:

⟨14⟩ = 0, ⟨15⟩ =
(s12 + s13)⟨35⟩

⟨23⟩[12]
, ⟨24⟩ = −⟨45⟩[35]

[23]
, ⟨34⟩ = −⟨13⟩⟨45⟩[35]

⟨12⟩[23]
, ⟨25⟩ = −⟨35⟩[13]

[12]
.

(4.24)

• Similarly, using (SchoutenA), (SchoutenB), (Mom25), and two additional momentum conservation
identities with external p4 (e.g., (Mom24) and (Mom34)) and their conjugates, we obtain:

⟨14⟩ = −⟨45⟩[35]

[13]
, ⟨15⟩ =

⟨35⟩[23]

[12]
, ⟨24⟩ = 0, ⟨25⟩ = − (s12 + s23)⟨35⟩

⟨13⟩[12]
, ⟨34⟩ =

⟨23⟩⟨45⟩[35]

⟨12⟩[13]
. (4.25)

This corresponds to the previous configuration with particles 1 and 2 exchanged.
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λg(λq, λℓ)/Aλ A0 A+ A−

+(+,±) [gZ(vq − aq)]T a2
α1ᾱ3

gs√
2

t(Q2 − t)

∆z

⟨13⟩
⟨23⟩2

[gZ(vq − aq)]T a2
α1ᾱ3

gs

2

t(Q2 − t)(Qs+ ∆z)

s∆y

⟨13⟩
⟨23⟩2

[gZ(vq − aq)]T a2
α1ᾱ3

gs

2

t(Q2 − t)(Qs− ∆z)

s∆y

⟨13⟩
⟨23⟩2

+(−,±) [gZ(vq + aq)]T a2
α1ᾱ3

gs√
2

s(Q2 + s)

∆z

⟨13⟩
⟨12⟩2

−[gZ(vq + aq)]T a2
α1ᾱ3

gs

2

∆z(t+ u) +Qs(t− u)

∆y

⟨13⟩
⟨12⟩2

−[gZ(vq + aq)]T a2
α1ᾱ3

gs

2

∆z(t+ u) −Qs(t− u)

∆y

⟨13⟩
⟨12⟩2

−(−,±) [gZ(vq + aq)]T a2
α1ᾱ3

gs√
2

t(Q2 − t)

∆z

[13]

[23]2
[gZ(vq + aq)]T a2

α1ᾱ3

gs

2

t(Q2 − t)(Qs− ∆z)

s∆y

[13]

[23]2
[gZ(vq + aq)]T a2

α1ᾱ3

gs

2

t(Q2 − t)(Qs+ ∆z)

s∆y

[13]

[23]2

−(+,±) [gZ(vq − aq)]T a2
α1ᾱ3

gs√
2

s(Q2 + s)

∆z

[13]

[12]2
−[gZ(vq − aq)]T a2

α1ᾱ3

gs

2

∆z(t+ u) −Qs(t− u)

∆y

[13]

[12]2
−[gZ(vq − aq)]T a2

α1ᾱ3

gs

2

∆z(t+ u) +Qs(t− u)

∆y

[13]

[12]2

Table 4.1: LO1 qg → Zq Z-helicity amplitudes, ∆z =
√

s(Q2 − u)(Q2 − t), ∆y =
√

tu(Q2 − u)(Q2 − t),
expressions with the same color are the same up to a phase.

λg(λq, λℓ)/Aλ A0 A+ A−

+(+,±) [gZ(vq − aq)]T a3
α1ᾱ2

gs√
2

t(Q2 − t)

∆z

⟨12⟩
⟨23⟩2

[gZ(vq − aq)]T a3
α1ᾱ2

gs

2

t(Q2 − t)(Qs+ ∆z)

s∆y

⟨12⟩
⟨23⟩2

[gZ(vq − aq)]T a3
α1ᾱ2

gs

2

t(Q2 − t)(Qs− ∆z)

s∆y

⟨12⟩
⟨23⟩2

+(−,±) −[gZ(vq + aq)]T a3
α1ᾱ2

gs√
2

u(Q2 − u)

∆z

⟨12⟩
⟨13⟩2

[gZ(vq + aq)]T a3
α1ᾱ2

gs

2

u(Q2 − u)(Qs− ∆z)

s∆y

⟨12⟩
⟨13⟩2

[gZ(vq + aq)]T a3
α1ᾱ2

gs

2

u(Q2 − u)(Qs+ ∆z)

s∆y

⟨12⟩
⟨13⟩2

−(−,±) [gZ(vq + aq)]T a3
α1ᾱ2

gs√
2

t(Q2 − t)

∆z

[12]

[23]2
[gZ(vq + aq)]T a3

α1ᾱ2

gs

2

t(Q2 − t)(Qs− ∆z)

s∆y

[12]

[23]2
[gZ(vq + aq)]T a3

α1ᾱ2

gs

2

t(Q2 − t)(Qs+ ∆z)

s∆y

[12]

[23]2

−(+,±) −[gZ(vq − aq)]T a3
α1ᾱ2

gs√
2

u(Q2 − u)

∆z

[12]

[13]2
[gZ(vq − aq)]T a3

α1ᾱ2

gs

2

u(Q2 − u)(Qs+ ∆z)

s∆y

[12]

[13]2
[gZ(vq − aq)]T a3

α1ᾱ2

gs

2

u(Q2 − u)(Qs− ∆z)

s∆y

[12]

[13]2

Table 4.2: LO1 qq̄ → Zg Z-helicity amplitudes, ∆z =
√

s(Q2 − u)(Q2 − t), ∆y =
√

tu(Q2 − u)(Q2 − t),
expressions with the same color are the same up to a phase.

• Using (SchoutenA), (SchoutenB), (Mom35), and two additional momentum conservation identities
with external p4 (e.g., (Mom24) and (Mom34)) and their conjugates, we obtain:

⟨14⟩ =
⟨13⟩⟨45⟩[35]

s13 + s23
, ⟨15⟩ =

⟨12⟩⟨35⟩[23]

s13 + s23
, ⟨24⟩ =

⟨23⟩⟨45⟩[35]

s13 + s23
, ⟨25⟩ = −⟨12⟩⟨35⟩[13]

s13 + s23
, ⟨34⟩ = 0.

(4.26)

Here, we do not solve for ⟨35⟩ and [35], as eventually this dependence cancels out.

These three configurations correspond to the lepton p4 being collinear with p1, p2, and p3, respectively.
It is important to note that these are not the only possible configurations, as the solutions for Aλ are

independent of lepton configurations. These specific expressions were chosen for their simplicity.
By inserting these three configurations along with projected lepton currents and expression for Afull

from ref. [65] into Eq. (4.4), we effectively write out the system
Afull(1, 2, 3, 1n, 5) = A0(1, 2, 3)Aℓ0(1, 2, 3, 1n, 5) + A+Aℓ+ + A−Aℓ−

∣∣∣
⟨14⟩=0,...

,

Afull(1, 2, 3, 2n, 5) = A0(1, 2, 3)Aℓ0(1, 2, 3, 2n, 5) + A+Aℓ+ + A−Aℓ−

∣∣∣
⟨24⟩=0,...

,

Afull(1, 2, 3, 3n, 5) = A0(1, 2, 3)Aℓ0(1, 2, 3, 3n, 5) + A+Aℓ+ + A−Aℓ−

∣∣∣
⟨34⟩=0,...

,

(4.27)

where we have suppressed the helicity labels (1λg , 2
λq

q̄ , 3
−λq
q , 4λℓ

ℓ , 5
−λℓ

ℓ̄
), where in reality of course we

would have to state the helicities of the external particles explicitly and solve the system multiple type
for different physical helicity configurations (λg, λq, λℓ). Additionally we have avoided repeating the
spinor dependence in the λ = +,− to avoid redundancy, it is of course assumes that these terms also

have the dependence on the spinors (1λg , 2
λq

q̄ , 3
−λq
q , 4λℓ

ℓ , 5
−λℓ

ℓ̄
). Finally, we explicitly indicated that for

each line in the system one of the outgoing leptons becomes collinear to one of the partons p1, p2 and p3
by writing the spinor label as 1n, 2n and 3n respectively. It is important to note that all other spinor
products are also affected by this constrain, as shown in Eq.(4.24), Eq.(4.25) and Eq.(4.26).

Discussion and the analytical results

We solve the above-written system for Aλ for various external parton helicity configurations. The full
set of results, including all Aλ values and their corresponding parton helicity configurations (λℓ, λq) in
Afull, is summarized in Table 4.1 for qg → Zq process and in Table 4.2 for qq̄ → Zg process.

Similar lepton configurations were chosen for NLO1 amplitudes. A sample of the Z-helicity ampli-
tudes derived from the lepton-full top-loop amplitude in Eq.(4.17) is shown in Tables 4.3 and 4.4. In the
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λg(λq, λℓ)/Aλ A0 A+ A−

+(+,±) 0
gZT

a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
⟨13⟩
⟨23⟩2

× ∆xt
(Q2 − t)(Q2 − u) +Q∆z

Q3u

gZT
a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
⟨13⟩
⟨23⟩2

× ∆xt
(Q2 − t)(Q2 − u) −Q∆z

Q3u

+(−,±)

−gZT a2
α1ᾱ3

TF gs
αs

2
√

2π
× L1

(
u

Q2

)
⟨13⟩
⟨12⟩2

×
s

Q2

√
s(Q2 − u)

Q2 − t

gZT
a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
⟨13⟩
⟨12⟩2

× ∆xs
s(Q2 − u) +Q∆z

Q3u

gZT
a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
⟨13⟩
⟨12⟩2

× ∆xs
s(Q2 − u) −Q∆z

Q3u

−(−,±) 0
−gZT a2

α1ᾱ3
TF gs

αs

4π
× L1

(
u

Q2

)
[13]

[23]2

× ∆xt
(Q2 − t)(Q2 − u) −Q∆z

Q3u

−gZT a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
[13]

[23]2

× ∆xt
(Q2 − t)(Q2 − u) +Q∆z

Q3u

−(+,±)

gZT
a2
α1ᾱ3

TF gs
αs

2
√

2π
× L1

(
u

Q2

)
[13]

[12]2

×
s

Q2

√
s(Q2 − u)

Q2 − t

−gZT a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
[13]

[12]2

× ∆xs
s(Q2 − u) −Q∆z

Q3u

−gZT a2
α1ᾱ3

TF gs
αs

4π
× L1

(
u

Q2

)
[13]

[12]2

× ∆xs
s(Q2 − u) +Q∆z

Q3u

Table 4.3: NLO1 top-loop qg → Zq Z-helicity amplitudes, ∆z =
√

s(Q2 − u)(Q2 − t), ∆x =
√
1− Q2s

(Q2−u)(Q2−t)

top-loop diagram, the Z is emitted from a closed fermion loop and connects to the external quark line via
an off-shell gluon. This setup imposes nontrivial angular momentum constraints, since any spin exchange
between the parton system and the Z must be mediated by that internal gluon. To see why A0 = 0 for
certain helicity configurations in qg → V q, consider an incoming quark in the state

∣∣ 1
2 ,

1
2

〉
, where the

last component is projected along the CS axis, and an outgoing quark in either
∣∣ 1
2 ,

1
2

〉
or
∣∣ 1
2 ,−

1
2

〉
. The

intermediate gluon then carries spin |1, 1⟩ or |1, 0⟩. If the incoming gluon is also |1, 1⟩, combining these
gives no overlap with a |1, 0⟩ final state - so the longitudinal Z component (i.e. A0) cannot be produced.
On the other hand, if the incoming gluon and quark have opposite helicities, like

∣∣ 1
2 ,

1
2

〉
and |1,−1⟩, then

forming a |1, 0⟩ state becomes possible, as the Clebsch-Gordan coefficient for this transition in non-zero,
and A0 does not vanish. This is exactly what we find.

For the LO2 amplitudes, we found that using constraints involving the lepton spinor p6, like ⟨16⟩ =
0, ⟨26⟩ = 0, or ⟨36⟩ = 0, gave consistent results and relatively manageable analytic expressions for
extracting the Aλ amplitudes. These configurations are based on a (sub)set of momentum conservation
and Schouten identities, similar to what we used for the LO1 case.

We also tried other spinor constraints, for example, ⟨35⟩ = 0 and ⟨46⟩ = 0, that satisfy all the
algebraic relations on paper, but turn out to fall outside the physical region of phase space. These
kinds of configurations typically sit at the edge or just outside the physical, momentum-conserving,
real-valued manifold of physical phase-space. Although some combinations of constrains do sometimes
give amplitudes that seem stable or match expected values at isolated points, this agreement is likely
accidental and doesn’t hold more generally.

To check which constraints actually lie within the physical region, we implemented a numerical setup
that randomly samples valid phase-space points and compares the extracted amplitudes to full numerical
results. For constraints like ⟨16⟩ = 0, the comparison passed, as the analytic expressions agree with the
numerics. However, even in these cases, the analytic forms are algebraically quite complicated and may
have subtle issues we have not noticed yet. Although we do keep them for reference, we therefore rely
primarily on the numerical results at LO2. In the following section we explain how we achieve the
numerical results.

LO1, NLO1, LO2, numerical extraction

To obtain numerical results, we must define the 4-momenta of all the particles. For quarks and glu-
ons, we randomly sample momentum configurations, ensuring that, within the all-outgoing convention,
the energies of physically incoming particles are negative and that momentum conservation holds by
constructing the lepton momenta using Collins-Soper angles:

pµ1,2 =
Q

2
(tµ ± xµ sin θ cosφ± yµ sin θ sinφ± zµ cos θ) , (4.28)
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λg(λq, λℓ)/Aλ A0 A+ A−
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α1ᾱ2

TF gs
αs

4π
× L1

(
s

Q2

)
[12]

[13]2

× ∆xu
s(Q2 − u) −Q∆z

Q3s

Table 4.4: NLO1 top-loop qq̄ → Zg Z-helicity amplitudes, ∆z =
√

s(Q2 − u)(Q2 − t), ∆x =
√
1− Q2s

(Q2−u)(Q2−t)

where θ ≡ θ1 and φ ≡ φ1 are the spherical angles of the lepton p1. Since, at leading order in QED,
the vector boson decay is back-to-back in the rest frame, the angles for p2 are given by (π − θ, π + φ).
Finally, the vectors tµ, xµ, yµ, zµ define the reference frame as discussed in Eq. (2.16a).
For certain applications, it is useful to describe the orientation of the incoming partons in terms of
transverse momentum and rapidity. We already gave some basic definitions in the Section 2.6.1. In
general, these variables are defined by the transformations:

m2 = E2 − p2x − p2y − p2z,

y =
1

2
log

(
E + pz
E − pz

)
,

pT =
√
p2x + p2y,

ϕ = arctan

(
py
px

)



E =
√
m2 + p2T cosh y,

px = pT cosϕ,

py = pT sinϕ,

pz =
√
m2 + p2T sinh y

(4.29)

Assuming all particles are massless, the momenta of the incoming partons are given by:

pµ1 = ξaEa (−1, 0, 0, −1) =

√
k2T e

yk +
√
Q2 + q2T e

yZ

2
(−1, 0, 0, −1) , (4.30)

pµ2 = ξbEb (−1, 0, 0, 1) =

√
k2T e

−yk +
√
Q2 + q2T e

−yZ

2
(−1, 0, 0, 1) , (4.31)

The replacement of ξa and ξb will be discussed in the following Section 4.5 in the context of integration
over the phase space.
The total final-state transverse momentum kT and rapidity yk used in the expression for the initial-state
partons in Eq.(4.30) are determined from the final-state momenta:

pµ4 =

(√
k22T cosh yk2 ,

√
k22T cosϕk2 ,

√
k22T sinϕk2 ,

√
k22T sinh yk2

)
, (4.32)

pµ3 =

(√
k21T cosh yk1

,
√
k21T cosϕk1

,
√
k21T sinϕk1

,
√
k21T sinh yk1

)
, (4.33)

kT = k1T + k2T , yk =
1

2
log

( √
k21T e

yk1 +
√
k22T e

yk2√
k21T e

−yk1 +
√
k22T e

−yk2

)
, (4.34)

For the leading-order configuration LO1, the input variables are the invariant mass Q, the transverse
momentum qT of the lepton pair, and the rapidity yk and azimuthal angle ϕk of the hadronic radiation
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system k. These describe the scale, recoil, and orientation of the event. As both quickly mentined in
the Section 2.6.1 and in full discussed in the integration Section 4.5, momentum conservation implies
kT = −qT , since we only have one object (i.e. hadronic radiation) recoiling against the leptonic system.
For LO2, the input variables are Q, qT , the rapidities yk1

, yk2
, the transverse momentum k1T of one

parton, and the azimuthal angles ϕk1 , ϕk2 of both.
Since at this level we have full control of the kinematics of the process, we are not bound by the

Schouten and other spinor identities to get various lepton configurations – we can set θ and ϕ to randomly
sampled three directions in the space and solve a similar system to Eq.(4.27), where the ⟨14⟩ = 0, . . . is
replaced by numerical values of the spinor products for our chosen configuration of leptons.

On the other hand, since we have full control over the kinematics, we are free to choose specific
configurations for the final-state leptons. Because the polarization of the vector boson is directly linked
to the lepton directions, it’s possible to select configurations where one or more terms in Eq. (4.27)
vanish. This allows us to further simplify – or even partially diagonalize – the system.
We observe that for an orientation of the lepton ℓ, nℓ, we have

Afull(λℓ = +, nℓ = z) = A+c+, (4.35a)

Afull(λℓ = −, nℓ = z) = A−c−, (4.35b)

Afull(λℓ = +, nℓ = −z) = A−c
′
−, (4.35c)

Afull(λℓ = −, nℓ = −z) = A+c
′
+, (4.35d)

where z is the axis in the CS frame. This leads to a more general result for Z-helicity λ = ±:

ϵµλLλℓ,µ(nℓ = z) = cλδλ,λℓ
. (4.36)

As for the λ = 0, our goal now is to find such combinations of lepton orientation nℓ and lepton helicities
λℓ that we can

ϵµλ

∑
configs

(some coeffs)Lλℓ,µ(nℓ) = c0δλ0. (4.37)

We use orthogonality of εrλ to conclude from Eq.(4.36) that L±µ(nℓ = z) = c+ε
∗
±µ = c+

1√
2
(xµ ∓ iyµ)

Then, using the covariance of the result we get:

L±µ(nℓ = x) = c±ε
∗
±µ(x; y, z) =

c±√
2

(yµ ∓ izµ),

where we made explicit that ελµ = ελµ(z;x, y). Finally, combining the expression for the positive and
negative lepton helicities we achieve

1

c+
L+µ(nℓ = x) − 1

c−
L−µ(nℓ = x) = −i

√
2zµ = −i

√
2ε∗0µ(z)

⇒ −ε∗λ(z)

[
1

c+
L+µ(nℓ = x) − 1

c−
L−µ(nℓ = x)

]
= +i

√
2ε∗λ(z)zµ = +i

√
2δλ0

which is the desired result.
Putting everything together, we arrive at a set of rules for extracting the Z-helicity amplitudes directly,
without needing to solve the full system:

A± =
1

c±
Afull(λℓ = ±, nℓ = z), c± = −igz

2
ϵµ±Lλℓ=±,µ(nℓ = z) (4.38)

A0 = − i√
2

[
1

c′+
Afull(λℓ = +, nℓ = x) − 1

c′−
Afull(λℓ = −, nℓ = x)

]
, (4.39)

c′± = −igz
2

1√
2

(yµ ± izµ)Lλℓ=±,µ(nℓ = x).

These configurations were used to derive the (numerical – per value of Q, qT , yk etc.) Z-helicity ampli-
tudes for the LO2 process.
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4.2 Power Scaling of Helicity Amplitudes

The Z-helicity amplitudes are useful in several ways. One important application is studying how they
scale in different kinematic limits. In effective field theories, like SCET, this kind of scaling analysis
helps identify which momentum modes are relevant and how to organize power expansions. It can also
guide the structure of factorization theorems by showing how the amplitude breaks into simpler pieces
for different physical regions.

In this chapter, we analyze the leading-power behavior of LO1 and NLO1 helicity amplitudes in the
soft limit. These limit corresponds to configurations where the transverse momentum of the final-state
partons kT = qT ≪ Q becomes small, and the expansion parameter λ ∼ qT /Q can be used to organize
the amplitude in powers of λ. The soft limit corresponds to kT → 0, with the rapidity yk staying finite,
while the collinear (to the beam axis) limit, which is also present at qT ≪ Q, is kT → 0 with diverging
rapidity. For an example of the scaling behavior of the transverse momentum for different limits see
Figure. 4.1.

Figure 4.1: Soft and (anti-)collinear behavior of the transverse momentum of the final hadronic state kT as a
function of rapidity yk. For soft limit the constant variable was chosen the rapidity itself, as in this limit it is
finite, while for the collinear limit we have the rapidity diverging to infinity, therefore now the constant variable
is the momentum fractions z = q−/p−a for collinear (yk > 0) and z = q+/p+b for anticollinear (yk < 0)

Our main goal in this section is to determine how individual helicity configurations scale with λ and
which ones contribute at leading power in the soft limit. In our discussion we follow the treatment in
ref. [61] for the structure of soft emission and use the spinor-helicity expressions presented in ref. [62].

4.2.1 Soft Scaling of Z-helicity Amplitudes in the qT/Q → 0 Limit

In the soft limit, one of the final-state partons becomes soft, with its momentum scaling as k → ks ∼
Q(λ, λ, λ). This regime is relevant when the vector boson recoils against low-energy radiation, such that
the transverse momentum qT of the boson is small.

