Section 3: Gaussian Integrals
Wednesday, September 23rd 2026

Srednicki, Ch. 7-8 + Wiki on Gaussian integrals, notes from PHYS262 2025
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1 Why and where Gaussian integrals?

In lecture the vacuum-to-vacuum amplitude of a scalar field ¢ in the presence of a source J(z)
was written as a path integral, and every time-ordered correlation function was obtained from it
by differentiating with respect to the source:

1 " Z[J]
inZ[0] 61 00|y

Z19) = (0[0)s = [ Do T = ED (0 T{g(a1) - ()} 0) = (1

where J; = J(z;). This is a compact and complete statement of the theory, and it hides one
enormous practical question: how does one actually do the integral [D¢? It runs over all
functions ¢ on spacetime, so it has, in effect, one integration variable for every point of spacetime.
Very few such integrals can be done. As it happens, the ones this course needs all belong to a
single family of such integrals.

Example: the free theory is a Gaussian. The free scalar has £y = —% @ OHp — %m2¢2.
Integrating the kinetic term by parts, with J = 9,0" = —0? 4+ V2 and dropping the boundary
term,

—5 [ @z u00% = — [ da[0,(60"0) —606] = 5 [ d'w 600,
so that the exponent of Z[J] for the free theory is

S[¢]+/d4xj¢:—%/d4x¢(—D+m2)¢ + /d4xJ¢). (2)

quadratic form in ¢ linear in ¢

Compare with the simplest possible integral of the same shape, in one variable z,
+oo .
/ do ef(=202%%02) 4 p (CO4m?) e, J b (3)
—00
An exponential of a quadratic form plus a linear term is called a Gaussian, and Z[J] is a Gaussian
integral over infinitely many variables.



2 Omne variable

2.1 The basic integral

Consider

+oo 1.2

I(a) = / dx e” 297 a> 0. (4)
—00

The condition a > 0 is needed for the integrand to decay at large |z|; for a < 0 the integral is

infinite. The factor % is a convention that makes a the coefficient of the quadratic form in the

same sense as mw? in $mw?q?. The integrand is the familiar bell curve (Figure 1), and I(a) is

the area underneath it.

area under a = 1: /27 ~ 2.51
area under a = 4: \/7/2 ~ 1.25

. . _laa?
Figure 1: The integrand e~ 2" for two values of a. A larger a makes a narrower peak and a
smaller area; the area scales as a~1/2.

There is no elementary antiderivative of e=39%”  The trick is to compute the square of the
integral instead, which is a double integral over the plane, and to do that double integral in
polar coordinates:

xr=rcos, y=rsind
400 +0o0 =
I(a)? :/ dx 6_5”2/ dy e’ = // dz dy e—20(@+%) = ig j_yy;iigde
—00 — 00 =
r €[0,00), 6 €0,27)

2m o0 12 u= Lar?  du 27 o 21
= —aar = 2 = 2 e U = — | — —u = —.
/0 dﬁ/o rdre du=ardr ﬂ/o a c a[ ¢ }0 a
Taking the positive square root,
+o0 2
/ dg =39 = [0 (5)
oo a

2.2 Completing the square

Now add a linear term to the exponent. The idea is to rewrite the exponent as a perfect square
plus a constant, so that the linear term disappears into a shift of the variable:

1 1y 20y 1 b2 b* 1 b\2 | b
The constant b2/2a comes out of the integral, and the shifted square is Eq. (5) in a new variable:
Yoo ) =z —b/a

+00 2
Z(b) = / dx e~ 202 0T — eb2/2a/ dw em2(7=2)" = dy = dx

- limits + co unchanged

“+00
2 1 .2
eb/za/ dy e 2%,

o0



so that

+oo 2
20) = [ o ctortron _ [P o ™)
o a

Complex b. Nothing in the derivation required b to be real, but if b = 8 + iy the shift
y = & — b/a moves the integration path off the real axis to the horizontal line Imy = —v/a
(Figure 2). That the integral over the shifted line equals the integral over the real axis is a
contour argumentl. Czlose the two lines into a rectangle with the vertical segments at Rey = £R.
The integrand e” 2% has no singularities anywhere, so by Cauchy’s theorem the integral around
the closed rectangle vanishes,

R 1 1 RiZ’Y/a 1 1
/ dy e"2W 4 dy e~ 29’ —/ dy e~ 29V’ —/ dy "3 — (.
—R right side —R—iv/a left side

On the vertical sides y = £R + is with s between 0 and —v/a, and

|e—%a(:|:R+is)2| — }e—%a(R2—52:t2iRs) _

uniformly in s on the finite segment, so both side integrals vanish as R — oo and the two
horizontal line integrals agree. Eq. (7) therefore holds for all complex b.