Eikonal Formula

To understand the structure of soft gluon emission from an external quark leg, consider the matrix
element

M = ūi(p)M̃i,

where i denotes the color index of the quark and momentum labels are left implicit. In the limit where a
gluon with momentum kµ and polarization ϵ becomes soft (kµ → 0), the emission factorizes universally
from the hard process. The soft gluon interacts eikonally with the external partons, leading to a modified
amplitude of the form:

ūi(p)M̃i︸ ︷︷ ︸ −→ −gs ūi(p)T a
ij

p · ϵ
p · ks

M̃j(p)︸ ︷︷ ︸ (4.40)

pi −→
pi + ks

pi

ks
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This is known as the eikonal approximation, and it captures the leading singular behavior of the
amplitude in the soft limit. Importantly, the factor p·ϵ

p·ks
is independent of the spin of the emitting

particle: it reflects the fact that the long-wavelength gluon cannot resolve the spin structure of the
hard interaction. The eikonal factor is invariant under boosts along the emitter’s direction, making it
insensitive to the rapidity of the emitted gluon in the strict soft limit (i.e. at leading order only). Our
already familiar color factor T a

ij encodes the gluon emission in the fundamental representation of SU(3),
and similar expressions hold for antiquarks and gluon emitters (with appropriate group theory factors).
In general, this form of the eikonal factor reflects the Feynman rules of SCET soft Wilson lines for
single-gluon emission.

When a single soft gluon is emitted from multiple external parton legs, such that the full amplitude
receives contributions from diagrams where the gluon attaches to different hard emitters, the amplitude
factorizes into a sum of eikonal terms, one for each emitter, each carrying its own color generator and
kinematic eikonal factor:

Ma
n+1(k) = gs

n∑
i=1

T a
i

pi · ϵ
pi · ks

Mn, (4.41)

where T a
i is the color generator for parton i, pi is the momentum of emitter i, Mn is the original

amplitude without the soft gluon.
Additionally, it is possible to write the soft gluon limit in terms of the spinor-helicity amplitudes. In

the soft limit, where the gluon momentum ks → 0, any tree-level QCD amplitude universally factorizes
into a product of a soft (eikonal) factor and a lower-point amplitude. That is,

Atree
n (. . . , a, s±, b, . . .)

ks→0−−−→ S(a, s±, b) × Atree
n−1(. . . , a, b, . . .), (4.42)

Ans

b

a

−→ Ss

b

a

× An−1

where s labels the soft gluon and a, b are the two hard color-adjacent partons. The (n−1)-point tree-level
amplitude Atree

n−1(. . . , a, b, . . .) is obtained by removing the soft gluon from the original n-point amplitude,
leaving adjacent hard legs a and b in the color ordering. The soft factor S(a, s±, b) captures the leading
divergence and is given by: [62]

S(a, s+, b) =
⟨a b⟩

⟨a s⟩⟨s b⟩
, (4.43)

S(a, s−, b) = − [a b]

[a s][s b]
. (4.44)

This soft factor is universal, as it neither depends on whether a and b are quarks or gluons, nor on their
helicities or the magnitude of their momenta, similar to how the eikonal factor from Eq.(4.40) does not
depend on the spin structure of the interaction.
As an example consider the five-point amplitude

A5(1+ē , 2
−
e , 3

+
q , 4

+
g , 5

−
q̄ ) = i

⟨2 5⟩2

⟨1 2⟩⟨3 4⟩⟨4 5⟩
, (4.45)

which, in the limit k4 → 0, factorizes as

A5
k4→0−−−→ S(3, 4+, 5) × A4(1+, 2−, 3+, 5−) =

⟨3 5⟩
⟨3 4⟩⟨4 5⟩

× i
⟨2 5⟩2

⟨1 2⟩⟨3 5⟩
. (4.46)

Using these eikonal formulas we are able to predict how the Z-helicity amplitudes scale in leading order
in λ = qT /Q in the soft limit.

Soft Scaling of Z-helicity amplitudes

In analyzing the helicity structure of the process in the soft limit, it is important to determine which
helicity configurations contribute at leading power in the small expansion parameter λ. A necessary and
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sufficient condition is that the given configuration must have a corresponding Born-level process upon
removing the soft emission. Checking this ensures that the soft limit is consistent with the universal
factorization properties of QCD amplitudes.

In the process qg → qZ there is no underlying Born-level configuration in the limit where the final
state quark becomes soft. Since quarks carry spin and flavor charge, they cannot be removed in a gauge-
invariant way. As a result, there exists no eikonal formula for soft quark emission, and amplitudes in
this limit are necessarily power-suppressed. That is, such configurations enter at subleading order in λ.
In contrast, the process qq̄ → Zg does have a Born-level counterpart, namely qq̄ → Z. Therefore,
soft gluon emission from this amplitude can contribute at leading power. However, to determine which
specific helicity configurations survive in the λ → 0 limit, one must further impose angular momentum
conservation. For instance, the configurations

(λZ , λq, λg) = (+1,+1/2,±1), (−1,−1/2,±1),

where λZ , λq and λg are the helicities of the vector boson, quark and gluon in all-outgoing convention,
satisfy all such constraints: they match onto the Born-level process qq̄ → Z and conserve spin along the
beam axis. This is because for this configuration of all-outgoing helicities

0 → g±(p1)q+(p2)q̄−(p3)Z+,

the crossed physical configuration

q̄−(−p2)q+(−p3) → g±(p1)Z+,

leads to the spin states with the expectation number projected along the CS axis:
∣∣ 1
2 , λq

〉
=
∣∣ 1
2 ,

1
2

〉
for

the incoming quark q+(−p3),
∣∣ 1
2 ,

1
2

〉
for incoming antiquark q̄−(−p2), which nicely combine into the |1, 1⟩

state for the Z boson, which does indeed conserve the angular momentum in the system. Therefore,
these helicity configurations should contribute at leading power and show the expected λ−1 scaling in
the collinear limit, consistent with the eikonal formula (4.40), where the denominator scales as p · ks ∼ λ
for a soft momentum ks ∼ Q(λ, λ, λ).

On the other hand, configurations with λq = −λZ are expected to be suppressed in the soft limit.
This is because the eikonal emission from the soft gluon cannot induce a helicity flip on the quark leg
and therefore cannot supply the angular momentum needed to produce such final states (e.g.

∣∣ 1
2 ,

1
2

〉
combined with another

∣∣ 1
2 ,

1
2

〉
cannot produce |1,−1⟩ without insertion external angular momenta). All

other helicity configurations either violate angular momentum conservation or do not have corresponding
a physical Born-level diagram. They contribute only at subleading power in λ, typically starting at λ0

or λ1/2.
It is also worth noting that the leading-power scaling of the amplitude does not distinguish between
helicity configurations that are related by a flip of the gluon helicity. This is the consequence of the
eikonal formula.

The Tables 4.5 and 4.6 summarize the power counting behavior of different LO1 helicity amplitudes
in the soft limit (qT → 0) that we observe. Additionally, Figure 4.3 shows the magnitudes of the
Z-amplitudes as functions of qT and highlights how the function approaches its soft scaling limit as
qT → 0. Finally, in Figure 4.2 we show the amplitude magnitude ratio between |ALO1

0,qg→Zq(λq > 0)| and

|ALO1

+,qq̄→Zg(λq > 0)|, where the latter is expected to have the leading power scaling 1/λ, therefore their
ratio is expected to scale as λn, n > 0. From the Table 4.5 we can read that this scaling in the soft limit
would be λ3/2, which is exactly what we observe in the plot.

Soft scaling of the NLO1 follows similar behavior as the one in LO1, but with an addition of the

ln
(
qT
Q

)
terms. For example, the |ANLO1

0,qg→Zq(λq > 0)| scales as∣∣∣∣∣ 1

144
√

2π

√
eyZ−yk

(
−12

(
−2yk (5yZ + 1) + 5y2k + yZ (5yZ + 2) + 19

)
− 168iπ + 61π2

)√qT
Q

+
1

6
√

2π

√
eyZ−yk (−5yk + 5yZ − 1 + iπ)

√
qT
Q

ln

(
qT
Q

)
− 1

4
√

2π

√
eyZ−yk

√
qT
Q

ln

(
qT
Q

)2
∣∣∣∣∣,

where the λ1/2 scaling of the LO1 multiplies the general function

A(yk, yZ) +B(yk, yZ) ln

(
qT
Q

)
+ C(yk, yZ) ln

(
qT
Q

)2

.
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λg, λq, λℓ/Aλ |A0| |A+| |A−|
LO1 qg → Zq

+; +,± O
(
λ1/2

)
O
(
λ−1/2

)
O
(
λ3/2

)
+;−,± O

(
λ1/2

)
O
(
λ1/2

)
O
(
λ1/2

)
−; +,± O

(
λ1/2

)
O
(
λ1/2

)
O
(
λ1/2

)
−;−,± O

(
λ1/2

)
O
(
λ3/2

)
O
(
λ−1/2

)
LO1 qq̄ → Zg

+; +,± O
(
λ0
)

O
(
λ−1

)
O (λ)

+;−,± O
(
λ0
)

O (λ) O
(
λ−1

)
−; +,± O

(
λ0
)

O
(
λ−1

)
O (λ)

−;−,± O
(
λ0
)

O (λ) O
(
λ−1

)
Table 4.5: Observed Z-helicity amplitude magnitudes scaling at soft limit. Here the scaling factor is λ = qT /Q.

λg, λq, λℓ/Aλ |A0| |A+| |A−|
LO1 qg → Zq

+; +,±
1
√

2

√
qT

Q
e(yk−yZ)/2

√
Q

qT
e(yk−yZ)/2

1

4

√
q3T
Q3
e(yk−yZ)/2

+;−,±
√

2

√
qT

Q
e(yk−yZ)/2

√
qT

Q
e−(yk−yZ)/2

√
qT

Q
e3(yk−yZ)/2

LO1 qq̄ → Zg

+; +,±
1
√

2

Q

qT

1

4

qT

Q

+;−,±
1
√

2

1

4

qT

Q

Q

qT

Table 4.6: Observed leading-order soft limit λ = qT /Q terms in Z-helicity amplitude magnitudes. All of these
functions are given without the general prefactor g2sg

2
Z(af ±vf )

2CACF , with ’+’ for the λq < 0 and ’−’ for λq > 0.
As expected from the eikonal formula, the leading power qq̄ → Zg terms do not have a yk dependence.

Plots of the NLO1 Z-helicity amplitude magnitudes and their leading power terms are shown in
Figure 4.4.

Here we also want to comment of the choice of the polarization vectors done in Eq.(2.18). The
definition of the ϵµ± initially used in the [13] lead to the inverted soft scaling behavior in the LO1

Z-helicity amplitudes, which would violate the angular momentum conservation along the z axis in
the corresponding Born LO0 amplitudes. We therefore follow the convention used in [15], where the
polarization vectors are defined in a frame where the incoming electrons move along the z-axis and the
outgoing muons are emitted at an angle, which is exactly the setup that corresponds to the Collins-Soper
frame in the Born limit. In that frame, the polarization vectors are defined as ϵµ± = 1√

2
(xµ ± iyµ), and

it is explicitly shown that this choice ensures conservation of angular momentum.

4.3 Treatment of γ5

Defining γ5 in D dimensions is a well-known problem in particle physics, because its usual definition
only makes sense in exactly four dimensions [66, 67]. Over the years, several different schemes have been
developed to deal with this issue, each suited to certain types of calculations. However, there is no single
scheme that works well in all situations, so the choice often depends on the specific process being studied.

In this section we comment on the treatment of γ5 for the virtual terms.
In our calculation of the real-virtual contributions, we work directly with the renormalized Wilson co-
efficients (i.e., the infrared-subtracted hard amplitudes) which are finite in D = 4. This setup ensures
that all external partons have well-defined helicities, and in particular, for the valence1 contributions at

1The valence channel refers here to the case where the flavor of the quark and antiquark matches that of the current,
such as uū → V g, where the EW current couples directly to external fermions. In contrast, the singlet contribution involves
a flavor mismatch between the current and the external states (e.g., dd̄ → V g via a u-loop) and arises at one loop through
closed fermion-loop diagrams.
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Figure 4.2: Ratio of Z-helicity amplitude magnitudes between |ALO1
0,qg→Zq(λq>0)| and |ANLO1

+,qq̄→Zg(λq>0)| as a
function of qT . The blue curve represents the exact analytic expression, while the orange dashed line indicates
the leading-power scaling behavior ∼ q

3/2
T . Red dots denote the numerical results obtained using the prescription

described in Section 4.1.4. The inset shows the deviation from the leading-power approximation, showing that
the amplitude ratio asymptotically approaches the leading behavior in the small-qT limit. Plots done for Q = 100
GeV, yZ = yk = 0.

NLO1, the helicity of the external quarks uniquely fixes the relative weight of vector and axial terms at
amplitude level, as seen in the e.g. (v ± a) coupling structure in Eq.(4.11). This follows from the fact
that massless QCD preserves chirality, so the axial contribution does not receive any additional finite
renormalization beyond tree level. The total singlet amplitude is also finite in four dimensions at NLO1,
and the way γ5 is handled in intermediate steps does not affect the renormalized result.

More broadly, any scheme dependence associated with γ5 is irrelevant for the hard function extracted
from the SCET matching. This is because the QCD dynamics below the hard scale (as encoded in
the SCET Lagrangian Eq.(2.59)) involve only the quark vector current. As a result, both the low-
energy matrix elements and the renormalization of the Wilson coefficient must be independent of how
γ5 is treated in dimensional regularization. This means that the finite real-virtual contributions that
enter the MS-renormalized hard function in D = 4 are on their own insensitive to the details of the
γ5. Therefore, we are free to adopt any (other) consistent scheme for γ5 when computing the remaining
k2 > 0 contributions to the partonic cross section – in particular, for the double-real phase-space integrals
and PDF counterterms discussed in Section 5.4.

4.4 Final results for LO1 and NLO1

Using the above mentioned spinor-helicity technique we are able to first calculate the Z-helicity ampli-
tudes and then combine them into the components of the helicity density matrix:

Wλλ′ ∼
∑

helicities in the system

A∗
λ′Aλ. (4.47)

As an example, for LO1 this sum would have the form:

W
(1),R
λλ′ =

∑∫
X

⟨
∣∣M(1),R

papb→qk

∣∣2
λλ′⟩,

∣∣M(1),R
papb→qk

∣∣2
λλ′ =

(
ALO1

λ′

)∗
(1+; 2+q , 3

−
q̄ )ALO1

λ (1+; 2+q , 3
−
q̄ )

+
(
ALO1

λ′

)∗
(1+; 2−q , 3

+
q̄ )ALO1

λ (1+; 2−q , 3
+)

+
(
ALO1

λ′

)∗
(1−; 2+q , 3

−
q̄ )ALO1

λ (1−; 2+q , 3
−
q̄ )

+
(
ALO1

λ′

)∗
(1−; 2−q , 3

+
q̄ )ALO1

λ (1−; 2−q , 3
+
q̄ ), (4.48)

where ALO1

λ are the LO1 Z-helicity amplitudes, derived as the solutions to Eq.(4.27) with Afull from

Eq.(4.14). ⟨
∣∣Mpapb→qk

∣∣2
λλ′⟩ is the spin and color averaged matrix elements squared for the process
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Figure 4.3: Z-helicity amplitude magnitudes at leading order (LO1), shown as functions of the transverse
momentum qT . The structure of the figure copies the one of the Table 4.5. The top two rows correspond to the
process qg → Zq, and the bottom two rows to qq̄ → Zg. Each block is split by the helicity of the quark: λq > 0
(top row) and λq < 0 (bottom row). Within each panel, amplitudes for different Z boson helicities λZ = 0,±1
are shown. The colored curves denote the exact amplitude magnitudes for three different values of k-rapidity,
yk = 0,±1/2, while the orange dashed lines indicate the leading small-qT scaling behavior. Plots are stripped of
all EW and color coupling and are done for Q = 100 GeV, yZ = 0.
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Figure 4.4: NLO1 Z-helicity amplitude magnitudes, shown as functions of the transverse momentum qT . The
top two rows correspond to the process qg → Zq, and the bottom two rows to qq̄ → Zg. Each block is split by
the helicity of the quark: λq > 0 (top row) and λq < 0 (bottom row). Within each panel, amplitudes for different
Z boson helicities λZ = 0,±1 are shown. The colored curves denote the exact amplitude magnitudes for three
different values of k-rapidity, yk = 0,±1/2, while the orange dashed lines indicate the leading small-qT scaling
behavior. Plots are stripped of all EW and color coupling and are done for µ = Q = 100 GeV, yZ = 0.
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papb → qk, projected onto the helicity component λλ′. The sup-indexes (1),R refer to the order of the
strong coupling at which the term arises and our shorthand name (single-real, R) for these contributions.
We have also omitted the sum and integral over hadronic radiation in the expression for the Wλλ′ . The
integration is discussed in Section 4.5.
The components of the helicity matrix are later combined into the structure functions as defined in
Eq.(2.20).

In this chapter, we present a few example matrix elements squared computed using the spinor-helicity
method. We begin by reproducing the LO1 helicity cross sections and then show some representative

results for more non-trivial contributions, including the absorptive terms W
(2)
5,6,7, as well as the singlet

contributions from fermion-loop diagrams (shown in Figures 2.3 and 2.4).
Firstly, in order to parametrize the results we use Mandelstam variables:

s ≡ (pa + pb)
2 = 2pa · pb, (4.49)

t ≡ (pa − q)2 = (pb − k)2, (4.50)

u ≡ (pb − q)2 = (pa − k)2, (4.51)

s2 ≡ k2 = s+ t+ u−Q2, (4.52)

which for the case of the massless k-particle the last line simplifies to

Q2 = s+ t+ u. (4.53)

Next, we note that all of the LO1 structure functions are proportional to the following combination of
constants:

gLO1 =

{
2CACF g

2
s(µ) g2Z (a2f + v2f ), i ∈ (−1, 0, incl, 1, 2, 7),

4CACF g
2
s(µ) g2Z afvf , i ∈ (3, 4, 5, 6)

(4.54)

where CACF is the color factor, gs and gZ are the strong and EW coupling constants.
To have a bit more intuition about the nature of the (a2f + v2f ) and aqvq coupling coefficients we have

to go back at have a look at the structure of the hadronic tensor Wµν . In general, the hadronic tensor
arising in vector boson production can be decomposed into parity-even and parity-odd components based
on the structure of the currents in it. These currents contain both vector and axial-vector parts, and
for the production of the Z-boson take the form Jµ = ψ̄γµ(vf − afγ

5)ψ, with vf and af as the vector
and axial-vector couplings of the gauge boson to the fermion f . When the two currents appear within
the same trace, as in Wµν ∼ Tr[/p1γ

µ(vf − afγ
5)/p2γ

ν(vf − afγ
5)]2, the resulting structure contains

contributions proportional to v2f , a2f , and vfaf . The terms quadratic in vf and af correspond to parity-
even interactions: they originate from contractions of vector × vector and axial × axial currents, and
produce symmetric tensors under the exchange of µ↔ ν. On the other hand, the mixed term proportional
to vfaf arises from the interference between the vector and axial-vector parts, and gives an antisymmetric
tensor. This antisymmetric component changes sign under a parity transformation and thus is parity-
odd.
This is important when we are contracting the hadronic tensor with the projectors from Eq.(2.20), as
some of the combinations of the projectors are parity-even (i = −1, 0, 1, 2) and therefore will null the
parity-odd term in the hadronic tensor, only leaving the structure functions proportional to v2f + a2f .
Other projectors are parity-odd (3, 4) and therefore they will be producing Wi that are proportional to
vfaf .

The so-called T-odd3 structure functions i = 5, 6, 7 will have a different scaling with W5,6 ∼ vfaf and
W7 ∼ (v2f + a2f ). This happens since these structure functions arise from the subleading ϵ poles hitting
the virtual loop integrals, therefore our four-dimensional intuition for the couplings does not work here.

2Similar thing happens when the couplings appear in separate traces, such as in the product Wµν ∼ Tr[/p1γ
µ(vf −

afγ
5)/p2] ·Tr[/p3γ

ν(vf ′ + af ′γ5)/p4]. Each trace splits into a parity-even and parity-odd part, such that the full contraction
includes contributions proportional to vfvf ′ , afaf ′ , vfaf ′ , and afvf ′ . The combinations vfvf ′ and afaf ′ multiply parity-
even structures, since they come from a product of even-even and odd-odd traces. In contrast, the mixed terms vfaf ′ and
afvf ′ couple even to odd, or vice versa, and produce parity-odd contributions. Thus, regardless of where the couplings sit
in the hadronic tensor, in four dimension Wµν separates into parity-even tensor structures that multiply the combinations
v2f + a2f or vfvf ′ + afaf ′ and parity-odd structures proportional to vfaf or vfaf ′ + afvf ′ .