Imy

R real axis:| [ dx e~ 30(@—b/a)’

Rey

_ 1442 1.2
e 2% \—>() e 2% \—>0

<

shifted line Imy =|—v/a: [ dy e~z

Figure 2: The contour behind the shift y = 2 — b/a for complex b = § + iy (drawn for v/a > 0).
The original integral runs along the real axis, the shifted one along the line Imy = —v/a. Closing
the rectangle with two vertical segments at Rey = +R encloses no singularity, and the vertical
segments contribute nothing as R — oo, so the two horizontal integrals are equal.

In particular, with b = ik,

/+oo dr ef%aa:2+ik:r _ 2£ efk2/2a . (8)
oo V a

the Fourier transform of a Gaussian of width 1/y/a is a Gaussian of width /a.

2.3 Oscillatory Gaussians

In quantum theory the exponent is 45, not —95, so the integral we actually meet has an imaginary
coefficient in front of the square,

+oo P2
/ dr ez a€R, a#0. 9)
— 0o

The integrand has modulus one everywhere, so the integral does not converge absolutely. What
saves it is that the phase Jaz? turns faster and faster as || grows (Figure 3), so that neighbouring
half-waves cancel more and more precisely. The integral is conditionally convergent, and there
are two standard ways to compute it; they agree, and both will be used later.
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Figure 3: The real part of the integrand e . Near the origin the phase is stationary and
the contributions add up; far away the oscillations become ever faster and cancel in pairs. The
whole integral is dominated by the region |z| < /27 /a.

M(lathod 1: a small damping and analytic continuation. Multiply the integrand by
2
e 2" with € > 0, which makes the integral absolutely convergent, and remove the damping at

the end. The damped integral is of the form Eq. (5) with a complex coefficient:

teo iaz2—lez2 Feo —lCJ}2 .
dr ez 7€ — dr e 2%, c=€—1a, Rec=¢> 0.
— o

—00

Imec

Rec > 0: both F(c¢) and

\/2m/c analytic

branch cut of \/c

¢ > 0: Eq. (5) known here Rec

—ia 0e—=e c =€ —1a
¢ — 0F

Figure 4: The complex c-plane in Method 1 (drawn for a > 0). The formula [ dz e 2 =\ /2 /c
is derived on the positive real axis (thick red line) and extends by analyticity to the whole
shaded half-plane Re ¢ > 0, where the integral converges and the principal square root has no
cut. The oscillatory Gaussian is the limit in which ¢ = € — ia approaches the point —ia on the
boundary from inside the region.

Eq. (5) was derived for real positive c. To extend it, consider F(c) = [dx e~2¢” as a function
of the complex variable ¢ on the half-plane Rec > 0 (Figure 4). There |67%cx2| = ¢ 3(Rec)a?
so the integral converges absolutely, and differentiating under the integral sign shows that F' is
analytic in ¢. The function /27 /¢, with the square root on its principal branch (—7 < arge < m,
cut along the negative real axis), is also analytic on Rec > 0, since the cut lies outside. Two
analytic functions that coincide on the positive real axis coincide on the whole connected region
where both are analytic. Hence

+oo 1.2 2w
/ dr e 2 =4/ — for all Rec > 0, principal square root. (10)

o c

Now set ¢ = € — ia and let ¢ — 0". The point —ia lies on the boundary of the half-plane, and
\/27/c is continuous up to it, so

+oo i 2 2T 2
/ dr e2®® = lim — = —.
—00 e—=0t | € —1a —1a




To evaluate the square root write —ia in polar form: for a > 0, —ia = ae~"/2, and for a < 0,
. ; . . T
—ia = |a| e*/2; in both cases —ia = |a| e ?2%"(@) o

o 2w 2w
i —i%sgn(a) _ —Hngn(a).
V—ia =/|a] e , Hi—ia 1/—’a| e
+ .
/ oodx e%axg _ 2 _ 27 eZ%Sgn(a) (11)
—oo —ia |al

Method 2: rotating the contour. Take a > 0. The substitution = = ¢"™/4u would turn the

oscillating exponent into a decaying one, because 22 = ¢™/242 = ju? and so %aa:Q = %aiuQ =