3In this context, T-odd refers to quantities that change sign under naive time reversal, meaning the reversal of all
particle three-momenta and spins without complex conjugation or interchange of initial and final states.
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Therefore, for the qg → Zq process, the LO1 helicity projected matrix elements squared
∣∣M(1),R

qg→Zq

∣∣2
i

are

∣∣M(1),R
qg→Zq

∣∣2
0
(s, t, u,Q2) = −gLO1

u
(Q2 + s)2 + (Q2 − t)2

s(Q2 − u)(Q2 − t)
, (4.55a)

∣∣M(1),R
qg→Zq

∣∣2
incl

(s, t, u,Q2) = −gLO1

(
2Q2u

st
+
t

s
+
s

t

)
, (4.55b)

∣∣M(1),R
qg→Zq

∣∣2
1
(s, t, u,Q2) = −gLO1

√
Q2u

st

(
2
Q2 − t

Q2 − u
− Q2 − u

Q2 − t

)
, (4.55c)

∣∣M(1),R
qg→Zq

∣∣2
2
(s, t, u,Q2) =

∣∣M(1),R
qg→Zq

∣∣2
0

= −gLO1
u

(Q2 + s)2 + (Q2 − t)2

s(Q2 − u)(Q2 − t)
, (4.55d)

∣∣M(1),R
qg→Zq

∣∣2
3
(s, t, u,Q2) = 2gLO1

√
u

t (Q2 − t) (Q2 − u)

(
Q4 + 2su+ u2

)
s

, (4.55e)

∣∣M(1),R
qg→Zq

∣∣2
4
(s, t, u,Q2) = 2gLO1

√
Q2s

(Q2 − t) (Q2 − u)

(
Q4 − 2Q2t+ u2

)
st

, (4.55f)∣∣M(1),R
qg→Zq

∣∣2
5

=
∣∣M(1),R

qg→Zq

∣∣2
6

=
∣∣M(1),R

qg→Zq

∣∣2
7

= 0. (4.55g)

For the qq̄ → Zg process, one has the following:

∣∣M(1),R
qq̄→Zg

∣∣2
0
(s, t, u,Q2) = gLO1

(
Q2 − t

Q2 − u
+
Q2 − u

Q2 − t

)
, (4.56a)

∣∣M(1),R
qq̄→Zg

∣∣2
incl

(s, t, u,Q2) = gLO1

(
2Q2s

ut
+
t

u
+
u

t

)
, (4.56b)

∣∣M(1),R
qq̄→Zg

∣∣2
1
(s, t, u,Q2) = gLO1

√
Q2s

tu

(
Q2 − u

Q2 − t
− Q2 − t

Q2 − u

)
, (4.56c)

∣∣M(1),R
qq̄→Zg

∣∣2
2
(s, t, u,Q2) =

∣∣M(1),R
qq̄→Zg

∣∣2
0
(s, t, u,Q2) = gLO1

(
Q2 − t

Q2 − u
+
Q2 − u

Q2 − t

)
, (4.56d)

∣∣M(1),R
qq̄→Zg

∣∣2
3
(s, t, u,Q2) = −2gLO1

√
(Q2 − t) (Q2 − u)

tu

(
Q2 − u

Q2 − t
− Q2 − t

Q2 − u

)
, (4.56e)

∣∣M(1),R
qq̄→Zg

∣∣2
4
(s, t, u,Q2) = −2gLO1

√
Q2s

(Q2 − t) (Q2 − u)

((
Q2 − t

)2
+
(
Q2 − u

)2)
tu

, (4.56f)∣∣M(1),R
qq̄→Zg

∣∣2
5

=
∣∣M(1),R

qq̄→Zg

∣∣2
6

=
∣∣M(1),R

qq̄→Zg

∣∣2
7

= 0. (4.56g)

One can obtain the structure functions for processes with antiquark and/or reversed order by the following
prescription in ref. [16]:

Wi, q̄q = Wi, qq̄ if i ∈ {−1, 0, 1, 2, 7}, Wi, q̄q = −Wi, qq̄ otherwise,

Wi, gq = Wi, qg(u↔ t) if i ∈ {−1, 0, 2, 3, 6}, Wi, gq = −Wi, qg(u↔ t) otherwise,

Wi, q̄g = Wi, qg if i ∈ {−1, 0, 1, 2, 7}, Wi, q̄g = −Wi, qg otherwise,

Wi, gq̄ = Wi, qg(u↔ t) if i ∈ {−1, 0, 1, 2, 4, 5}, Wi, gq̄ = −Wi, qg(u↔ t) otherwise.

For the comparison with ref. [16], see Chapter 6.
At this order, one observes that W0 = W2, which reflects the well-known Lam-Tung relation [68]

A0 = A2. This relation is a consequence of the spin-1/2 nature of quarks at tree level and the vector
coupling of spin-1 gluons to quarks at O(αs). It holds up to O(αs) in perturbative QCD, but is violated
at higher orders in the strong coupling. Moreover, the structure functions W5, W6, and W7 vanish at
this order, as they are related to the absorptive (imaginary) parts of the amplitude and thus receive
non-zero contributions only from loop-level diagrams.

The true power of the spinor-helicity method becomes apparent when computing the NLO1 contri-
butions. To obtain the RV terms in the O(α2

s) cross section, one must contract the NLO1 Z-helicity
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amplitudes with the LO1 amplitudes as follows:

e.g. W
(2),RV,fin
λλ′ =

∑∫
X

⟨
∣∣M(2),RV,fin

papb→qk

∣∣2
λλ′⟩,

∣∣M(2),RV
papb→qk

∣∣2
λλ′ =

(
ANLO1

λ′

)∗
(1+; 2+q , 3

−
q̄ )ALO1

λ (1+; 2+q , 3
−
q̄ ) +

(
ALO1

λ′

)∗
(1+; 2+q , 3

−
q̄ )ANLO1

λ (1+; 2+q , 3
−
q̄ )

+
(
ANLO1

λ′

)∗
(1+; 2−q , 3

+
q̄ )ALO1

λ (1+; 2−q , 3
+) +

(
ALO1

λ′

)∗
(1+; 2−q , 3

+
q̄ )ANLO1

λ (1+; 2−q , 3
+)

+
(
ANLO1

λ′

)∗
(1−; 2+q , 3

−
q̄ )ALO1

λ (1−; 2+q , 3
−
q̄ ) +

(
ALO1

λ′

)∗
(1−; 2+q , 3

−
q̄ )ANLO1

λ (1−; 2+q , 3
−
q̄ )

+
(
ANLO1

λ′

)∗
(1−; 2−q , 3

+
q̄ )ALO1

λ (1−; 2−q , 3
+
q̄ ) +

(
ALO1

λ′

)∗
(1−; 2−q , 3

+
q̄ )ANLO1

λ (1−; 2−q , 3
+
q̄ ),

(4.57)

where the indexes on the element Wλλ′ are describing:

• (2) – order in strong coupling αs,

• RV – which out of two contributions at O(α2
s),

• fin – which part of the real-virtual contribution.

Here, ANLO1

λ may refer to one of several Z-helicity NLO1 amplitudes derived from various terms in the

full amplitude A(1)
full: the divergent part (see Eq.(4.15)), which gives the infrared poles in the RV terms

– useful for comparison purposes (see Chapter 6) but not directly used in the final result; the finite
remainder (Eq.(4.16)), which provides the IR-finite contribution we actually require; or the top-quark
loop contribution, also part of Afull (Eq.(4.17)). In general the one-loop Z-helicity amplitude is

ANLO1

λ = ANLO1, div
λ + ANLO1, fin

λ + ANLO1, top-loop
λ ,

where each term is coming from various terms in the full amplitude.
Since the resulting expressions are rather lengthy, we will present only representative examples. We

begin by showing the derived T-odd helicity matrix elements squared constructing W
(2),RV,fin
5 , W

(2),RV,fin
6

and W
(2),RV,fin
7 . These have the contributions only from the finite terms ANLO1, fin

λ , and possibly the top-

loop ones ANLO1, top-loop
λ .

The finite terms in the helicity cross sections have similar general coupling structure, where the only
addition is the extra power of the strong coupling αs:

gfinRV =

{
2αs CACF g

2
s(µ) g2Z (a2f + v2f ), i ∈ (−1, 0, incl, 1, 2, 7),

4αs CACF g
2
s(µ) g2Z afvf , i ∈ (3, 4, 5, 6).

(4.58)

The fifth, sixth and seventh second order helicity matrix elements squared for the qg → Zq process are
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thus∣∣M(2),RV,fin
qg→Zq

∣∣2
5

=gfinRV
u

s

√
Q2s

(Q2−t)(Q2−u)

[
CF

2
· 2Q2+s

Q2−t

−
(
CF −CA

2

)
·
[
Q2

Q2−u
+
Q2−t
t

(
1−Q2−u

t
ln

(
Q2−u
s

))
+
Q2−u
s

ln

(
(Q2−t)(Q2−u)

tu

)]]
,

(4.59a)

∣∣M(2),RV,fin
qg→Zq

∣∣2
6

=gfinRV
Q2u√

(Q2−u)(Q2−t)ut

[
CF

2
· t−2u

Q2−t

−
(
CF −CA

2

)
·
[

u

Q2−u
+
Q2

s2
− (Q2−u)u

s2
ln

(
(Q2−u)(Q2−t)

ut

)]]
, (4.59b)

∣∣M(2),RV,fin
qg→Zq

∣∣2
7

= − 2gfinRV
u

s

√
Q2s

ut

[
−CF

2
· 2Q2u+st

(Q2−t)2

−
(
CF −CA

2

)
·
[

2Q2s

(Q2−u)2
− Q4−ut

(Q2−u)(Q2−t)
+
u

t
ln

(
Q2−u
s

)
− u

s
ln

(
(Q2−u)(Q2−t)

ut

)]]
.

(4.59c)

Similar structure functions are achieved for the qq̄ → Zg process:

∣∣M(2),RV,fin
qq̄→Zg

∣∣2
5

=gfinRV

√
Q2s

(Q2−u)(Q2−t)

[
−CF

2
·
(
Q2−t
Q2−u

+
Q2−u
Q2−t

)

+

(
CF −CA

2

)
·
[
Q2−t
t

(
1− s

t
ln

(
Q2−u
s

))
+
Q2−u
u

(
1− s

u
ln

(
Q2−t
s

))]]
, (4.60a)

∣∣M(2),RV,fin
qq̄→Zg

∣∣2
6

=gfinRV
Q2s√

(Q2−u)(Q2−t)ut

[
CF ·

(
Q2−t
Q2−u

−Q2−u
Q2−t

)

+

(
CF −CA

2

)
·
[
Q2−u
u

ln

(
Q2−t
s

)
−Q2−t

t
ln

(
Q2−u
s

)]]
, (4.60b)

∣∣M(2),RV,fin
qq̄→Zg

∣∣2
7

= − 2gfinRV

√
Q2s

ut

[
CF ·

(
1− ut

2(Q2−t)(Q2−u)

)(
Q2−t
Q2−u

−Q2−u
Q2−t

)

+

(
CF −CA

2

)
·
[
Q2

Q2−t
− Q2

Q2−u
− s

t
ln

(
Q2−u
s

)
+
s

u
ln

(
Q2−t
s

)]
.

]
(4.60c)

These structure functions have been derived in the literature [16, 27] and we discuss their comparison
with the known results in the Chapter 6.
We show these structure functions for illustration purposes, although our results include the full set of
NLO1 structure functions for i = −1, . . . , 7, which to our knowledge have not been presented in the
literature.
Additionally, the helicity structure functions associated with the top-loop contributions also do not
have an explicit derivation available in existing references. Here, we also provide the complete set of
these results for both NLO1 subprocesses. These top-loop contributions involve a slightly modified
coupling structure, as they result from the interference between the LO1 and the top-loop-induced NLO1

amplitudes. The coupling prefactor takes the form:

gtopRV =

{
8αs

4π CACFTF g
2
S(µ) g2Z afat, i ∈ (−1, 0, incl, 1, 2, 7),

16αs

4π CACFTF g
2
S(µ) g2Z vfvt, i ∈ (3, 4, 5, 6),

(4.61)

64



where vt and at denote the vector and axial-vector couplings of the top quark, respectively. We work
in the heavy-top limit 1/mt → 0, assuming that the top quark mass is large compared to the relevant
external scales.
Thus the helicity matrix elements squared for a top-loop contribution of the NLO1 qg → Zq process are∣∣M(2),RV,top

qg→Zq

∣∣2
incl

= gtopRV

(
Q2 + u

Q2 − u

)(
1− Q2

u−Q2
ln

(
− u

Q2

))
, (4.62a)

∣∣M(2),RV,top
qg→Zq

∣∣2
0

= gtopRVu

(
1

Q2 − t
+

1

Q2 − u

)(
1− Q2

u−Q2
ln

(
− u

Q2

))
, (4.62b)

∣∣M(2),RV,top
qg→Zq

∣∣2
1

= gtopRV

√
Q2u

ts

u2 − 2st+ su

2(Q2 − t)Q2

(
1− Q2

u−Q2
ln

(
− u

Q2

))
, (4.62c)

∣∣M(2),RV,top
qg→Zq

∣∣2
2

=
∣∣M(2),RV,top

qg→Zq

∣∣2
0

= gtopRVu

(
1

Q2 − t
+

1

Q2 − u

)(
1− Q2

u−Q2
ln

(
− u

Q2

))
, (4.62d)

∣∣M(2),RV,top
qg→Zq

∣∣2
3

= gtopRV

√
ut

(Q2 − u)(Q2 − t)

(
1+

u

2t
+
Q2 − t

Q2 − u

)(
1− Q2

u−Q2
ln

(
− u

Q2

))
, (4.62e)

∣∣M(2),RV,top
qg→Zq

∣∣2
4

= gtopRV t

√
s

Q2(Q2 − u)(Q2 − t)

(
1− u2

2st
−Q2(Q2 − t)

t(Q2 − u)

)(
1− Q2

u−Q2
ln

(
− u

Q2

))
, (4.62f)

∣∣M(2),RV,top
qg→Zq

∣∣2
5

= gtopRV

π

4
u

√
Q2

s(Q2 − t)(Q2 − u)

u(t− s) − 2s2

(Q2 − u)2
, (4.62g)

∣∣M(2),RV,top
qg→Zq

∣∣2
6

= gtopRV

π

4
Q2

√
u

t(Q2 − t)(Q2 − u)
(u(t− s) + 2st)(Q2 − u)2, (4.62h)

∣∣M(2),RV,top
qg→Zq

∣∣2
7

= −gtopRVπ

√
Q2u

ts

u(t− s)

(Q2 − u)2
(4.62i)

Similarly, the contributions for the qq̄ → Zg process are∣∣M(2),RV,top
qq̄→Zg

∣∣2
incl

= −gtopRV

(
Q2 + s

Q2 − s

)(
1− Q2

s−Q2
ln

(
s

Q2

))
, (4.63a)

∣∣M(2),RV,top
qq̄→Zg

∣∣2
0

= −gtopRV

(
1− s(t− u)2

(Q2 − u)(Q2 − t)(Q2 − s)

)(
1− Q2

s−Q2
ln

(
s

Q2

))
, (4.63b)

∣∣M(2),RV,top
qq̄→Zg

∣∣2
1

= gtopRV

1

2

√
s

Q2tu

(t− u)
(
Q2
(
s2 − 2tu

)
− stu

)
(Q2 − s) (Q2 − t) (Q2 − u)

(
1− Q2

s−Q2
ln

(
s

Q2

))
, (4.63c)

∣∣M(2),RV,top
qq̄→Zg

∣∣2
2

=
∣∣M(2),RV,top

0,qq̄→Zg

∣∣2 = −gtopRV

(
1− s(t− u)2

(Q2 − u)(Q2 − t)(Q2 − s)

)(
1− Q2

s−Q2
ln

(
s

Q2

))
,

(4.63d)∣∣M(2),RV,top
qq̄→Zg

∣∣2
3

= gtopRV

1

2

(t− u)
(
2tu− s2

)
(t+ u)

√
tu (Q2 − t) (Q2 − u)

(
1− Q2

s−Q2
ln

(
s

Q2

))
, (4.63e)

∣∣M(2),RV,top
qq̄→Zg

∣∣2
4

= gtopRV

√
s

2

2
((
Q2 − s

)2 − tu
)

+ 5s
(
Q2 − s

)
+ 4s2√

Q2 (Q2 − s)
√

(Q2 − t) (Q2 − u)

(
1− Q2

s−Q2
ln

(
s

Q2

))
, (4.63f)∣∣M(2),RV,top

qq̄→Zg

∣∣2
5

=
∣∣M(2),RV,top

qq̄→Zg

∣∣2
6

=
∣∣M(2),RV,top

qq̄→Zg

∣∣2
7

= 0. (4.63g)

Finally, for the D = 4 comparison with the RR results, derivation of which will be discussed in the next
chapter, we square the LO2 Z-helicity amplitudes:

W
(2),RR
λλ′ =

∑∫
X

⟨
∣∣M(2),RR

papb→qk1k2

∣∣2
λλ′⟩,

∣∣M(2),RR
papb→qk

∣∣2
λλ′ =

∑
helicities of the system

(
ALO2

λ′

)∗
(1, 2, 3, 4)ALO2

λ (1, 2, 3, 4), (4.64)

where the sets of possible helicities depend on the process at hand and they are discussed in full in
Section 4.1.3 and in Appendix E. We can compare these results at the level of amplitudes squared,
before the integrating over the final-state hadronic radiation.
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4.5 Rewriting 2 → 2 phase space

In this section we derive the 2 → 2 decay phase space dϕ(papb→qk) required for producing the R and RV

structure functions from the matrix elements squared
∣∣Mpapb→qk

∣∣2
i
. We perform the derivation in fully

general D dimensions, as it will turn out to be useful for the integration of the double-real terms. Of
course, for the RV terms, specifically for the hard function, it is enough to have the expressions only in
4 dimensions.

For the convenience, we absorb the momentum fractions measure from the PDF convolution integral
(2.29) into our 2 → 2 decay phase space:

dϕ(papb→qk) =
dξa
ξa

dξb
ξb

[
d4−2ϵq

(2π)4−2ϵ
(2π)δ(q2 −m2

q)θ(q0)

] [
d4−2ϵk

(2π)4−2ϵ
(2π)δ(k2 −m2

k)θ(k0)

]
dm2

k

2π

dm2
q

2π

× (2π)4−2ϵδ(4−2ϵ)(ξaPa + ξbPb − k − q), (4.65)

where the integrals go over the final states q, k with their masses mq,mk.
For further simplification of the phase space we will go to the lightcone coordinates as defined in

Eq.(2.38a) and Eq.(2.38b). The integration measure then reads:

d4k =
1

2
dk−dk+dkxdky =

1

4
dk−dk+dk2T dϕ, (4.66a)

d4−2ϵk =
1

2
dk−dk+d2−2ϵkT =

(p2T )−ϵ

4
dk−dk+dk2T dΩ(2−2ϵ). (4.66b)

Delta-functions in lightcone coordinates are thus:

δ4(k) = 2δ(k−)δ(k+)δ(kx)δ(ky), (4.67a)

δ4−2ϵ(k) = 2δ(k−)δ(k+)δ(2−2ϵ)(kT ), (4.67b)

δ(k2 −m2)θ(E) = δ(k−k+ − k2T −m2)θ(k−)θ(k+). (4.67c)

Using this parametrization together with theD-dimensional definition of the momenta of the incoming
particles in lab frame Pa = Ea(1, 0, . . . , 0, 1) and Pb = Eb(1, 0, . . . , 0,−1) we are able to simplify phase
space further and rewrite:

d4−2ϵq =
(q2T )−ϵ

4
dq−dq+dq2+dΩ(2−2ϵ),

δ(q2 −m2
q)θ(q0) = δ(q−q+ − q2T −m2

q)θ(q−)θ(q+),

δ(4−2ϵ)(ξaPa + ξbPb − k − q) = 2δ(2ξaEa − k− − q−)δ(2ξbEb − k+ − q+)δ(2−2ϵ)(kT + qT ).

Substituting this into 4.65 we then achieve:

dϕ(papb→qk) = (2π)2
dξa
ξa

dξb
ξb

[
(q2T )−ϵ

4

dq−dq+dq2T dΩ
(2−2ϵ)
a

(2π)4−2ϵ
δ(q2 −m2

q)θ(q−)θ(q+)

]

×
[
dk−dk+d2−2ϵkT

2(2π)4−2ϵ
δ(k2 −m2

k)θ(k−)θ(k+)

]
dm2

k

2π

dm2
q

2π

× (2π)4−2ϵ2δ(2ξaEa − k− − q−)δ(2ξbEb − k+ − q+)δ(2−2ϵ)(kT + qT ). (4.68)

Following this we now integrate (4 + (2 − 2ϵ)) delta functions over kT , m2
k, m2

q, ξa, ξb. We obtain that
after integration all functions depending on these variables change according to:

kT → −qT , m2
k → k2, m2

q → q2,

ξa → k− + q−

2Ea
, ξb →

k+ + q+

2Eb
. (4.69)

Also note that since ξa and ξb are the momentum fractions their values have to be 0 ≤ ξa ≤ 1 and
0 ≤ ξb ≤ 1, which causes an additional pair of theta functions θ(2Ea − k− − q−)θ(2Eb − k+ − q+) to
appear in the expression:

dϕ(papb→qk) =
1

k− + q−
1

k+ + q+
dk−dk+

(q2T )−ϵ

4

dq−dq+dq2T dΩ
(2−2ϵ)
q

(2π)4−2ϵ

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea − k− − q−)θ(2Eb − k+ − q+). (4.70)
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Finally, from the formula

Ω(D) =
2πD/2

Γ(D/2)
, (4.71)

where the Γ(x) is the Euler’s Gamma function, we get the following integrated solid angles:

Ω(2−2ϵ)
q =

2π1−ϵ

Γ (1 − ϵ)
, Ω(1−2ϵ)

q = 2(4π)−ϵ Γ(1 − ϵ)

Γ (1 − 2ϵ)
. (4.72)

Integrating over Ω
(2−2ϵ)
q we obtain:

dϕ(papb→qk) =
(4π)ϵ

(4π)2
1

2π

(q2T )−ϵ

Γ(1 − ϵ)

dk−dk+dq−dq+dq2T
(k− + q−)(k+ + q+)

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea − k− − q−)θ(2Eb − k+ − q+). (4.73)

Combining with spin, color averaging, symmetry factor, leptonic factors, flux Ecm and summing over the
hadronic radiation X the we arrive at the Nn−1LO1 partonic helicity cross section:

dσ̂
(n)
i,V V ′,ab = L(±)i,V V ′

∑
k∈X

∫
dϕpapb→qk

∣∣M(n)
papb→qk,V V ′

∣∣2
i

2E2
cm

1

nanbNaNb
× sym.

= L(±)i,V V ′

∑
k∈X

∫
(4π)ϵ

(4π)2Γ(1 − ϵ)

(q2T )−ϵ

2E2
cm

dk−dk+dq−dq+dq2T
(k− + q−)(k+ + q+)

1

nanbNaNb
δ(k2)

∣∣M(n)
papb→qk,V V ′

∣∣2
i
× sym.

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea − k− − q−)θ(2Eb − k+ − q+), (4.74)

where na, nb andNa, Nb are the spins and color factors of the incoming particles respectively.
∣∣Mpapb→qk

∣∣2
i

are the matrix elements squared, projected onto a i helicity state. Leptonic factors L(±)i are defined in
Eq.(2.26). As for previous variable change momentum fractions ξa and ξb are equal to (k− + q−)/2Ea

and (k+ + q+)/2Eb respectively.
Since the R and RV processes for a set a and b incoming particles can have only one type of the

particle in the hadronic radiation, the sum over k ∈ X drops out. As we drop the leptonic factors and
the flux, we arrive to the formula for first and second order helicity-projected hard function, which could
already be used in Eq.(2.77) and Eq.(2.86) accounting for the fact that we have absorbed the measure
from Eq.(2.66) into the partonic cross section:

H
(1)
i ab =

∫
1

(4π)2
dk−dk+dq−dq+dq2T
(k− + q−)(k+ + q+)

1

nanbNaNb
δ(k2)

∣∣M(1),R
papb→qk

∣∣2
i
× sym.

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea − k− − q−)θ(2Eb − k+ − q+), (4.75)

H
(2)
i, ab =

∫
1

(4π)21

dk−dk+dq−dq+dq2T
(k− + q−)(k+ + q+)

1

nanbNaNb
δ(k2)

∣∣M(2),RV
papb→qk

∣∣2
i

∣∣∣
finite+top

× sym.

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea − k− − q−)θ(2Eb − k+ − q+). (4.76)
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Chapter 5

Computation of double-real
remainder terms

Now we turn to the non-singular part of the full cross section, as defined in Eq.(2.87). For this part,
we compute the double-real (RR) contributions from scratch, without using the spinor-helicity method.
Instead, we work directly with standard Feynman rules and later integrate (not just multiply with the
phase space element, as we did for the R and RV) over the full hadronic decay phase space. This is
necessary because the phase space for a 2 → 3 process involves a nontrivial integration over the final-
state parton momenta k1 and k2. Once the amplitude and phase space integration are done, we perform
the renormalization of the remaining infrared divergences via PDF counterterms.

5.1 Calculating and squaring matrix elements

As discussed in Section 2.6.3, we expect the RR contribution to contain IR poles that need to be removed
by PDF renormalization. The ultraviolet poles have already been accounted for via the V +jet threshold
factorization in the singular part of the cross section. What remains are the finite k2 > 0 terms, which
can still contain initial-final IR divergences. Since these contributions require working in dimensional
regularization, we cannot use the spinor-helicity formalism to compute the helicity amplitudes, as it is
strictly defined only in four dimensions.

Instead we compute the structure functions, and more specifically matrix elements squared, directly
using Feynman rules. The required rules for this calculation are summarized in Appendix A. We follow
the framework described in Section 2.2 and first obtain the hadronic tensor, onto which we later apply
the projection operators defined in Eq.(2.20). We perform this process for all five RR channels.

To simplify the computation and avoid the overhead from symbolically handling large tensor expres-
sions, we used Feynman gauge for summing over the polarizations of external gluons. In this gauge,
the polarization sum is

∑
s ϵ

µ
s ϵ

∗ν
s = −gµν , which sums over all of the polarizations of the spin-1 par-

ticle. Since our external gluons are on-shell, only transverse polarizations should contribute, therefore
the correct approach would be to include a projection onto the physical polarizations using an auxiliary
lightlike vector r, which leads to:∑

s

ϵµs ϵ
∗ν
s = −gµν +

rµpν + pµrν

r · p
, and similarly for the internal propagators.

However, inserting this expression into the hadronic tensor introduces a large number of additional
terms and makes the calculation significantly more time consuming. To avoid this, we kept the simple
−gµν sum and instead included ghost diagrams, which cancel the contributions from the unphysical
polarization states. This correction is only needed for diagrams with external gluons. For six-fermion
processes, such as qq̄ → qq̄V or qq → qqV , this issue does not arise. In fact, the problem only appears in
diagrams involving three-gluon vertices, since in diagrams where gluons attach to fermion lines, the quark-
gluon vertex, combined with the Dirac equation, effectively forces the gluons to be transversely polarized.
Interference between such diagrams and three-gluon diagrams also only involves physical polarizations,
because the fermion-gluon vertex side enforces the sum to run over only transverse polarization. The only
truly problematic terms are those where both sides of the interference come from three-gluon diagrams.
For those, we include the ghost diagrams, shown in Fig. 5.1, in order to cancel the unphysical terms.
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Figure 5.1: Feynman diagrams with ghosts (denoted with dashed lines), included to cancel unphysical polariza-
tions that arise when using Feynman gauge for the sum over external gluon polarization vectors. Ghost diagrams
are shown for the (a) qq̄ → V gg channel, (b) gg → V qq̄ channel, (c) qg → V qg channel.

Although, for the full confidence in the O(ϵ) terms, it would be valuable to repeat this calculation
in the axial gauge for both the external polarization sum and the gluon propagators, avoiding ghosts
entirely.

Finally, we used our numerical results for the LO2 Z-helicity amplitudes, obtained via the extended
spinor-helicity method, to cross-check the matrix elements squared computed from Feynman rules against
those derived using the spinor-helicity approach, all in order to have self-consistency within our pipeline.

5.2 Integrating over k-particle phase space

Our next step in achieving the RR terms in to derive the phase space and integrate over the hadronic
radiation. This process is more complicated than the one presented in the Section 4.5, since in this case
the number of final state particles is higher and the phase space has to be factorized to account for it.

5.2.1 Phase space of decay into N particles

Figure 5.2: An illustration of the factorization of the phase space of the decay into N particles

Here we will derive our expressions for the phase space, starting from the most general case of the
decay into N particles: (ξaPa) (ξaPa) → {pi}Ni=1 and show how it applies for our calculations.
The phase space for the decay into N particles can be described in terms of a product of two decay
spaces: one into M particles and other into N −M particles. Formally we can write full decay space as
follows:

dϕN =
dξa
ξa

dξb
ξb

N∏
i=1

[
d4−2ϵpi
(2π)4−2ϵ

(2π)δ(p2i −m2
i )θ(p0i )

]
(2π)4−2ϵδ(4−2ϵ)

(
ξaPa + ξbPb −

N∑
i=1

pi

)
, (5.1)

where pi, i = 1, . . . , N are the momenta of outgoing particles and mi are their corresponding masses.
We have also included the dξi/ξi, i = a, b factors from the expression of the collinear factorization of the
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differential cross section in Eq.(2.29).
Substituting identity in the form of

d4−2ϵk

(2π)4−2ϵ
(2π)δ(k2 −m2)θ(k0)δ(4−2ϵ)

(
k −

M∑
i=1

pi

)
(2π)4−2ϵ dm

2

2π
= 1, (5.2)

yields the following expression of Eq. 5.1 as a product of two decay spaces:

dϕN =
dξa
ξa

dξb
ξb

N−M∏
i=1

[
d4−2ϵpi
(2π)4−2ϵ

(2π)δ(p2i −m2
i )θ(p0i )

]

× d4−2ϵk

(2π)4−2ϵ
(2π)δ(k2 −m2)θ(k0)(2π)4−2ϵδ(4−2ϵ)

(
ξaPa + ξbPb −

N−M∑
i=1

pi − k
)

×
N∏

i=N−M+1

[
d4−2ϵpi
(2π)4−2ϵ

(2π)δ(p2i −m2
i )θ(p0i )

]
(2π)4−2ϵδ(4−2ϵ)

(
k −

N∑
i=N−M+1

pi

)dm2

2π
, (5.3)

where k momentum is taken as a sum of the momenta of M particles, which decay separately in the
second phase space, described in the last line of Eq.(5.3).
Additionally, refer to Fig.5.2 for a schematic representation of the phase space factorization. The formulas
in the red and blue boxes correspond to the phase spaces associated with the diagrams shown in these
respective boxes.

Phase space of the decay into 4 particles

Figure 5.3: An illustration of the factorization of the phase space of the decay into 4 particles

In our case, we focus on the decay into four particles (papb → V k1k2 → q1q2k1k2, where q1q2 correspond
to the momenta of the final leptons and k1k2 correspond to the momenta of two particles that are left
after the production of the vector boson, that is two quarks, two gluons or a quark and a gluon), which
we decompose as a product of two decay spaces, each into two particles:

dϕ4 =
dξa
ξa

dξb
ξb

4∏
i=1

[
d4−2ϵpi
(2π)4−2ϵ

(2π)δ(p2i −m2
i )θ(p0i )

]
(2π)4−2ϵδ(4−2ϵ)

(
ξaPa + ξbPb −

4∑
i=1

pi

)
, (5.4)

where we now substitute two resolutions of the identity:

1 =
d4−2ϵk

(2π)4−2ϵ
(2π)δ(k2 −m2

k)θ(k0)δ(4−2ϵ)(k − k1 − k2)(2π)4−2ϵ dm
2
k

2π
, (5.5)

1 =
d4−2ϵq

(2π)4−2ϵ
(2π)δ(q2 −m2

q)θ(q0)δ(4−2ϵ)(q − q1 − q2)(2π)4−2ϵ
dm2

q

2π
. (5.6)
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So that the decomposition is:

dϕ4 =
dξa
ξa

dξb
ξb

[
d4−2ϵq

(2π)4−2ϵ
(2π)δ(q2 −m2

q)θ(q0)

] [
d4−2ϵk

(2π)4−2ϵ
(2π)δ(k2 −m2

k)θ(k0)

]
dm2

k

2π

dm2
q

2π

× (2π)4−2ϵδ(4−2ϵ)(ξaPa + ξbPb − k − q)

× d4−2ϵq1
(2π)4−2ϵ

d4−2ϵq2
(2π)4−2ϵ

(2π)2δ(q21 −m2
q1)δ(q22−m2

q2)θ(q01)θ(q02)(2π)4−2ϵδ(4−2ϵ)(q − q1 − q2)

× d4−2ϵk1
(2π)4−2ϵ

d4−2ϵk2
(2π)4−2ϵ

(2π)2δ(k21 −m2
k1

)δ(k22−m2
k2

)θ(k01)θ(k02)(2π)4−2ϵδ(4−2ϵ)(k − k1 − k2). (5.7)

Refer to Fig.5.3 for an illustration of the phase space factorization. The formulas inside the colored boxes
in Eq.(5.7) correspond to the phase spaces depicted in the diagrams in the figure.

Thus we can write:
dϕ4 = dϕ(papb→qk)dϕ(q→q1q2)dϕ(k→k1k2), (5.8)

where dϕ(papb→qk) is already derived the phase space of the decay 2 → 2 particles (see Eq.(4.73)),
dϕ(k→k1k2) is the 1 → 2 decay space of the hadronic radiation, and dϕ(q→q1q2) ≡ dϕL leptonic decay
phase space. The last one is left untouched, as it will be absorbed into the leptonic factor in Eq.(2.26).

Rewriting 1 → 2 phase space

Phase space of the 1 → 2 decay from Eq.(5.7) is:

dϕ(k→k1k2) =
d4−2ϵk1
(2π)4−2ϵ

d4−2ϵk2
(2π)4−2ϵ

(2π)2δ(k21 −m2
k1

)δ(k22 −m2
k2

)θ(k01)θ(k02)

× (2π)4−2ϵδ(4−2ϵ)(k − k1 − k2). (5.9)

Integrating over k2 and assuming that the masses of the final states are zero, i.e. that mk1 = mk2 = 0,
we get:

dϕ(k→k1k2) =
d4−2ϵk1
(2π)2−2ϵ

δ(k21)δ((k − k1)2)θ(k01)θ(k0 − k01)

=
dk01d|k⃗1||k⃗1|2−2ϵdΩ(3−2ϵ)

(2π)2−2ϵ
δ((k01)2 − |k⃗1|2)δ((k0)2 − 2k0k01 − 2k⃗ · k⃗1 + k21)θ(k01)θ(k0 − k01) (5.10)

where we can now use that dk01 =
d(k0

1)
2

2k0
1

and integrate the delta function over (k01)2, which together with

the θ(k01) substitutes k01 → |k⃗1|, to obtain:

dϕ(k→k1k2) =
d|k⃗1||k⃗1|2−2ϵ

2|k⃗1|
dΩ(3−2ϵ)

(2π)2−2ϵ
δ((k0)2 − 2k0|k⃗1| − 2k⃗ · k⃗1)θ(k0 − |k⃗1|) (5.11)

All the three phase factors are Lorentz invariant, so we can work with each in its own reference frame.
Therefore, going to the k rest frame, we have:

k = E(1, 0, 0, . . . 0)

k1 =
E

2
(1, . . . , sin θ1 sin θ2 cos θ3, sin θ1 cos θ2, cos θ1)

k2 =
E

2
(1, . . . ,− sin θ1 sin θ2 cos θ3,− sin θ1 cos θ2,− cos θ1).

We finally obtain:

dϕ(k→k1k2) =
1

2E
(E/2)1−2ϵ dΩ(3−2ϵ)

2(2π)2−2ϵ
=
dΩ(3−2ϵ)

(2π)2−2ϵ
22ϵ−3(k2)−ϵ, (5.12)

where the differential dΩ(3−2ϵ) represents integration over D − 2 = 2 − 2ϵ angles θ1, θ2, θ3, . . . and one
arbitrary azimuthal angle ϕ.
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5.2.2 Final cross section

As the final cross section, collecting all the expressions above, integrating and multiplying by a flux
factor, we then receive:

dσ̂
(n)
i,V V ′,ab = L(±)i,V V ′

∑
k∈X

∫
dϕpapb→qk

∫
dϕk→k1k2

|M(n)
papb→qk1k2,V V ′ |2i

2E2
cm

1

nanbNaNb
× sym.

= L(±)i,V V ′

∑
k∈X

∫
(4π)ϵ

(4π)2Γ(1 − ϵ)

(q2T )−ϵ

2E2
cm

dk−dk+dq−dq+dq2T
(k− + q−)(k+ + q+)

1

nanbNaNb

∫
dϕk→k1k2

2π
|M(n)

papb→qk1k2,V V ′ |2i × sym.

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea − k− − q−)θ(2Eb − k+ − q+), (5.13)

where na, nb and Na, Nb are the spins and color factors of the incoming particles respectively. sym is
the symmetry factor. |M(papb→qk1k2)|2i is the helicity matrix element squared, which in our case is equal
to contracting the hadronic tensor with relevant projectors.

5.2.3 Master integrals

In this subsection, we focus on integrating the squared matrix element over the variables k−1 , k
+
1 , k

−
2 , k

+
2 .

We will express these variables in terms of angular parameters defined in the rest frame of k = k1 + k2.
We will also present the relevant master integrals, which will be used to perform the integration over the
angles.

Angular dependencies in propagators

We proceed by expressing the variables k−1 , k
+
1 , k

−
2 , k

+
2 in terms of angles within the k rest frame frame.

kµ1 =

√
k−k+ − q2T

2
(1, . . . , cos θ3 sin θ2 sin θ1, cos θ2 sin θ1, cos θ1), (5.14a)

kµ2 =

√
k−k+ − q2T

2
(1, . . . ,− cos θ3 sin θ2 sin θ1,− cos θ2 sin θ1,− cos θ1). (5.14b)

Plus (minus) components of these momenta can be achieved by taking a product of k1 or k2 with
n = (1, 0, . . . , 0, 1)(n = (1, 0, . . . , 0,−1), which must be boosted from the lab frame to the k center of
mass frame.
Transformation from lab frame to the rest frame of k can be written in two steps:

1. Longitudinal boost along k rapidity yk in z-axis into the gluon frame.

t′ = t cosh yk − z sinh yk,

x′1 = x1,

. . . ,

x′D−3 = xD−3,

y′ = y,

z′ = −t cosh yk + z sinh yk,

where in lightcone coordinates cosh yk =
k− + k+

2
√
k−k+

and sinh yk =
k− − k+

2
√
k−k+

.

2. Transverse boost along k⃗T in y-axis into the rest frame of k.

t′′ = γt′ − βy′

x′′1 = x′1,

. . . ,

x′′D−3 = x′D−3,

y′′ = −βt′ + γy′

z′′ = z′,

where βγ =
kT√
k2

= −
qT√

k−k+ − q2T
and γ =

√
k2 + k2T√
k2

=

√
k−k+

k−k+ − q2T
.
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Therefore, n and n boosted to the k rest frame read:

nboosted =

(√
k−k+

k−k+ − q2T

√
k+

k−
, 0, . . . , 0,− qT√

k−k+ − q2T

√
k+

k−
,

√
k+

k−

)
, (5.15a)

nboosted =

(√
k−k+

k−k+ − q2T

√
k+

k−
, 0, . . . , 0,−

qT√
k−k+ − q2T

√
k+

k−
,−
√
k+

k−

)
. (5.15b)

Therefore, minus and plus components are as follows:

k−1 = k1 · nboosted =
k−

2

(
1 − qT√

k−k+
cos θ2 sin θ1 −

√
1 −

q2T
k−k+

cos θ1

)

k+1 = k1 · nboosted =
k+

2

(
1 − qT√

k−k+
cos θ2 sin θ1 +

√
1 −

q2T
k−k+

cos θ1

)

k−2 = k2 · nboosted =
k−

2

(
1 +

qT√
k−k+

cos θ2 sin θ1 +

√
1 −

q2T
k−k+

cos θ1

)

k+2 = k2 · nboosted =
k+

2

(
1 +

qT√
k−k+

cos θ2 sin θ1 −
√

1 −
q2T

k−k+
cos θ1

)
,

where one could notice that the lightcone components of k1 and k2 depend only on two angles θ1 and θ2.
Using previous expressions and our definition for pa = ξaEa(1, 0, . . . , 0, 1) and

pb = ξbEb(1, 0, . . . , 0,−1) we can achieve the following expressions for propagators1 written in terms of
k−, k+, qT , as well as their angles in k rest frame

(pa−k1)2 =−2ξaEak
+
1 =− (k− + q−)

2
k+

(
1− qT√

k−k+
cos θ2 sin θ1+

√
1 −

q2T
k−k+

cos θ1

)
, (5.16a)

(pa−k2)2 =−2ξaEak
+
2 =− (k− + q−)

2
k+

(
1+

qT√
k−k+

cos θ2 sin θ1−
√

1 −
q2T

k−k+
cos θ1

)
, (5.16b)

(pb−k1)2 =−2ξbEbk
−
1 =− (k+ + q+)

2
k−

(
1− qT√

k−k+
cos θ2 sin θ1−

√
1 −

q2T
k−k+

cos θ1

)
, (5.16c)

(pb−k2)2 =−2ξbEbk
−
2 =− (k+ + q+)

2
k−

(
1+

qT√
k−k+

cos θ2 sin θ1+

√
1 −

q2T
k−k+

cos θ1

)
, (5.16d)

(q + k1)2 = 4ξaEaξbEb − 2ξaEak
+
2 − 2ξbEbk

−
2 =

1

2
(2q−q+ + k−q+ + k+q−)

(
1− qT√

k−k+
2k−k+ + k−q+ + k+q−

2q−q+ + k−q+ + k+q−
cos θ2 sin θ1

+

√
1 −

q2T
k−k+

k+q− − k−q+

2q−q+ + k−q+ + k+q−
cos θ1

)
,

(5.16e)

(q + k2)2 = 4ξaEaξbEb − 2ξaEak
+
1 − 2ξbEbk

−
1 =

1

2
(2q−q+ + k−q+ + k+q−)

(
1+

qT√
k−k+

2k−k+ + k−q+ + k+q−

2q−q+ + k−q+ + k+q−
cos θ2 sin θ1

−
√

1 −
q2T

k−k+
k+q− − k−q+

2q−q+ + k−q+ + k+q−
cos θ1

)
,

(5.16f)

1In this and following sections we use ’propagator’ to call the combination of the two momenta [(pi ± kj)
2]n, i = a, b or

q, j = 1, 2, no matter if the power n is positive or negative, since either way we will have to integrate over this structure.
We also use ’propagator’ and ’denominator’ interchangeably, assuming that the power of the denominator in the squared
matrix element can be negative (which corresponds to propagator power being positive)
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(pa − k1)2 (pa − k2)2 (pb − k1)2 (pb − k2)2 (q + k1)2 (q + k2)2

(pa − k1)2
One den,
massless
(5.18)

Separable
Two den’s,

both massless
(5.22a)

Two den’s,
both massless

(5.22b)

Two den’s,
one massive

(5.23a)

Two den’s,
one massive

(5.23b)

(pa − k2)2 Separable
One den,
massless
(5.18)

Two den’s,
both massless

(5.22b)

Two den’s,
both massless

(5.22a)

Two den’s,
one massive

(5.23b)

Two den’s,
one massive

(5.23a)

(pb − k1)2
Two den’s,

both massless
(5.22a)

Two den’s,
both massless

(5.22b)

One den,
massless
(5.19)

Separable
Two den’s,
one massive

(5.23c)

Two den’s,
one massive

(5.23d)

(pb − k2)2
Two den’s,

both massless
(5.22b)

Two den’s,
both massless

(5.22a)
Separable

One den,
massless
(5.19)

Two den’s,
one massive

(5.23d)

Two den’s,
one massive

(5.23c)

(q + k1)2
Two den’s,
one massive

(5.23a)

Two den’s,
one massive

(5.23b)

Two den’s,
one massive

(5.23c)

Two den’s,
one massive

(5.23d)

One den,
massive
(5.20)

Separable

(q + k2)2
Two den’s,
one massive

(5.23b)

Two den’s,
one massive

(5.23a)

Two den’s,
one massive

(5.23d)

Two den’s,
one massive

(5.23c)
Separable

One den,
massive
(5.20)

Table 5.1: Possible combinations of propagators, number of unique denominators (den’s), their type and corre-
sponding master integrals.

where we have used that ξa and ξb are put to
k− + q−

2Ea
and

k+ + q+

2Eb
respectively by the delta function

in Eq.(4.69).
Propagators, such as (pa + pb)

2, are not included in this list, since they do not have an explicit
dependence on k1, k2 and therefore on the angles. These propagators are not of interest in this subsection.
However, certain propagators, such as (pa − k1)2, present specific challenges that will be addressed in
subsequent sections.

Possible functions of propagators and their integrals

In certain Feynman diagrams, the matrix element squared can involve up to four distinct propagators,
each appearing with different powers in both the numerator and denominator. This subsection outlines
the method for handling up to two distinct types of denominators. The procedure for reducing the
four denominators to two through partial fraction decomposition is described in detail in the following
subsection.

The primary challenge arises when dealing with two denominator propagators. Specifically, integrals
of the form (1−β1 cosϕ sin θ−β2 cos θ)−j1(1 +β1 cosϕ sin θ−β2 cos θ)−j2 for non-zero positive j1 and j2
are non-trivial to evaluate. To address this, we use the general solution for such integrals, as presented
in ref. [69]. All subsequent expressions for phase space master integrals in this work are drawn from
that paper and modified for our propagators.

Table 5.1 provides an overview of the combinations of six types of propagators, along with references
to the corresponding integrals and/or the methods for evaluating them.

No denominators

Terms with no dependence on the propagators would be integrated over the k → k1k2 phase space in
the following way:

C

∫
dϕk→k1k2

2π
= C

22ϵ−3

(2π)2−2ϵ

1

2π
(k+k− − q2T )−ϵΩ(3−2ϵ) = C

(4π)ϵ

(k+k− − q2T )ϵ
1

(4π)2
Γ(1 − ϵ)

Γ(2 − 2ϵ)
, (5.17)

where C is some function of pa, pb and q, but not of k1 or k2.

One denominator, massless

74



Label ’massless’ refers to the square of the pn, pm vectors, which are derived from the combination∫
dϕk→k1k2

2π

1

(den 1)j1(den 2)j2 . . . (den N)jN
=

∫
dϕk→k1k2

2π

1

(p1 · q)j1(p2 · q)j2 . . . (pN · q)jN
,

where qµ = (1, . . . , cosϕ sin θ, cos θ) and pµ1 . . . p
µ
N are fixed vectors in D dimensional space as introduced

in ref. [69]:

pµ1 = (1, 0D−2, β1),

pµ2 = (1, 0D−3, β2 sinχ
(1)
2 , β2 cosχ

(1)
2 ),

pµ3 = (1, 0D−4, β3 sinχ
(2)
3 sinχ

(1)
3 , β3 cosχ

(2)
3 sinχ

(1)
3 , β3 cosχ

(1)
3 ),

...

pµN = (1, 0D−1−N , βN

N−1∏
k=0

sinχ
(k)
N , βN cosχ

(N−1)
N

N−2∏
k=0

sinχ
(k)
N , . . . , βN cosχ

(2)
N sinχ

(1)
N , βN cosχ

(1)
N ).

As an illustrative example, see ∫
dϕk→k1k2

2π

1

[(pa − k1)2]
j1 [(pb − k1)2]

j2
,

here

[
(pa − k1)2

]j1
= −

[
(k− + q−)

2
k+

(
1 − qT√

k−k+
cosϕ sin θ +

√
1 −

q2T
k−k+

cos θ

)]j1

=

[
(k− + q−)

2
k+
]j1

(p2 · q)j1 ,

where pµ2 =
(

1, 0, . . . , 0,
qT√
k−k+

,

√
1 −

q2T
k−k+

)
. Finally, a simple calculation shows that p22 = 0. Similar

conclusions can be made for
[
(pb − k1)2

]j2
.

’Massless’ propagators include: (pa − k1), (pa − k2), (pb − k1) and (pb − k2):∫
dϕk→k1k2

2π

1

[(pa − k1)2]
j

=

∫
dϕk→k1k2

2π

1

[(pa − k2)2]
j

=

(−1)j
(4π)ϵ

(k+k− − q2T )ϵ
[
k+(k− + q−)

]−j 1

(4π)2
Γ(1 − j − ϵ)

Γ(2 − j − 2ϵ)
. (5.18)

∫
dϕk→k1k2

2π

1

[(pb − k1)2]
j

=

∫
dϕk→k1k2

2π

1

[(pb − k2)2]
j

=

(−1)j
(4π)ϵ

(k+k− − q2T )ϵ
[
k−(k+ + q+)

]−j 1

(4π)2
Γ(1 − j − ϵ)

Γ(2 − j − 2ϵ)
. (5.19)

One denominator, massive

Similar to the massless case, ’massive’ denominators are defined as ones in which vector pµn has a non-zero
square. These propagators are: (q + k1)2 and (q + k2)2:

∫
dϕk→k1k2

2π

1

[(q + k1)2]
j

=

∫
dϕk→k1k2

2π

1

[(q + k2)2]
j

=

(−1)j
(4π)ϵ

(k+k− − q2T )ϵ

[
(k+ + q+)q2T

k+
− q+(k− + q−)

]−j
1

(4π)2
Γ(1 − ϵ)

Γ(2 − 2ϵ)

× 2F1

(
j

2
,
j + 1

2
;

3

2
− ϵ; 1 −

(k− + q−) (k+ + q+)
(
q−q+ − q2T

)
(k−q+ + q− (k+ + 2q+))

2

)
, (5.20)
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where 2F1 (a, b; c; z) is an ordinary hypergeometric function, which is defined as power series for |z| < 1:

2F1 (a, b; c; z) =

∞∑
n=0

(a)n(b)n
(c)n

zn

n!
,

where (a)n is a Pochhammer symbol, also known as a rising factorial:

(a)n =

{
1, n = 0

a(a+ 1)(a+ 2) . . . (a+ n− 1), n > 0.

Separable

Cases labeled ’separable’ can be separated into terms with one denominator. For example, for j1 =
1, j2 = 1:

1

(pa − k1)2(pa − k2)2
=

1

(pa − k)2

(
1

(pa − k1)2
+

1

(pa − k2)2

)
. (5.21)

It is possible to reach similar conclusion for j1, j2 > 1 by applying separation procedure recursively. For
example:

1

(pa − k1)2 [(pb − k2)2]
2 =

1

(pa − k)2

(
1

(pa − k1)2
+

1

(pa − k2)2

)
1

(pb − k2)2

=
1

[(pa − k)2]
2

(
1

(pa − k1)2
+

1

(pa − k2)2

)
+

1

(pa − k)2
1

[(pa − k2)2]
2 .

Two denominators, both massless

Full master integrals for two ’massless’ denominators are thus:∫
dϕk→k1k2

2π

1

[(pa − k1)2]
j1 [(pb − k1)2]

j2
=

∫
dϕk→k1k2

2π

1

[(pa − k2)2]
j1 [(pb − k2)2]

j2
=

(−1)j1+j2
(4π)ϵ

(k+k− − q2T )ϵ
[
k+(k− + q−)

]−j1 [
k−(k+ + q+)

]−j2

× 1

(4π)2
Γ(1 − j1 − ϵ)Γ(1 − j2 − ϵ)

Γ(1 − ϵ)Γ(2 − j1 − j2 − 2ϵ)
2F1

(
j1, j2; 1 − ϵ;

q2T
k−k+

)
. (5.22a)

∫
dϕk→k1k2

2π

1

[(pa − k1)2]
j1 [(pb − k2)2]

j2
=

∫
dϕk→k1k2

2π

1

[(pa − k2)2]
j1 [(pb − k1)2]

j2
=

(−1)j1+j2
(4π)ϵ

(k+k− − q2T )ϵ
[
k+(k− + q−)

]−j1 [
k−(k+ + q+)

]−j2

× 1

(4π)2
Γ(1 − j1 − ϵ)Γ(1 − j2 − ϵ)

Γ(1 − ϵ)Γ(2 − j1 − j2 − 2ϵ)
2F1

(
j1, j2; 1 − ϵ; 1 − q2T

k−k+

)
,

(5.22b)

where j1 and j2 can be any integer number, both positive and negative.

Two denominators, one massive:

The master integrals for massive cases include Appell functions of the first kind F1(a, b1, b2; c; z1, z2).
These function are defined for |x| < 1, |y| < 1:

F1(a, b1, b2; c; z1, z2) =

∞∑
m,n=0

(a)m+n(b1)m(b2)n
(c)m+nm!n!

zm1 z
n
2 .
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Relevant master integrals are thus:∫
dϕk→k1k2

2π

1

[(q + k1)2]
j1 [(pa − k1)2]

j2
=

∫
dϕk→k1k2

2π

1

[(q + k2)2]
j1 [(pa − k2)2]

j2
=

(−1)j1+j2
(4π)ϵ

(k+k− − q2T )ϵ

[
(k+ + q+)q2T

k+
− q+(k− + q−)

]−j1 [
k+(k− + q−)

]−j2 1

(4π)2
Γ(1 − j2 − ϵ)

Γ(2 − j2 − 2ϵ)

× F1

(
j1, 1 − j2 − ϵ, 1 − j2 − ϵ, 2 − j2 − 2ϵ,

1 −
k+
(√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2k+q+ (k− + q−) − 2 (k+ + q+) q2T

1 −
k+
(
−
√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2k+q+ (k− + q−) − 2 (k+ + q+) q2T

)
.

(5.23a)

∫
dϕk→k1k2

2π

1

[(q + k1)2]
j1 [(pa − k2)2]

j2
=

∫
dϕk→k1k2

2π

1

[(q + k2)2]
j1 [(pa − k1)2]

j2
=

(−1)j1+j2
(4π)ϵ

(k+k− − q2T )ϵ

[
− (k+ + q+)(k+q− + q2T )

k+

]−j1 [
k+(k− + q−)

]−j2 1

(4π)2
Γ(1 − j2 − ϵ)

Γ(2 − j2 − 2ϵ)

× F1

(
j1, 1 − j2 − ϵ, 1 − j2 − ϵ, 2 − j2 − 2ϵ,

1 −
k+
(√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2 (k+ + q+) (k+q− + q2T )

1 −
k+
(
−
√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2 (k+ + q+) (k+q− + q2T )

)
.

(5.23b)

∫
dϕk→k1k2

2π

1

[(q + k1)2]
j1 [(pb − k1)2]

j2
=

∫
dϕk→k1k2

2π

1

[(q + k2)2]
j1 [(pb − k2)2]

j2
=

(−1)j1+j2
(4π)ϵ

(k+k− − q2T )ϵ

[
(k− + q−)q2T

k−
− q−(k+ + q+)

]−j1 [
k−(k+ + q+)

]−j2 1

(4π)2
Γ(1 − j2 − ϵ)

Γ(2 − j2 − 2ϵ)

× F1

(
j1, 1 − j2 − ϵ, 1 − j2 − ϵ, 2 − j2 − 2ϵ,

1 −
k−
(√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2k−q− (k+ + q+) − 2 (k− + q−) q2T

1 −
k−
(
−
√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2k−q− (k+ + q+) − 2 (k− + q−) q2T

)
.

(5.23c)
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∫
dϕk→k1k2

2π

1

[(q + k1)2]
j1 [(pb − k2)2]

j2
=

∫
dϕk→k1k2

2π

1

[(q + k2)2]
j1 [(pb − k1)2]

j2
=

(−1)j1+j2
(4π)ϵ

(k+k− − q2T )ϵ

[
− (k− + q−)(k−q+ + q2T )

k−

]−j1 [
k−(k+ + q+)

]−j2 1

(4π)2
Γ(1 − j2 − ϵ)

Γ(2 − j2 − 2ϵ)

× F1

(
j1, 1 − j2 − ϵ, 1 − j2 − ϵ, 2 − j2 − 2ϵ,

1 −
k−
(√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2 (k− + q−) (k−q+ + q2T )

1 −
k−
(
−
√

4 (k− + q−) (k+ + q+) q2T + (k+q− − k−q+) 2 + k−q+ + q− (k+ + 2q+)
)

2 (k− + q−) (k−q+ + q2T )

)
.

(5.23d)

Levi-Civita terms

Some of the integrants have terms proportional to ϵµναβk1µk2νpaαpbβ ≡ ϵk1k2papb , which create some
trouble during angular integration.
In this subsection we will explain how we deal with these terms and why they do not play a role in our
computation.

Physical reasoning:

As discussed in the previous subsection, in the k rest frame, the momenta kµ1 and kµ2 depend on D − 2
angular variables: θ1, θ2, . . . , θD−2 (see Eqs. (5.14a) and (5.14b)). The momenta pµa and pµb can be
boosted into the k rest frame, taking the same form as nboosted in Eq.(5.15a) and nboosted in Eq.(5.15b),
respectively.

As shown in Eqs. (5.15a) and (5.15b), both vectors have at most two non-zero spatial components.
As a result, their contractions with k1 and k2 lead to a final expression that depends only on two angles:
θ1 and θ2. This is the case that we see in the propagators in Eq.(5.16a)-(5.16f).

However, the Levi-Civita tensor ϵµνρσpaνpbρk1σ resides in the space orthogonal to both pa and pb.
As a result, it must include a non-zero third component, which, when contracted with k2µ, introduces a
new angular variable, denoted as θ3 in the cos θ3.

Although θ3 appears in the system, its contribution vanishes upon integration over this angle:∫ ∫
f(θ1, θ2)

∫ π

0

dθ3 cos θ3 sin−1−2ϵ θ3 = 0. (5.24)

This means that the contribution from the angle θ3 does not affect the final result. Since the only
object where the dependence on θ3 can appear in is the Levi-Civita tensor, its contribution would lead
to zero result.

Computation for four dimensions:

The contraction of the Levi-Civita symbol with four-momenta can be expressed as the determinant of
the momenta components:

ϵµναβk1µk2νpaαpbβ = det


k
(0)
1 k

(1)
1 k

(2)
1 k

(3)
1

k
(0)
2 k

(1)
2 k

(2)
2 k

(3)
2

p
(0)
a p

(1)
a p

(2)
a p

(3)
a

p
(0)
b p

(1)
b p

(2)
b p

(3)
b

 =
1

2
(k− + q−)(k+ + q+)(k

(2)
1 k

(1)
2 − k

(1)
1 k

(2)
2 ),

(5.25)

where the last step uses the definitions of the 0th and 3rd components of k1, k2, pa, and pb provided
earlier.

The 1st and 2nd components of k1 and k2 can be obtained by boosting k1 and k2 in the rest frame
of k along the directions corresponding to the vectors (0, 1, 0, 0) and (0, 0, 1, 0), respectively.
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Using the transformations defined in subsection 5.2.3, the boosted vectors take the following form:

(0, 1, 0, 0)boosted = (0, 1, 0, 0),

(0, 0, 1, 0)boosted =

(
qT√

k−k+ − q2T
, 0,

√
k−k+

k−k+ − q2T
, 0

)
.

Thus, the 1st and 2nd components of k1 and k2 are:

k
(1)
1 =

√
k−k+ − q2T

2
sinϕ sin θ,

k
(2)
1 =

1

2

(
qT + cosϕ sin θ

√
k−k+

)
,

k
(1)
2 =

√
k−k+ − q2T

2
(− sinϕ sin θ),

k
(2)
2 =

1

2

(
qT − cosϕ sin θ

√
k−k+

)
.

Thus, the contraction of the Levi-Civita tensor becomes:

ϵk1k2papb =
1

2
qT

√
k−k+ − q2T sinϕ sin θ.

Since sinϕ only appears in the Levi-Civita contraction and is an odd function, its integration over the
angular range results in zero: ∫ π

0

dθ

∫ 2π

0

dϕ sinϕf(sin θ, cosϕ, cos θ) = 0.

As a consequence, any contributions from terms proportional to ϵk1k2papb vanish after integration, leading
these terms to not appear in the final expression.

5.2.4 Partial fraction decomposition

From the Feynman rules, we observe that the matrix element squared can contain up to four unique
denominators. We have previously described the method for performing angular integration in cases with
up to two denominators. Here, we will briefly outline the process of simplifying the initial expression,
reducing it to terms that contain no more than two unique denominators.

In general, a fraction that has m variables {xi}, x1 = 1 and is factorised into a product of n terms
(denominators) can be partial fraction decomposed in the following way:

1
n∏

k=1

(
m∑
i=1

Mkixi

) =

n∑
j=1

cj
n∏

k=1
k ̸=j

(
m∑
i=1

Mkixi

) , (5.26)

where
n∑

j=1

m∑
i=1

cjMjixi = 1. Using the fact that all variables {xi} are independent with respect to each

other, it is possible to find values for the coefficients:
n∑

j=1

cjMji = δmi.

The system of equations for this would look like:
c1M11 + c2M21 + · · · + cnMn1 = 0,

c1M12 + c2M22 + · · · + cnMn2 = 0,

...

c1M1m + c2M2m + · · · + cnMnn = 1.

(5.27)

Returning to propagators, it is useful to parameterize our angular dependence in the propagators
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using independent variables x and y:

(pa − k1)2 = − (k− + q−)

2
k+ (1 − x) , (5.28a)

(pa − k2)2 = − (k− + q−)

2
k+ (1 + x) , (5.28b)

(pb − k1)2 = − (k+ + q+)

2
k− (1 − y) , (5.28c)

(pb − k2)2 = − (k+ + q+)

2
k− (1 + y) , (5.28d)

(q + k1)2 =
1

2

(
k+q− + k−q+ + 2q−q+ − k+x(k− + q−) − k−y(k+ + q+)

)
, (5.28e)

(q + k2)2 =
1

2

(
k+q− + k−q+ + 2q−q+ + k+x(k− + q−) + k−y(k+ + q+)

)
, (5.28f)

where we have written

x =
qT√
k−k+

cos θ2 sin θ1 −
√

1 −
q2T

k−k+
cos θ1,

y =
qT√
k−k+

cos θ2 sin θ1 +

√
1 −

q2T
k−k+

cos θ1.

We can now apply Eq.(5.26) to perform partial fraction decomposition on the combination of four
denominators, reducing it to a sum of four terms, each with three denominators. By repeating this
procedure, we obtain 12 terms, each with two denominators, which can then be integrated using master
integrals.
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5.3 PDF renormalization for double-real term

After computing the matrix elements squared, integrating them using master integrals and finally mul-
tiplying the results by the appropriate phase space measure given in Eq. (5.13), we get the integrated
contribution from the double-real processes at NNLO. However, these terms contain leftover infrared
divergences, which must be canceled in order to obtain a finite physical cross section.

To cancel these IR poles, we apply the PDF renormalization procedure according to the general

prescription given by the master formula in Eq. (2.40). Here, the bare NNLO cross section σ
bare (2)
i, ab

corresponds to our integrated and phase-space-weighted RR result for a helicity configuration i and

incoming partons a and b, while the bare NLO cross section σ
bare (1)
i, ab represents the single-real contribution

that enters the convolution with the DGLAP splitting functions Pij . Specifically, the relevant single-real
helicity cross sections are obtained by integrating the NLO matrix elements over the 2 → 2 final-state
phase space, as defined in Eq. (4.74). The not yet integrated structure functions for the qg → V q and
qq̄ → V g channels are given in Eqs. (4.55a) and (4.56a), respectively. The necessary splitting functions
used for PDF renormalization appear in Appendix D.

As an illustration of the PDF renormalization procedure, we focus on the qq → V qq channel. This
case is particularly simple in the context of PDF counterterms, as it involves the fewest single-real
subtraction terms.

The renormalized second-order partonic cross section for this channel is given by:

σ̂
(2)
i,qq(pa, pb, q) = σ̂

bare (2)
i,qq (pa, pb, q)+

1

ϵ

P
(0)
gq (z∗a)

∆∗
a

σ̄
bare (1)
i,gq (z∗apa, pb, q) +

1

ϵ

P
(0)
qq (z∗a)

∆∗
a

σ̄
bare (1)
i,qq (z∗apa, pb, q)

+
1

ϵ

P
(0)
gq (z∗b )

∆∗
b

σ̄
bare (1)
i,qg (pa, z

∗
b pb, q) +

1

ϵ

P
(0)
qq (z∗b )

∆∗
b

σ̄
bare (1)
i,qq (pa, z

∗
b pb, q),

(5.29)

where the functions P
(0)
ij (z) are the leading-order DGLAP splitting kernels, and ∆∗

a,b are the correspond-
ing Jacobians from the collinear phase space mappings.

In this particular channel, the counterterms involving σ̄
bare (1)
i,qq vanish, since there is no single-real

process with two incoming quarks that produces a final state with only one additional parton. Therefore,
only the qg and gq channels contribute nontrivially to the subtraction.

With the vanishing σ̄
(1)
i,qq terms removed, the renormalized qq → V qq cross section simplifies to

σ̂
(2)
i,qq(pa, pb, q) = σ̂

bare (2)
i,qq (pa, pb, q)+

1

ϵ

P
(0)
gq (z∗a)

∆∗
a

σ̄
bare (1)
i,gq (z∗apa, pb, q) +

1

ϵ

P
(0)
gq (z∗b )

∆∗
b

σ̄
bare (1)
i,qg (pa, z

∗
b pb, q),

(5.30)

where to help visualize the structure of these terms, we use colors to separate the two main components
of each counterterm both in the Eq. (5.30) and in the figure above Eq. (5.30):

• In red we show the splitting function factors P
(0)
gq (z), which arise from PDF renormalization and

represent the collinear emission probabilities for partons inside the proton.

• In blue we highlight the single-real matrix elements, σ̄
(1)
i,gq and σ̄

(1)
i,qg, evaluated with rescaled mo-

menta due to initial-state parton momentum fraction shifts z∗a,b.

So each term in the subtraction corresponds to the convolution of a splitting function with a lower-order
partonic cross section, capturing the collinear structure that must be absorbed into the PDFs to ensure
that the physical cross section is IR finite.
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As a specific example, consider the helicity channel i = 0. The terms entering the counterterms are:

1

ϵ

P
(0)
gq (z∗a)

∆∗
a

1

2E2
cm

L+(q2)
(

dϕgq→V q⟨
∣∣M(1),R

gq→Zq

∣∣2
0
⟩(z∗apa, pb, q)

)
︸ ︷︷ ︸

σ̄
(1)
i,gq

,

1

ϵ

P
(0)
gq (z∗b )

∆∗
b

1

2E2
cm

L+(q2)
(

dϕqg→V q⟨
∣∣M(1),R

qg→Zq

∣∣2
0
⟩(pa, z∗b pb, q)

)
︸ ︷︷ ︸

σ̄
(1)
i,qg

.

The corresponding helicity matrix elements squared for the single-real processes in D = 4 dimensions2

are given below. These expressions are rescaled by the momentum fractions z∗a and z∗b , and the kinematics
is expressed in terms of massive Mandelstam variables as defined in Chapter 4.4:∣∣M(1),R

gq→Zq

∣∣2
0
(z∗apa, pb, q)

D=4
= CACF g

2
sg

2
Z(a2f + v2f )

×
−z∗a(Q2 − u)

(
t(3s+ 2u) + (2s+ u)2

)
+ sz∗ 2

a (Q2 + s)2 − 2t(Q2 − u)2

z∗as(Q
2 − u)(Q2 − t)

(5.31)

∣∣M(1),R
qg→Zq

∣∣2
0
(pa, z

∗
b pb, q)

D=4
= CACF g

2
sg

2
Z(a2f + v2f ))

×
−z∗b (Q2 − t)

(
u(3s+ 2t) + (2s+ t)2

)
+ sz∗ 2

b (Q2 + s)2 − 2u(Q2 − t)2

sz∗b (Q2 − u)(Q2 − t)
(5.32)

The relevant phase space factor, which here includes the averaging over the spins and color, is taken
from Eq. (4.73)3:

dϕqg→V q = dϕgq→V q =
dk−dk+dq−dq+dq2T

(4π)2sz∗a

1

4CA (C2
A − 1)

× θ(q−)θ(q+)θ(k−)θ(k+)θ(2Ea−k−−q−)θ(2Eb−k+−q+), (5.33)

where z∗a should be replaced by z∗b for the corresponding counterterm.
The leading-order splitting function entering the PDF renormalization is:

P (0)
gq (za) =

2CF

(
(1 − za)2 + 1

)
za

. (5.34)

Finally, the momentum fractions and their corresponding Jacobians in terms of massive Mandelstam
variables are:

z∗a =
s2 + u

u
, z∗a =

s2 + t

t
, (5.35)

∆∗
a = −u, ∆∗

b = −t. (5.36)

Taken together, these components form the full set of counterterms, which precisely cancel the infrared
poles in the i = 0 component of the RR qq → V qq cross section. The same cancellation mechanism holds
for all other helicities and all the RR channels as well, ensuring the infrared finiteness of the renormalized
result, as can be seen in Figure 5.4.

2For the cancellation of IR poles it is sufficient to evaluate the NLO structure functions at D = 4. However, to ensure
full consistency, including effects from the γ5 prescription, the O(ϵ) terms should be retained in the complete calculation.

3Note that the counterterm here corresponds to not only the partonic cross section σ̂, due to the inclusion of the PDF
convolution measure in the phase space. However, the difference is only in normalization, so either form can be used as
long as consistency is maintained – and we have used the same phase space expression for all the R, RV and RR, so that
it is consistent.
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Figure 5.4: Cancellation of infrared poles in the double-real contribution across helicity channels i =
−1, 0, 1, 2, 3, 4 for qq → V qq channel. The blue curve shows the bare RR cross section σ̂

bare (2)
i as a func-

tion of the dimensional regulator ϵ, while the red curve represents the corresponding counterterm contribution
from PDF renormalization. The green dashed line indicates the finite renormalized result σ̂

(2)
i , obtained af-

ter subtraction. The rapid drop of the red and blue curves and their near-perfect overlap confirm that the
counterterms cancel the IR poles precisely, leaving a finite remainder in the ϵ → 0 limit. Plots done for
µ = Q = mZ , qT = 10 GeV, yZ = 0, yk = 2, k2 = 100 GeV, dΦ5 = dk+dk−dq+dq−dq2T and without lep-
tonic prefactors.

5.4 γ5 scheme for double-real terms

Since we work with dimensional regularization for the RR terms, we also need to specify the γ5 scheme
used in the calculation.

Choosing a consistent and well-defined scheme is important, since certain structure functions – par-
ticularly those proportional to vfaf , such as W3 and W4 – are directly affected by the definition of γ5

starting at order O(α2
s). These structure functions are among the main new results of this work, as they

had not been computed analytically before, therefore having a consistent treatment of γ5 is as crucial as
it can get.

In general, any self-consistent γ5 scheme can introduce scheme-dependent counterterms into the bare
cross sections, both at LO2:

σ̂
bare,(2)
i,X (pa, pb, q)=


1

ϵ

[
c1(pa, pb, q)·(v2f + a2f )

]
+ c2(pa, pb, q)·(v2f + a2f ) + cX(pa, pb, q)·a2f , i ∈ {−1, 0, 1, 2},

1

ϵ
[d1(pa, pb, q)·afvf ] + d2(pa, pb, q)·afvf + dX(pa, pb, q)·afvf , i ∈ {3, 4},

(5.37)

and at LO1:

σ̂
(1)
i,X(pa, pb, q) =

{
c′1(pa, pb, q) · (v2f + a2f ) + ϵ c′X(pa, pb, q) · a2f , i ∈ {−1, 0, 1, 2},
d′1(pa, pb, q) · afvf + ϵ d′X(pa, pb, q) · afvf , i ∈ {3, 4}.

(5.38)

Here, σ̂i,X denotes the partonic helicity cross section computed in some specific γ5 scheme ”X”. The
coefficients c1, c2, d1, d2, etc., are general functions of the external momenta. The scheme dependence
enters at subleading order in ϵ, affecting the finite part of the RR cross section through additional cX
and dX contributions and the O(ϵ) R cross section through c′X and d′X terms.

Note that these counterterms are different than the ones we introduced through PDF renormalization.
These ones are inherent to the γ5 scheme and are related to the modifications of the axial current in it.
In general, the counterterms cX and dX should be included in the explicit computation of the bare cross
section. However, as could be seen below, for the RR terms, their precise form is irrelevant, as these
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axial-current-related terms cancel between the RR and R contributions during PDF renormalization,
therefore only a consistent γ5 scheme is required. The only place where they could have a physical effect
is in the RV terms. But since we use spinor-helicity results from the literature, which have to already
include these counterterms implicitly, we do not need to track them explicitly.

In this project, we examined several different γ5 schemes for the RR contributions, each with its own
set of advantages and limitations.
Our first approach was to use the naive anticommutation (NAC) scheme:

1. We assume that γ5 anticommutes with all other gamma matrices. Consequently, all Dirac traces
containing an even number of γ5 factors can be rewritten as traces involving only standard gamma
matrices:

Tr[γµ1γµ2γ5γµ3 . . . γµ2nγ5] → Tr[γµ1γµ2γµ3 . . . γµ2n ].

2. The traces with a single γ5 and odd number of other gamma matrices are set to zero.

3. The problematic cases are traces with a single γ5 and an even number of other gamma matrices.
Using the anticommutation relation, such traces can always be rewritten as a string of gamma
matrices with a single γ5 at the end of the trace. Finally, we replace the γ5 using the Levi-Civita
definition:

γ5 = − i

4!
ϵabcdγaγbγcγd. (5.39)

In processes where the hadronic tensor contains only a single fermion trace involving γ5 – such as in
qq̄ → Zqq̄ S-channel or T-channel diagrams with Q2

u – this scheme preserves the expected coupling
structure, since the vector boson couples to only one fermion line. However, complications arise in
processes with two separate fermion lines contributing γ5 traces, such as the T-channel qq̄ → Zqq̄
diagrams with QuQd couplings. In such cases, it is not immediately clear why this scheme should still
reproduce the correct coupling structure proportional to vuvd + auad. Here we refer to the discussion
in ref. [23], which treats RR processes including the T-channel interference. There it is argued that for
certain fully finite RR diagrams (i.e. the ones that do not require PDF renormalization, so the T-channel
interference), the final result is independent of the γ5 prescription, as long as the result preserves the
coupling structure. We observe that the NAC scheme preserves this structure. This implies that

cNAC(pa, pb, q) = c′NAC(pa, pb, q) = 0.

While simple, this scheme is ultimately problematic, as it ignores subtle issues with the (anti)commutation
of γ5 under dimensional regularization. For example, in the computation of RR structure functions W5

and W6 (∼ vfaf ) – which should vanish after phase space integration, we found that the squared ma-
trix elements contain explicit ϵ-dependent terms. In diagrams like the T-channel qq̄ → Zqq̄ with Q2

u

couplings, these ϵ terms can combine with 1/ϵ poles from master integrals, resulting in spurious finite
contributions, which are not canceled even after the PDF renormalization, since NAC scheme produces
d′NAC = 0 in single-real cross section. Therefore and moreover, this scheme lacks a principled way to
predict the scheme-dependent terms dNAC that appear in the vfaf -type structure functions. As such,
its use in there structure functions beyond leading-order in ϵ is not well-justified.

Next, we turn to the Larin γ5 scheme [70], which we adopt in our current analysis. In this scheme, γ5

does not anticommute with the other Dirac matrices. Instead, any occurrences of γµγ
5 in the axial-vector

currents, before they even appear in traces, are replaced by

γµγ
5 =

i

6
ϵµνρσγ

νγργσ. (5.40)

Note that this scheme computationally is much more time consuming, as it increases the amount Dirac
gamma matrices in the traces.

Importantly, this scheme leads to explicit non-zero values for the scheme-dependent terms cL, c
′
L, and

potentially also for dL, d
′
L. However, both sets of terms in RR and R originate from the same the modified

treatment of axial currents and as a result, they cancel once inserted into the PDF renormalization master
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formula:

σ̂
(2)
i,L(pa, pb, q) = σ̂

bare, (2)
i,L (pa, pb, q) +

1

ϵ
P ⊗ σ̂

(1)
i,L(pa, pb, q),

σ̂
(2)
i,L(pa, pb, q) =

[
1

ϵ

(
c1(pa, pb, q) · (v2f + a2f )

)
+ c2(pa, pb, q)(v

2
f + a2f ) + cL(pa, pb, q) · a2f

]
−
[

1

ϵ
P ⊗

((
c′1(pa, pb, q) · (v2f + a2f )

)
+ ϵc′L(pa, pb, q) · a2f

)]
,

⇒ 1

ϵ
c1(pa, pb, q) −

1

ϵ
P ⊗ c′1(pa, pb, q) = 0

⇒ cL(pa, pb, q) −
1

ϵ
P ⊗ ϵc′L(pa, pb, q) = 0,

Since the combinations of cL and c′L cancel, this scheme reproduces the same results as the naive anti-
commutation scheme for the structure functions proportional to v2f + a2f . In the NAC, the correctness
of these terms is ensured axiomatically by construction, so this agreement provides a strong consistency
check for the Larin.
As an example of the LO1

∣∣M(1),R
qg→Zq

∣∣2
0

contributions in D dimensions computed throught the Larin
scheme see the following expression:∣∣M(1),R

qg→Zq

∣∣2
0
(s, t, u,Q2) = −gLO1,D(v2f + a2f )u

(Q2 + s)2 + (Q2 − t)2

s(Q2 − u)(Q2 − t)
+

+ ϵ · gLO1,D

[
a2f

(
u−Q2

)(
u
(
6s2 − 7st− t2

)
+ 2s

(
s2 − 4st+ t2

)
+ 4u2(2s+ t) + 4u3

)
3st (Q2 − t) (Q2 − u)

+ a2f

3u
((
Q2 + s

)2
+
(
Q2 − t

)2)
s (Q2 − t) (Q2 − u)

+ v2f
u
(
Q2 − u

)
s(Q2 − t)

]
+ O(α2

s),

(5.41)

where gLO1,D = 2CACF g
2
s(µ) g2Z . Of course since we have only singular poles in the PDF renomalization

master formula, we do not require to know the ϵ2, ϵ3, and ϵ4 terms in the D-dimensional LO1.

Moreover, the Larin scheme correctly produces vanishing results for the W5 and W6 structure func-
tions, implying that dL − d′L = 0 for i = 5, 6. However, we currently lack a full cross-check for the
remaining helicity cross sections. In particular, there is no axiomatic argument to confirm that the
combination dL − d′L produced for the vfaf terms is correct in all the cases. Still, the fact that the
Larin scheme agrees with NAC in the cases where the latter is expected to hold – i.e. in reproducing the
v2f + a2f structure functions after including PDF renormalization counterterms – provides a meaningful
partial check.

If we had access to an additional, independent scheme X that produced both

dL − d′L = dX − d′X and cL − c′L = cX − c′X,

we would then have stronger evidence that the Larin scheme gives the correct finite contributions and
can be used for all structure functions.

Finally, we briefly outline another (not yet implemented) γ5 scheme based on local, process-defined
reference vectors. The idea is motivated by the fact that Lorentz invariance is explicitly broken in fully
differential helicity cross sections by fixing external momenta pa, pb, and q. This allows us to define

γ5 = iγ0γ1γ2γ3 = i/t/x/y/z,

where {t, x, y, z} form a local orthonormal frame constructed from external momenta. A natural choice
is the Collins–Soper basis already used in our projector definitions. In this setup, axial currents reduce
to products of three gamma matrices, e.g., x · Ja ∼ i/t/y/z.
This definition can be applied consistently at both LO1 and LO2, as it depends only on external kine-
matics. Compared to the Larin scheme, it avoids explicit ϵµνρσ tensors and simplifies the Dirac algebra,
at the cost of introducing explicit dependence on the CS basis throughout the calculation.
If this prescription can be implemented through the LO2 master integrals and shown to produce fi-
nite, PDF-renormalized results matching those of Larin, it would provide a strong check of scheme-
independence.
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5.5 Obtaining the non-singular remainder terms

In the previous Chapter 4, we described the derivation of the second-order hard function using the
massless spinor-helicity formalism, which provides all the ingredients needed to compute the singular
part of the full Drell-Yan helicity cross sections. In the following Chapter 5, we covered the computation
of the fully renormalized set of real-real helicity cross sections. The final step in assembling the full cross
section is to extract the non-singular contribution from the RR results.

In this section, we describe the expected behavior of the full RR cross sections in the k2 → 0 limit
and explain how the non-singular part is isolated using the subtraction defined in Eq.(2.87):

σ̂non-sing
i,ab (pa, pb, q, k

2, µ) = σ̂full, RR
i,ab (pa, pb, q, k

2, µ) − σ̂sing
i ab (p̃a, p̃b, q, k

2, µ)
∣∣∣
k2>0

. (5.42)

The expected behavior of the RR cross section in the k2 → 0 limit is given by the singular factorization
formula in Eq.(2.86), evaluated at finite k2 > 0, as discussed in Section 2.6.4:

σ̂sing
i ab (p̃a, p̃b, q, µ)

∣∣∣
k2>0

=
1

2p̃−a p̃
+
b

∑
V V ′

L(±)i,V V ′

(αs(µ)

4π
H

(1)
i V V ′ ab(p̃a, p̃b, q)

(
S
(1)
ab (k2, yk) + J

(1)
j(ab)(k

2)
))∣∣∣

k2>0
.

(5.43)

In this expression the soft and jet functions at finite k2 could be obtained from Eq. (2.81), (2.82),(2.83)
and (2.84) by implementing the following rules:

δ(k2)
∣∣∣
k2>0

→ 0, and Ln(k2 > 0) =
lnn k2

k2
. (5.44)

We now go through the different partonic channels and write down their expected singular limits based
on SCET V + jet factorization.

We start with the channels that do not have a singular 1/k2 contribution in the k2 → 0 expansion,
namely, those without a corresponding single-real process in that limit. These are the gg → Zqq̄ and
qq → Zqq channels. In our results, we indeed find that these channels are free of 1/k2-type divergences,
meaning their full RR contribution is already non-singular:

σnon-sing
i, gg/qq = σfull, RR

i, gg/qq .

Next, we consider channels that do contain a singular piece, specifically, those with single-real counter-
parts at k2 → 0. For the ab = qq̄ case, which includes both qq̄ → Zgg and qq̄ → Zqq̄, the expected
small-k2 scaling is:

1

2E2
cm

L(±)i
αs(µ)

4π
H

(1)
i qq̄(p̃a, p̃b, q)

(
S
(1)
qq̄ (k2, yk) + J

(1)
g(qq̄)(k

2)
)∣∣∣

k2>0
,

where H
(1)
i, qq̄ is the first order hard function defined in Eq.(4.75), for which the squared matrix elements

are given in Eq.(4.56a). Soft and jet functions can be obtained from Eq.(2.82) and (2.84) by applying
the rules in Eq.(5.44).
For the inclusive helicity cross section in light-cone coordinates, the explicit form of this limit becomes:

g2Z
(
a2f + v2f

) 1

2E2
cm

αs(µ)2

4π2

CF

CA

1

k2
(q+)

2
(k− + q−)

2
+ (q−)

2
(k+ + q+)

2

24k−k+ (k− + q−)
2

(k+ + q+)
2

× (−12(CA − 4CF ) log
(
k2
)

+ 12(CA − 2CF ) log
(
k−k+

)
− 11CA − 48CF log(µ) + 4nfTF )

(5.45)

where we omit the leptonic prefactor, the phase space integration measure dk+ dk− dq+ dq− dq2T , and
the relevant theta functions for simplicity. Term proportional to nf will be corresponding to the k2 → 0
scaling of the qq̄ → Zqq̄ channel, while everything else comes from qq̄ → Zgg singular terms.
A similar analysis applies to the qg → Zqg channel:

1

2E2
cm

L(±)i
αs(µ)

4π
H

(1)
i qg(p̃a, p̃b, q)

(
S(1)
qg (k2, yk) + J

(1)
q(qg)(k

2)
)∣∣∣

k2>0
,
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Figure 5.5: Singular-non-singular comparison for the qq̄ → Zgg process, showing how the prediction from the
singular part of the RR helicity cross section approaches the full result in the k2 → 0 limit. The difference
between the full and singular contributions defines the non-singular term, which scales as O(1). Each panel
corresponds to a different rapidity cut yk = 0, 2, 5, with transverse momentum qT = 5 GeV and qT = 20 GeV.
Plots done for µ = Q = mZ , qT = 10 GeV, yZ = 0, dΦ5 = dk+dk−dq+dq−dq2T and without leptonic prefactors.

where H
(1)
i, qg is also defined in Eq.(4.75), and the corresponding squared matrix elements are given in

Eq.(4.55a).
Explicitly this expressions is:

g2Z
(
a2f + v2f

) 1

2E2
cm

αs(µ)2

4π2

CF

C2
A − 1

1

k2
(q+)

2
(k− + q−)

2
+ (k+ (k− + q−) + k− (k+ + q+))

2

8k− (k− + q−)
2

(k+ + q+)
3

×
(
4(2CA + CF ) log

(
k2
)
− 8(CA + CF ) log(µ) − 4CA log

(
k−k+

)
− 3CF

)
. (5.46)

The comparison between the full RR helicity cross sections and their expected small-k2 behavior
predicted from SCET is shown in Figure 5.5. As seen in the plots, the full cross section smoothly
approaches the singular prediction in the k2 → 0 limit, and the difference between them defines the
non-singular term, which scales as O(1) in k2.
The plots exhibit numerical instability at small values of k2 (around 10−5 GeV2). At this scale, the
difference between the full and singular contributions begins to misbehave due to numerical cancellations,
essentially, we’re subtracting two large, nearly equal numbers, which leads to a loss of precision.
Since the singular behaviour is known analytically, the sensible approach is to define the nonsingular
remainder by subtracting the SCET-predicted singular limit from the full renormalized cross section,
and to impose a lower cutoff at k2 = 10−5 GeV2 when performing numerical integration.
To estimate the numerical error introduced by this cutoff, we can compare the nonsingular and full
contributions to the partonic cross section at k2 = 10−5 GeV2. This gives a relative error estimate of
order 10−7 for σnon-sing/σfull, before convolution with PDFs. An alternative approach is to analytically
expand the full cross section in powers of k2, subtracting only the 1/k2 singular piece (which we verified
matches the SCET prediction).
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Chapter 6

Comparison with previous results in
the literature

In the previous chapters we have shown how we derive both the singular and non-singular pieces of the
full partonic cross section. Here we will discuss the main comparisons with literature that we did.

6.1 Cross-checks and Comparing with literature

To make sure our results are reliable, we carried out a number of internal consistency checks throughout
the calculation: these are checks within our own framework, comparing different methods for computing
the same quantity. Later in this chapter we also compare our results against known expressions in the
literature.
Internal cross-checks

• Spinor-Helicity vs. Feynman Rules for Single-Real Structure Functions

We independently computed the single-real structure functions using both spinor-helicity methods
and conventional Feynman rules in four dimensions. For each channel and all non-zero structure
functions, the results agree exactly.

• (numerical) Spinor-Helicity vs. Feynman Rules for Double-Real Structure Functions

For the double-real contribution, we performed a numerical comparison between the spinor-helicity
and conventional Feynman methods by evaluating squared matrix elements at selected phase space
points. This was done for all five partonic subprocesses. We checked not only the total squared
amplitude (summed over all diagrams in a given process), but also decomposed contributions from
individual kinematic channels – specifically T-channel, S-channel, and interference terms. In all
cases, the results from both methods fully agree numerically.

As an additional check, we directly constructed the full differential cross section at fixed phase
space points. On the Feynman side, we computed the squared hadronic matrix elements, combined
them with the known leptonic prefactors and spherical harmonics, as in (2.27), obtained the full
result and evaluated it numerically. On the spinor-helicity side, we did not decompose into Z-
helicity amplitudes, instead, we squared the full lepton-full amplitude Afull directly and summed
over all helicities. The two results agree numerically up to an overall sign in the afvf terms.

• Born-Level Comparison

Although not included in the main text, we also repeated the Born-level computation using both
spinor-helicity and Feynman rules. The (1 + cos2 θ) term (from W0) matches exactly between the
two, while the parity-odd cos θ term (from W4) shows the same sign flip.

• Counterterm and Renormalization Checks

We confirmed that the PDF counterterms from Eq. (2.40) correctly cancel all ϵ-poles in the RR
structure functions for every channel. At the same time, we checked that there’s no leftover γE
or ln 4π dependence in the cross section after renormalization, as these are properly removed by
using the correct form of the MS coupling in Eq. (2.7). Finally, we checked that the W5, W6 and
W7 from RR results are zero after integration and renormalization.
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• Collinear and Soft Limit Checks

To test the behaviour of our result in singular limits, we first looked at the collinear limit of
the inclusive structure function before phase space integration. We compared it to the analytic
expression in Eq. (2.8) and Appendix B of ref. [71], which helped us identify and fix missing ghost
contributions early on. After the inclusion of the ghost contributions our results for all channels
agreed with the limit. We also verified the soft limit (k2 → 0) of the integrated, renormalized cross
section, comparing it to the SCET prediction from Eq. (2.73). The result matches, as shown in
Fig. 5.5 and discussed in the previous section.

Comparing with literature
We performed several comparisons with existing results in the literature to validate different parts of our
calculation.

• Single Real Emission

We compared our conventional-Feynman-calculated single-real structure functions against the ex-
pressions in [16], as well as the inclusive results in [23] and [48]. For the process qg → Zq, our

helicity matrices squared |M(1),R
qg→Zq|i (shown in Eq. (4.55a) for i = 0, incl, 1, 2, 3) agree with the

expressions on page 12 of ref.[16], up to an overall factor of 4 g2s g
2
Z CACF , assuming af = vf = 1.

This factor reflects couplings on the [16] side that were not included in our comparison. For i = 4,
the agreement holds up to a sign flip: the factor becomes −4 g2s g

2
Z CACF .

Similarly, for qq̄ → Zg, our results |M(1),R
qq̄→Zg|i (Eq. (4.56a)) match the expressions in [16] for

i = 0, incl, 1, 2, again up to the same factor. The i = 3, 4 components agree up to the same factor
with an extra minus sign.

• Absorptive Part of the NNLO Cross Section

We compared our absorptive RV structure functions (calculated using spinor-helicity and shown in
Eqs. (4.59a)-(4.59c)) with results in [16] and [27].

For qg → Zq (with af = vf = 1), the agreement with Appendix B of [16] (page 34) is as follows:

– i = 5: up to 32
√

2π αs g
2
Z CACF

– i = 6: up to 16π αsg
2
Z CACF

– i = 7: up to 4
√

2π αsg
2
Z CACF

For qq̄ → Zg (with af = vf = 1), the comparison is:

– i = 5: up to 32
√

2π αs g
2
Z CACF

– i = 6: up to −16π αs g
2
Z CACF

– i = 7: up to −4
√

2π αs g
2
Z CACF

In contrast, the comparison with Eqs.(21-26) in [27] gave more consistent results. For both qg → Zq
and qq̄ → Zg, we find:

– i = 5, 6: agree up to 8 afvf αs g
2
s g

2
Z CACF (without coupling normalization), or 16 (with

coupling factor gqg;i, gqq̄;i from [27] included).

– i = 7: agrees up to 4 (a2f + v2f )αs g
2
s g

2
Z CACF (or 8 with coupling gqg;i, gqq̄;i).

The slight mismatch in overall normalization may be due to a different but equivalent parametriza-
tion of the lepton angular distribution in [27], which could introduce an additional positive factor.

• H
(2)
incl, ab (IR-Finite Terms in RV Structure functions) Comparison

We also compared our inclusive IR-finite RV terms, computed via spinor-helicity, with the hard
functions in ref. [48]. These matched exactly, up to a universal overall positive factor common to
both the qq̄ and qg channels.

• Inclusive IR Real-Virtual Pole Structure

Although we do not rely on explicit pole structures in our RV calculation, we extracted the inclu-

sive Z-helicityamplitudes for the IR-divergent part of the full RV amplitude A(1)
q,div in Eq.(4.15),

combined tham into the inclusive cross section and compared it with the divergent terms in RV
contribution from ref. [23] (Eqs. A4, A5 for qg → Zq, and A7, A8 for qq̄ → Zg). The results agree
exactly, including the normalization.
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• Inclusive Top-Loop Contributions

We also verified that our results reproduce the inclusive top-loop contributions (Eqs. A6 and A9
in [23]) in the limit 1/mt → 0 for both channels, up to an overall sign.

• σ̂sing
incl, ab without leptonic prefactors

We also compared our fully assembled inclusive singular cross section σ̂sing
incl, ab (excluding leptonic

prefactors) with the IR-finite singular in s2 = k2 → 0 terms in Eq. (2.12) of [23] for both qg and
qq̄ channels. We first compared the terms involving plus distributions, which in [23] arise from the
real-real singular contribution. These matched exactly with the corresponding plus-distribution-
dependent part of the second line in our simplified SCET expression (Eq. (2.86)). We then compared
the δ(k2) contributions, which had initially some differences with the expressions in ref. [23].

In reviewing Eq. (2.12) of [23], which gives the expressions for the qg → Zq channel, we identified

several typos: the second line of Eq. (2.12) appears to be missing the CqG
3 term, which should

appear without any δ(s2) factor. Moreover, both CqG
1 and CqG

2 should multiply δ(s2). Additionally,

the coefficient CqG
2 is missing a factor of nf , the number of active quark flavors. This is inconsistent

with how BqG
2 is written and leads to incorrect cancellation of the single poles. The corrected

structure should read:
δ(s2)

(
B1 +B2 nf + C1 + C2 nf

)
,

and the term in the third line originally labeled CqG
2 should be relabeled as CqG

3 , appearing without
a delta function.

There is also a mismatch in the mass dimensions on both sides of the equation. The denominator
(2πµ2)2ω should in fact be (2πµ)2ω. As for the term-by-term check:

– BqG
2 and BqG

3 are correct and were checked independently: both using the spinor-helicity
methods described in this thesis and by our collaborator using Feynman rules.

– BqG
1 , however, contains a sign error. Specifically, the last four lines of Eq. (A4) – the terms

not proportional to AqG – appear to have the wrong overall sign.

With the corrected signs and structure, we find complete agreement.
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Chapter 7

Conclusions

In this thesis, we analytically computed all partonic helicity cross sections σ̂i ab(pa, pb, q) for both
charged and neutral-current Drell-Yan production in unpolarized proton-proton collisions at finite trans-
verse momentum (qT > 0). From these results, it is possible to construct the angular coefficients Ai,
defined as normalized helicity cross sections, which capture the angular distribution of the final-state
leptons and serve as precise probes of electroweak structure and QCD dynamics.

To handle the infrared divergences in the soft and collinear limits, we used a subtraction method
based on the SCET V + jet threshold factorization theorem. This allowed us to cleanly separate the
singular part of the cross section σ̂sing

i,ab from the finite non-singular remainder σ̂non−sing
i,ab .

The singular piece includes contributions from both real-virtual and part of the real-real terms, its
factorized expression at O(α2

s) is shown in Eq.(2.86). The only missing input from the literature was

the second-order helicity-projected hard function H
(2)
i,ab, which we calculated in this work using a method

based on spinor-helicity amplitudes. This approach uses known massless NLO1 spinor-helicity amplitudes
with vector boson decay into leptons to extract the Z-helicity dependence directly, isolating the purely
partonic part of the process into the Z-helicity amplitudes. These amplitudes are later combined into
the helicity-projected matrix elements squared, as shown in Section 4.4, which when integrated over the
hadronic radiation give the structure functions which IR-finite terms have a one-to-one correspondence
with the hard function.

The nonsingular part, which contains only double-real contributions, was computed from scratch
using conventional Feynman rules. We used helicity projectors to extract the relevant structure functions
and performed a fully analytic integration over the hadronic phase space using a set of derived master
integrals. The RR infrared poles were removed using a master formula Eq.(2.40) derived in this thesis.
The nonsingular cross section was then obtained by subtracting the predicted singular part from the full
renormalized RR result at k2 > 0 as described in Section 5.5.

Finally, we organized the electroweak coupling factors using the diagrammatic method with Pysanka
diagrams (see Chapter 3), which provides a clear and succinct way to structure the couplings at all orders
in strong coupling for a set number of incoming partons. This framework allowed us to consistently
assemble the full helicity cross sections.

Therefore, this work constitutes the first complete set of all nine partonic helicity cross
sections at O(α2

s), including both tree-level and loop contributions, fully differential at
qT > 0.

During the calculation we performed a wide range of cross-checks to ensure consistency: spinor-
helicity vs Feynman diagram comparisons, comparisons in known (soft and collinear) limits, and detailed
comparisons with the available results from the literature.

There are several directions this work can be extended to. First and foremost, we have not yet cross-
checked the full inclusive cross sections for the combined singular+non-singular terms. This should be
done to ensure the full consistency with the available results and their EW couplings in, for example,
[23]. Next, since our entire computation has been carried out in the qT > 0 region, we need to extend
the result to the qT → 0 limit. The procedure for doing this closely parallels the approach used in the
k2 → 0 limit. For all structure functions Wi with i ̸= incl, 4, which start at O(αs) are power suppressed
at small qT when matched onto leading-twist PDFs [68], this constitutes the complete O(α2

s) result. The
total NNLO result for Wincl and W4, which start at O(α0

s) and are leading and singular at small qT ,
can easily be assembled by performing a differential qT subtraction [24, 25] using their leading-power
factorization at small qT , which contains the O(α0

s) Born and all purely virtual corrections. Finally,
combining the full result with PDFs and performing the numerical integration over qT would then give
the fully differential over q cross section dσi/d

4q.
Additionally, some of our intermediate results might have uses beyond this specific project: The

Z-helicity amplitudes we obtained allow us to study different scaling behaviors in various limits. In this
thesis, we focused on the soft limit, but it’s also possible to extract the (anti-)collinear behavior from the
same amplitudes. On more practical note, the master integrals we derived for the hadronic phase space
integration are quite general and can be reused in other processes with similar propagator structures.
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Main pipeline

Additionally, we provide a flowchart illustrating the step-by-step process of the project as well as the
intermediate checks. In black are the main calculations, in red are the checks and the blue box outlines
the scope of this thesis.

Scope of this thesis

RR

Calculate hadronic
tensor for RR:
5 channels

8 × 8 diagrams

Project helic-
ity states us-
ing Eq.(2.20)

Add projected
ghost contributions

Apply partial frac-
tion decomposition
as in Eq.(5.26)

Insert master inte-
grals from Table 5.1

Multiply with
full phase space
element, flux

factor, spins, color
averaging factors
and symmetry
from Eq.(5.13)

Sum over all
final states

Add PDF renormal-
ized R contributions

Final σ̂non-sing
i,ab =

σ̂full,RR
i,ab − σ̂sing

i,ab

∣∣∣
k2>0

from (2.87)

Compute through
spinor-helicity Z-
helicity amplitudes
ALO2

λ at D = 4

Square and helicity
average Z-helicity
amplitudes, achieve∣∣M(2),RR

papb→qk1k2

∣∣2
i

RV

Compute through
spinor-helicity Z-
helicity amplitudes
ANLO1

λ at D = 4

Square and helicity
average Z-helicity
amplitudes, achieve∣∣M(2),RV

papb→qk

∣∣2
i

Multiply with
full phase space
element, flux

factor,spins, color
averaging factors

and symmetry from
Eq.(4.74), achieve

H
(2)
i,ab from Eq.(4.75)

Combine into the fi-
nal σ̂sing

i,ab from (2.86)

R

Compute through
spinor-helicity Z-
helicity amplitudes
ALO1

λ at D = 4

Compute hadronic
tensor using
conventional
Feynman rules

Square and helicity
average Z-helicity
amplitudes, achieve∣∣M(1),R

papb→qk

∣∣2
i

Project helic-
ity states us-
ing Eq.(2.20)

Multiply with
full phase space
element, flux

factor,spins, color
averaging factors

and symmetry from
Eq.(4.74), achieve

H
(1)
i,ab from Eq.(4.75)

Multiply with
full phase space
element, flux

factor, spins, color
averaging factors
and symmetry
from Eq.(5.13)

Combine into the
PDF renomalization

counterterms
from Eq.(2.40)

Combine contributions based on the flavor
decomposition in Chapter3, get σ̂i,ab at qT > 0

Extend to qT → 0 limit

Sum over intermediate vector bosons

Multiply the result by PDFs and numerically integrate over
dk+, dk− to produce the differential helicity cross sections in q

Spinor-helicity
check at D = 4

Check cancella-
tion of 1/ϵ poles

Check 1/k2 poles at
V + jet limit with the
prediction from SCET

Check i = {5, 6, 7}
with [16] and [27]

Check i = {incl}
top loop with [23]

Check i = {incl}
UV pole with [23]

Check finite i = {incl} with
hard function from [48]

Check leading k2 → 0
terms with results in [23]

Check spinor-helicity
with conv. Feynman

Check at D = 4, i =
{incl, 0, 1, 2, 3, 4} with [16]

Check Wincl with [23]
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Appendix A

Feynman Rules

Here we present the Feynman rules which were used throughout this project. They are based on the
rules presented in ref.[61, 72] and implemented using Feyncalc [67] and FeynArts [73].

External Lines

ur(pi) ūs(pf ) v̄s(pi) vr(pf ) ε(k, λ) ε∗(k′, λ′)

where ur(p), ūs(p), vr(p), and v̄s(p) are spinors for incoming/outgoing fermions and antifermions, and
εµ(k, λ) is the polarization vector for an incoming gauge boson.

Propagators

(i/p+mf )δabδff ′

p2 −m2
f + iε

(fermion)a b

f f ′

− igµν

q2 + iε

(photon)

µ ν

− i
(
gµν − qµqν

m2
V

)
q2 −m2

V + iε

(W,Z boson)

µ ν

where /p = γµpµ, mf is the fermion mass, and mV ∈ {mW ,mZ} are vector boson masses.

− iδab

(
gµν + (ξ − 1)

qµqν
m2

V

)
k2 + iε

covariant gauge

− iδab

k2 + iϵ

(
gµν−

kµnν+kνnµ

k · n

)
lightcone gauge n2 = 0

(gluon)a b

µ ν

ξ is the gauge parameter (ξ = 1 gives Feynman gauge). In the lightcone gauge, nµ is a fixed gauge vector.
In covariant gauges (e.g., Feynman or Landau gauge), the gauge-fixing procedure introduces unphysical
degrees of freedom, and it is therefore necessary to include Faddeev-Popov ghost fields to preserve
unitarity and correctly cancel the contributions of longitudinal and scalar gluon modes:

iδab

k2 + iε

(ghost)a b

Vertices

f

f

γ

−ieQfγ
µ

ℓ

ℓ

W±

−i
gW

2
√

2
γµ(1 − γ5)

qj

qi

W±

−i
gW

2
√

2
γµ(1 − γ5)Vji

f

f

Z

−i
gZ

2
γµ
[
ϵL(f)(1−γ5)

+ϵR(f)(1+γ5)
]

= −i
gZ

2
γµ(vf−afγ5)

93



The QED vertex involves the electromagnetic coupling e and the fermion’s electric charge Qf .
The charged current interaction via the W boson couples only to left-handed fermions and involves the
weak coupling gW = e/ sin θW , where θW is Weinberg angle. For quark transitions, the CKM matrix
element Vji appears.
The Z boson vertex is expressed using vector and axial-vector couplings:

ϵL(f) = I3f −Qf sin2 θW , ϵR(f) = −Qf sin2 θW

vf = I3f − 2Qf sin2 θW , af = I3f , gZ =
e

sin θW cos θW
,

where I3f is the third component of weak isospin, Qf is the electric charge, gZ is the coupling of the
Z-boson to fermions, e is the electromagnetic coupling, and θW is the Weinberg angle.

a

b

c

α

β

γ

k1
k2

k3

−gsfabc
[
gαβ(k1−k2)γ

+gβγ(k2−k3)α

+gγα(k3−k1)β
]

a
b

c
d

α
β

γ
δ

−ig2s
[
fabef cde(gαγgβδ − gαδgβγ)

+facef bde(gαβgγδ − gαδgγβ)

+fadef bce(gαβgδγ − gαγgδβ)
]

a

f

f ′

µ

i

j

−igs(T a)jiγ
µδff ′

a

p

p′

µ

b

c

gsf
abcp′µ

The 3- and 4-gluon vertices arise from the non-Abelian SU(3) structure of QCD, with fabc the structure
constants.
The quark-gluon vertex involves the SU(3) generator T a, and the ghost-gluon vertex is a result of the
Faddeev-Popov procedure in covariant gauges.
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Appendix B

Spinor Identities

In the Dirac representation γµ, µ = {0, 1, 2, 3} and γ5 are

γ0 =

(
1 0
0 −1

)
, γi =

(
0 σi

−σi 0

)
, γ5 =

(
0 1
1 0

)
Taking nµi = (1, 0, 0, 1), from the Dirac equation /pu(p) = 0, p2 = 0 we have standard solutions |p±⟩ =

1 ± γ5

2
u(p):

|p+⟩ =
1√
2


√
p−√

p+eiϕp√
p−√

p+eiϕp

 , |p−⟩ =
1√
2


√
p+e−iϕp

−
√
p−

−
√
p+e−iϕp√
p−


where

p± = p0 ∓ p3, e±iϕp =
p1 ± ip2√
p+p−

(B.1)

For negative p0 and p±:
|(−p)±⟩ = i|p±⟩ (B.2)

The conjugate spinors are:

⟨p±| = sgn(p0)ū(p)
1 ∓ γ5

2
= sgn(p0)|p±⟩. (B.3)

The additional minus sign for negative p0 is included to use the same branch of the square root for both
types of spinors, i.e., for p0 > 0:

⟨(−p)±| = −|(−p)±⟩ = i⟨p±| (B.4)

Spinor products are defined as:

⟨pq⟩ = ⟨p− |q+⟩, [pq] = ⟨p+ |q−⟩ (B.5)

Extra signs for conjugation of the spinor products:

⟨p− |q+⟩∗ = sgn(p0q0)⟨q + |p−⟩ (B.6)

If there are several momenta pi, it is common to abbreviate

|pi±⟩ = |i±⟩ , ⟨pipj⟩ = ⟨ij⟩, [pipj ] = [ij].

A few identities coming directly from the definition of the spinor product:

⟨pq⟩ = −⟨qp⟩, [pq] = −[qp], ⟨pp⟩ = [pp] = 0

[p|γµ |p⟩ = ⟨p| γµ|p] = 2pµ
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Completeness relations and a few results coming from it:

|p±⟩⟨p±| =
1 ± γ5

2
/p (B.7)

/p = |p]⟨p| + |p⟩[p| (B.8)

More importantly we get the following relations for the sij variables:

⟨pq⟩[qp] =
1

2
Tr
[
(1 − γ5)/p/q

]
= 2p · q = spq,

|⟨pq⟩| =|[pq]| =
√

|spq|.

Charge conjugation invariance of the current, the Fierz identity and the Schouten identity are

[p|γµ|q⟩ = ⟨q|γµ|p] (B.9)

[p|γµ|q⟩[k|γµ|l⟩ = 2[pk]⟨lq⟩ (B.10)

⟨pq⟩⟨kl⟩ = ⟨pk⟩⟨ql⟩ + ⟨pl⟩⟨kq⟩ (B.11)

Momentum conservation

n∑
i=1

pi = 0,

which implies

n∑
i=1

[ji]⟨ik⟩ = 0.

The following Feynman rules can be used for translating the physical spinors to the braket notation.

m ̸= 0 h = +1/2 h = −1/2
particle incoming u(p) |p⟩ |p]

anti-particle incoming v̄(p) ⟨p| [p|
particle outgoing ū(p) [p| ⟨p|

anti-particle outgoing v(p) |p] |p⟩

The polarization vectors of an outgoing gluon with momentum pi are given in the helicity formalism by
a combination of two massless spinors:

ϵ+µ (p, r) =
[r|γµ|p⟩√

2⟨rp⟩
, (ϵ−)µ = ϵ−µ (pi, r) = −⟨r|γµ|i]√

2[rp]
, (B.12)

where the rµ is the reference momentum - an arbitrary massless spinor which must not be aligned with
pµ. For each of the external states pµi it is allowed to choose different reference vector. Right choice of
the reference vector can greatly simplify the calculation, canceling many diagrams.
Another form of the polarization vectors, already contracted with the γµ is as follows:

̸ ϵ+(p, r) =
√

2
r⟩[p
⟨rp⟩

, ̸ ϵ−(p, r) =
√

2
p⟩[r
[pr]

. (B.13)
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Appendix C

Functions and Distributions

C.1 Plus Distribution

In perturbative QCD, partonic cross sections often develop divergences in the soft and collinear limits.
Plus distributions (also called “plus prescriptions”) provide a systematic way to regulate these singular-
ities, ensuring meaningful convolution with smooth functions. This chapter summarizes their definition,
properties, and applications.

A plus distribution is defined for a function f(x) which is less singular than 1/x2 at x→ 0 as:

[f(x)]
[x,x0]
+ = lim

ϵ→0

[
f(x)θ(x− ϵ) + δ(x− ϵ)

∫ x

x0

dy f(y)

]
, (C.1)

where x0 is the boundary of the plus distribution. For distributions supported on [0, 1], it is standard to
take x0 = 1. Therefore if it is not stated explicitly, we will assume the boundary to be x0 = 1.

The action of a plus distribution on a test function g(x) is:∫ 1

0

dx [f(x)]+ g(x) =

∫ 1

0

dx f(x)[g(x) − g(0)]. (C.2)

Several important plus distributions that appear in practice are:[
1

1 − x

]
+

= lim
ϵ→0

(
1

1 − x
θ(1 − x− ϵ) + δ(1 − x) ln ϵ

)
,[

ln(1 − x)

1 − x

]
+

,

[
lnn(1 − x)

1 − x

]
+

(n ≥ 0),

In the next expressions, following the notation in [74], we denote dimensionless plus distributions as:

Ln(x) ≡
[
θ(x) lnn x

x

]
+

= lim
ϵ→0

[
θ(x− ϵ) lnn x

x
+ δ(x− ϵ)

lnn+1 ϵ

n+ 1

]
, with n ≥ 0, (C.3)

La(x) ≡
[
θ(x)

x1−a

]
+

= lim
ϵ→0

[
θ(x− ϵ)

x1−a
+ δ(x− ϵ)

xa − 1

a

]
, with a > −1. (C.4)

Shorthands for the distributions with dimensionfull arguments in one spacial dimension:

Ln(k, µ) ≡ 1

µ
Ln

(
k

µ

)
, Ln(t, µ2) ≡ 1

µ2
Ln

(
t

µ2

)
,

La(k, µ) ≡ 1

µ
La

(
k

µ

)
, La(t, µ2) ≡ 1

µ2
La

(
t

µ2

)
.

Key properties of the plus distributions are:

• Linearity: The plus operation is linear: [af(x) + bg(x)]+ = a[f(x)]+ + b[g(x)]+,

• Integral Identity: ∫ 1

0

dx [f(x)]+ = 0,
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• Definiteness on Positive Domain:

Ln(x > 0) =
lnn x

x
, La(x > 0) =

1

x1−a
.

In QCD, plus distributions appear in partonic cross sections, splitting functions, and matching con-
ditions in effective theories. For example, the DGLAP (Dokshitzer-, Gribov-, Lipatov-, Altarelli- and
Parisi) splitting functions [30, 31, 32] involve terms like:

Pqq(x) = CF

[
1 + x2

(1 − x)

]
+

. (C.5)

These singular terms regulate the divergence as x→ 1.
Plus distributions help regularize divergent expressions in dimensional regularization. For instance,

in d = 4 − 2ϵ dimensions:

(1 − x)−1−ϵ = −1

ϵ
δ(1 − x) +

[
1

1 − x

]
+

+ O(ϵ). (C.6)

This decomposition separates poles and finite contributions cleanly.

C.2 Distributional expansion

Some of the RR processes (i.e. S-channel qq̄ → Zqq̄ with Z coupling to the outgoing fermion line)
introduce a collinear pole in the cross section due to the propagator k2 = (k1 + k2)2 diverging when the
sum of momenta k1 and k2 becomes small.

To extract the pole, it is possible to use the following distributional expansion for small ϵ in dimen-
sional regularization:

1

x1+ϵ
= −δ(x)

ϵ
+

∞∑
n=0

(−1)nLn(x)
ϵn

n!
, (C.7)

where Ln(x) represents a generalized logarithmic distribution.
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Appendix D

PDF Renormalization

ξ zξ

(1 − z)ξ

j

P
(0)
kj

k

Figure D.1: LO splitting
j → k with momentum frac-
tions ξ → (zξ, (1−z)ξ), de-

scribed by P
(0)
kj (z).

Similar to the renormalization group equation for the strong coupling, we can
write the anomalous dimension of the Parton Distribution Function (PDF)
as given by the DGLAP (Dokshitzer-Gribov-Lipatov-Altarelli-Parisi) [30, 31,
32] evolution equation:

µ
∂

∂µ
f
[h]
k (ξ, µ) =

∞∑
n=0

(
αs(µ)

4π

)n+1 ∫ 1

ξ

dz

z

2nf+1∑
j=1

f
[h]
j

(
ξ

z
, µ

)
P

(n)
kj (z), (D.1)

where the splitting functions P
(n)
kj (z) encode the probability density for par-

ton j to emit or absorb another parton, transforming into parton k with a
fraction z of the momentum.

The splitting functions for different parton combinations depend on the
type of interaction and the order of perturbation theory. For example,

P
(0)
qq (z) describes quark-to-quark splitting at leading order, while P

(0)
gq (z) represents gluon emission from

a quark. Expressions for these factors are: They are given by:

P (0)
qq (z) = 2CF θ(z)Pqq(z), Pqq(z) =

(
2L0(1 − z) − θ(1 − z)(1 + z) +

3

2
δ(1 − z)

)
=

[
θ(1 − z)

1 + z2

1 − z

]
+

,

P (0)
gq (z) = 2CF θ(z)Pgq(z), Pgq(z) = θ(1 − z)

1 + (1 − z)2

z
,

P (0)
qg (z) = 2TF θ(z)Pqg(z), Pqg(z) = θ(1 − z)[1 − 2z(1 − z)],

P (0)
gg (z) = 2CAθ(z)Pgg(z) + β0δ(1 − z), Pgg(z) = 2L0(1 − z) + θ(1 − z)

[
2z(1 − z) +

2(1 − z)

z
− 2
]
,

where β0 = 11
3 CA − 4

3TFnf is the leading-order QCD beta function coefficient.

P
(0)
qq P

(0)
qg P

(0)
gq P

(0)
gg

Figure D.2: Leading-order parton splitting processes contributing to DGLAP evolution: P
(0)
qq (quark emitting

a gluon), P
(0)
qg (gluon splitting into a quark-antiquark pair), P

(0)
gq (quark radiating a gluon with the gluon entering

the hard interaction), and P
(0)
gg (gluon splitting into two gluons). Shaded blobs represent the hard scattering

process.

Higher-order corrections P
(n)
kj (z), n ≥ 1 refine these probabilities, contribute to higher-order αs terms.
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For compactness, we write the convolution notation:

f(µ) ⊗ P (n) =

∫ 1

ξ

dz

z

2nf+1∑
j=1

f
[h]
j

(
ξ

z
, µ

)
P

(n)
kj (z). (D.2)

Using this notation, Eq.(D.1) can be rewritten as:

µ
∂

∂µ
f
[h]
k (ξ, µ) =

αs(µ)

4π
f(µ) ⊗ P (0) +

(
αs(µ)

4π

)2

f(µ) ⊗ P (1) + O(α3
s). (D.3)

Analogous to coupling renormalization, our goal is to derive the bare PDFs. The bare PDF is
expressed as a combination of the renormalized PDF and higher-order corrections:

f
[h], bare
k (ξ) =f

[h]
k (ξ, µ) +

∞∑
n=0

(
αs(µ)

4π

)n+1 ∫ 1

ξ

dz

z

2nf+1∑
j=1

f
[h]
j

(
ξ

z
, µ

)
P

(n), bare
kj (z)

=f
[h]
k (ξ, µ) +

αs(µ)

4π
f(µ) ⊗ P (0), bare

+

(
αs(µ)

4π

)2

f(µ) ⊗ P (1), bare + O(α3
s). (D.4)

Since the bare PDF is independent of the renormalization scale, taking the derivative µ∂/∂µ on both
sides and substituting the renormalization group equation for αs gives:

0 =µ
∂

∂µ
f
[h]
k (ξ, µ)

+
αs(µ)

4π

[
−ϵf(µ) ⊗ P (0), bare + µ

∂

∂µ
f(µ) ⊗ P (0), bare

]
+

(
αs(µ)

4π

)2 [
−β0f(µ) ⊗ P (0), bare − 2ϵf(µ) ⊗ P (1), bare + µ

∂

∂µ
f(µ) ⊗ P (1), bare

]
+O(α3

s). (D.5)

Solving recursively yields the derivative of the PDF:

µ
∂

∂µ
f
[h]
k (ξ, µ) =

αs(µ)

4π
f(µ) ⊗ (ϵP (0), bare)

+

(
αs(µ)

4π

)2

f(µ) ⊗
[
2ϵP (1), bare − ϵP (0), bare ⊗ P (0), bare + β0P

(0), bare
]

+O(α3
s).

Comparing this with Eq.(D.3), we find expressions for the first two bare splitting functions:

P (0), bare =
1

ϵ
P (0),

P (1), bare =
1

2ϵ
P (1) +

1

2ϵ2
P (0) ⊗ P (0) − β0

2ϵ2
P (0).

Finally, the bare PDF is:

f
[h], bare
k (ξ) =f

[h]
k (ξ, µ) +

αs(µ)

4π

1

ϵ
f(µ) ⊗ P (0)

+

(
αs(µ)

4π

)2

f(µ) ⊗
[

1

2ϵ
P (1) +

1

2ϵ2
P (0) ⊗ P (0) − β0

2ϵ2
P (0)

]
+ O(α3

s). (D.6)

This can be rewritten as:

f
[h], bare
k (ξ) =

∫ 1

ξ

dz

z

2nf+1∑
j=1

Γij(z)f
[h]
j

(
ξ

z
, µ

)
, where

Γij(z) = δijδ(1 − z) +
αs(µ)

4π

P
(0)
ij (z)

ϵ

+

(
αs(µ)

4π

)2 [
1

2ϵ
P

(1)
ij +

1

2ϵ2
(P (0) ⊗ P (0))ij −

β0
2ϵ2

P
(0)
ij

]
+ O(α3

s) (D.7)
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Appendix E

Helicity Configurations

In this Appendix we give explicit rules for the helicity flip rules for physical processes in LO1 adn LO2.

E.1 F.1 LO1 (and NLO1)

The following color-stripped tree amplitude corresponding to the crossed q+(p1)g(p2) → q+(p3)ℓ+(p4)ℓ̄−(p5)
process is achieved from applying the rules in Eq.(4.18) on Eq.(4.14):

A(0),qg→qV
q (1+q ; 2+; 3−q̄ ; 4+ℓ , 5

−
ℓ̄

) = 2
√

2
⟨15⟩2

⟨45⟩⟨23⟩⟨21⟩
,

similar expression for qg → qℓℓ̄ at all orders can be achieved from performing swaps p1 → p2, p2 →
p3, p3 → p1 to the original all-outgoing amplitude NLO1 in Eq.(4.15), (4.16) and (4.17).

All possible helicity configurations which give us unique results are thus:

λ(λq, λℓ) : + (+,+) : Aqg→qV
x,+(+;+)(p̃1; p̃2; p̃3; p̃4, p̃5) = Ax(1+q ; 2+, 3−q̄ ; 4+ℓ , 5

−
ℓ̄

),

+ (−,+) : −Aqg→qV
(q,v),+(+;+)(p̃3; p̃2; p̃1; p̃4, p̃5), Aqg→qV

a,+(+;+)(p̃3; p̃2; p̃1; p̃4, p̃5)

− (+,+) : −Aqg→qV
(q,x),+(+;+)(p̃3; p̃2; p̃1; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

,−Aqg→qV
a,+(+;+)(p̃3; p̃2; p̃1; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

,

− (−,+) : Aqg→qV
(q,v),+(+;+)(p̃1; p̃2; p̃3; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

, −Aqg→qV
a,+(+;+)(p̃1; p̃2; p̃3; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

.

Similarly for q+(p1)q̄−(p2) → g+(p3)ℓ+(p4)ℓ̄−(p5) the tree-level LO1 amplitude follows from Eq.(4.19):

A(0),qq̄→gV
q (1+q ; 2−q̄ ; 3+; 4+ℓ , 5

−
ℓ̄

) = −2
√

2
⟨15⟩2

⟨45⟩⟨32⟩⟨31⟩
,

and the NLO1 amplitudes similarly follow from p1 ↔ p3. All possible helicity amplitudes are thus:

λ(λq, λℓ) : + (+,+) : Aqq̄→gV
x,+(+;+)(p̃1, p̃2; p̃3; p̃4, p̃5) = Ax(1+q , 2

−
q̄ ; 3+; 4+ℓ , 5

−
ℓ̄

),

+ (−,+) : −Aqq̄→gV
(q,v),+(+;+)(p̃2, p̃1; p̃3; p̃4, p̃5), Aqq̄→gV

a,+(+;+)(p̃2, p̃1; p̃3; p̃4, p̃5)

− (+,+) : −Aqq̄→gV
(q,x),+(+;+)(p̃2, p̃1; p̃3; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

,−Aqq̄→gV
a,+(+;+)(p̃2, p̃1; p̃3; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

,

− (−,+) : Aqq̄→gV
(q,v),+(+;+)(p̃1, p̃2; p̃3; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

, −Aqq̄→gV
a,+(+;+)(p̃1, p̃2; p̃3; p̃5, p̃4)

∣∣∣
⟨... ⟩↔[... ]

.
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E.2 F.2 LO2

E.2.1 qq̄ → qq̄ℓℓ̄

Following the crossing rules in Eq.(SRqq̄→qq̄V ), (SLqq̄→qq̄V ), (TDqq̄→qq̄V ) and (TUqq̄→qq̄V ):

A
SRqq̄→qq̄V

x,(+,+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = Ax,(+,+,+)(−p̃2,−p̃1; p̃3, p̃4; p̃5, p̃6),

A
SLqq̄→qq̄V

x,(+,+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = Ax,(+,+,+)(p̃3, p̃4;−p̃2,−p̃1; p̃5, p̃6),

A
TDqq̄→qq̄V

x,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6) = −Ax,(+,+,+)(p̃3,−p̃1;−p̃2, p̃4; p̃5, p̃6),

A
TUqq̄→qq̄V

x,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6) = −Ax,(+,+,+)(−p̃2, p̃4; p̃3,−p̃1; p̃5, p̃6)

Possible unique helicity combinations are thus1:

(λq′ , λq, λℓ) : (+,+,+) : A
SRqq̄→qq̄V

q,(+,+,+) (p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

(−,+,+) : −ASRqq̄→qq̄V

q,(+,+,+) (p̃2, p̃1; p̃3, p̃4; p̃5, p̃6),

(+,−,+) : A
SRqq̄→qq̄V

q,(+,+,+) (p̃1, p̃2; p̃4, p̃3; p̃5, p̃6),

(−,−,+) : −ASRqq̄→qq̄V

q,(+,+,+) (p̃2, p̃1; p̃4, p̃3; p̃5, p̃6),

A
SLqq̄→qq̄V

q,(+,+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

A
SLqq̄→qq̄V

q,(+,+,+)(p̃2, p̃1; p̃3, p̃4; p̃5, p̃6),

−ASLqq̄→qq̄V

q,(+,+,+)(p̃1, p̃2; p̃4, p̃3; p̃5, p̃6),

−ASLqq̄→qq̄V

q,(+,+,+)(p̃2, p̃1; p̃4, p̃3; p̃5, p̃6).

(λq′ , λq, λℓ) : (+,+,+) : A
TDqq̄→qq̄V

q,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6),

(−,+,+) : −ATDqq̄→qq̄V

q,(+,+,+) (p̃3; p̃2; p̃1; p̃4; p̃5, p̃6),

(+,−,+) : A
TDqq̄→qq̄V

q,(+,+,+) (p̃1; p̃4; p̃3; p̃2; p̃5, p̃6),

(−,−,+) : −ATDqq̄→qq̄V

q,(+,+,+) (p̃3; p̃4; p̃1; p̃2; p̃5, p̃6),

A
TUqq̄→qq̄V

q,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6),

A
TUqq̄→qq̄V

q,(+,+,+) (p̃3; p̃2; p̃1; p̃4; p̃5, p̃6),

−ATUqq̄→qq̄V

q,(+,+,+) (p̃1; p̃4; p̃3; p̃2; p̃5, p̃6),

−ATUqq̄→qq̄V

q,(+,+,+) (p̃3; p̃4; p̃1; p̃2; p̃5, p̃6).

E.2.2 qq → qqℓℓ̄

From the crossing rules in Eq.(UUqq→qqV ), (UDqq→qqV ), (TDqq→qqV ), (TUqq→qqV ):

A
UUqq→qqV

x,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6) = Ax,(+,+,+)(p̃3,−p̃2; p̃4,−p̃1; p̃5, p̃6),

A
UDqq→qqV

x,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6) = Ax,(+,+,+)(p̃4,−p̃1; p̃3,−p̃2; p̃5, p̃6),

A
TDqq→qqV

x,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6) = −Ax,(+,+,+)(p̃3,−p̃1; p̃4,−p̃2; p̃5, p̃6),

A
TUqq→qqV

x,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6) = −Ax,(+,+,+)(p̃4,−p̃2; p̃3,−p̃1; p̃5, p̃6).

Possible helicity flips are as following:

(λq′ , λq, λℓ) : (+,+,+) : A
UUqq→qqV

q,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6),

(−,+,+) : A
UUqq→qqV

q,(+,+,+) (p̃4; p̃2; p̃3; p̃1; p̃5, p̃6),

(+,−,+) : −AUUqq→qqV

q,(+,+,+) (p̃1; p̃3; p̃2; p̃4; p̃5, p̃6),

(−,−,+) : −AUUqq→qqV

q,(+,+,+) (p̃4; p̃3; p̃2; p̃1; p̃5, p̃6),

A
UDqq→qqV

q,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6),

−AUD
q,(+,+,+)(p̃4; p̃2; p̃3; p̃1; p̃5, p̃6),

AUD
q,(+,+,+)(p̃1; p̃3; p̃2; p̃4; p̃5, p̃6),

−AUD
q,(+,+,+)(p̃4; p̃3; p̃2; p̃1; p̃5, p̃6).

(λq′ , λq, λℓ) : (+,+,+) : A
TDqq→qqV

q,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6),

(−,+,+) : −ATDqq→qqV

q,(+,+,+) (p̃3; p̃2; p̃1; p̃4; p̃5, p̃6),

(+,−,+) : A
TDqq→qqV

q,(+,+,+) (p̃1; p̃4; p̃3; p̃2; p̃5, p̃6),

(−,−,+) : −ATDqq→qqV

q,(+,+,+) (p̃3; p̃4; p̃1; p̃2; p̃5, p̃6),

A
TUqq→qqV

q,(+,+,+) (p̃1; p̃2; p̃3; p̃4; p̃5, p̃6),

A
TUqq→qqV

q,(+,+,+) (p̃3; p̃2; p̃1; p̃4; p̃5, p̃6),

−ATUqq→qqV

q,(+,+,+) (p̃1; p̃4; p̃3; p̃2; p̃5, p̃6),

−ATUqq→qqV

q,(+,+,+) (p̃3; p̃4; p̃1; p̃2; p̃5, p̃6).

1Important to note that due to different available helicities in S- and T-channel it is not allowed to interfere amplitudes
AS

(±,∓,±)
and AT

(±,∓,±)
, as these helicity numberings correspond to different actual helicities for p2 and p4
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E.2.3 gg → qq̄ℓℓ̄

Following the crossing rules from Eq.(NoCr+Crgg→qq̄V ):

A⃗gg→qq̄V
xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A⃗xλ1λ2(+,+)(−p̃1,−p̃2; p̃3, p̃4; p̃5, p̃6).

This means that the helicity configurations are:

λ1, λ2(λq, λℓ) : λ1, λ2(+,+) : A⃗gg→qq̄V
xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

λ1, λ2(−,+) : VA⃗gg→qq̄V
q,xλ1λ2(−,+)(p̃1, p̃2; p̃4, p̃3; p̃5, p̃6), −VA⃗gg→qq̄V

aλ1λ2(−,+)(p̃1, p̃2; p̃4, p̃3; p̃5, p̃6),

where V =

0 1 0
1 0 0
0 0 1

 .

The different helicities of the external gluons are reflected in the definition of the amplitude in Eq.(4.21).

E.2.4 qg → qgℓℓ̄

From the crossing rules in Eq.(NoCr+Crqg→qgV )

A⃗qg→qgV
xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A⃗xλ1λ2(+,+)(p̃4,−p̃2; p̃3,−p̃1; p̃5, p̃6).

The helicity configurations are thus:

λ1, λ2(λq, λℓ) : λ1, λ2(+,+) : A⃗qg→qgV
xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

λ1, λ2(−,+) : VA⃗qg→qgV
q,xλ1λ2(+,+)(p̃3, p̃2; p̃1, p̃4; p̃5, p̃6), −VA⃗qg→qgV

aλ1λ2(+,+)(p̃3, p̃2; p̃1, p̃4; p̃5, p̃6).

E.2.5 qq̄ → ggℓℓ̄

From the crossing rules in Eq.(NoCr+Crqq̄→ggV )

A⃗qq̄→ggV
xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6) = A⃗xλ1λ2(+,+)(p̃4, p̃3,−p̃2,−p̃1; p̃5, p̃6).

The helicity configurations are thus:

λ1, λ2(λq, λℓ) : λ1, λ2(+,+) : A⃗qq̄→ggV
xλ1λ2(+,+)(p̃1, p̃2; p̃3, p̃4; p̃5, p̃6),

λ1, λ2(−,+) : VA⃗qq̄→ggV
xλ1λ2(+,+)(p̃2, p̃1; p̃3, p̃4; p̃5, p̃6).
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