Therefore

U
—%au2. The question is whether we are allowed to integrate along the line z = ¢/™/%u, u € R,
instead of along the real axis. Consider the closed contour in Figure 5: from 0 to R along the
real axis, then along the arc Cr, = = Re® with 6 from 0 to /4, then back to the origin along
i /4

the ray x = /%y with u from R to 0. The integrand 397 g analytic everywhere, so Cauchy’s

theorem gives
R j i R i (i
/ dz e39%” 4 dz e2%% 7/ ™/ dy e39e ™ W) = g, (12)
0 Cr 0
The arc contribution vanishes as R — co. On Cg, 22 = R%e?? and

e%aR2e2i0 o

_1.Rp2g
e salt 51n29’ |dac| :Rdg,

— e%aR2 (cos 20+ sin 20) ’

. . . . 46
so that, using the inequality sin20 > == for 0 < 6 < 7,

w/4 . w/4 WR2
< Rdf e~ 20R*sin20 < / Rdge 50 =T (1 - e—%aRQ) — 0,
0

dzx eé‘m2 -
0 2aR R—00

.

With the arc gone, Eq. (12) says that the integral along the positive real axis equals the integral
along the ray, and the latter is a real Gaussian:

o o2 © i 2 , o0 1.2 , 1 /27
/ dr e%ax :/ ez7r/4du eéaw _ eZ7T/4/ du e~ 3% — ez7r/4 Ny iy
0 0 0 2V a

where the last step uses that the integrand is even, so the half-line carries half of Eq. (5). The
same argument in the lower-left sector handles the negative real axis, or one simply uses evenness

again, and
+oo P2 0 P2 . 27
/ dx e2*" = 2/ dr 397 = /4 |2
— 0 0 a

in agreement with Eq. (11) for a > 0. For a < 0 one rotates the other way, z = e u, and
finds e="/4,/2r /[a]. Rotating the integration variable by 45° in the complex plane to turn
a phase into a damping is a one-variable version of the Wick rotation t — —it of the time
coordinate, which turns e*® into e 5E.

—im/4

With a linear term. Completing the square works as before. For real a # 0,

%axZ +ibx = %a(:c2 + %bl’) = %a(:z: + 2)2 - ;ij
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Figure 5: The contour used in Method 2 for a > 0. Inside the shaded sector the integrand 30T
decays, the arc C'p contributes nothing as R — oo, and the integral along the real axis may be
traded for the integral along the line at 45°, where the Gaussian is real.

and shifting x = y — b/a (allowed for the same contour reason as in the real case),

+oo @2 [T i 2 .
/ dr 62(190 245 T dy @5“92 _ : efzb2/2a (13)

S —oo —ia

As a check, apply this to the momentum integral
i Hot 2
(@jr1le™ lgj) / 5. expip (g1 — a) =i 5t7m] (14)

from the derivation of the path integral, ignoring the potential term which does not involve p.

Its exponent is — ;‘;in +i(¢j+1 — qj)p, which is Eq. (13) in the variable p with

ot .
a=-—, b=gj+1—q; = qat.

Then —ia = idt/m, so the prefactor is 5=+/2rm/(i6t) = (m/2mi 5t) 1/2, and the exponent is

B i(6n)? ,
i Z(qt)‘( gr;) i

_ 2
"% 2 =5 maot,

which is ¢ 0t times the kinetic term %mq’2 of the Lagrangian. This is how p¢ — H turned into L.

2.4 Moments

Look at what happens when Eq. (7) is differentiated with respect to the source b. On the

left-hand side the derivative acts on e’ and brings down a factor of = each time:

f:/dl’xeféam%rbx, db2 /dajx e —tax +bz’ dbn /dwx e —taz +b:p (15)

Setting b = 0 afterwards, the right-hand sides become [ dx a:"e_%axZ, that is, Gaussian integrals
with a power of z inserted.

It is convenient to divide by Z(0), so that the weight e g0 /Z(0) integrates to one and may
be thought of as a probability density for . The average of x™ with respect to that density is
called the n-th moment of the Gaussian,

Jdrwe 27 _ 1 d
[dwe=3e2®  Z(0) dbn T o

(") = (16)



3 Several variables

3.1 From one variable to N: diagonalising the quadratic form

In field theory there is not one integration variable but one for every point of space, so the next
step is to allow N variables = (x1,...,2xy) and ask for the most general Gaussian in them.
“Quadratic in ” now means any expression of the form
1 Y 1 1 ) )
5 Z ZEiAijl’j = 5 x Az, eg. for N =2: 5(1411131 + Ai9x129 + Asyx021 + A22$2),
i,j=1

quadratic form

(17)

with A an N x N real matrix, and “linear in x” means Y, b;jz; = b'z for some vector b.
Since z;x; = xjx;, only the combination A;; + A;; enters the quadratic form: indeed zV Az =
(xTAz)T =2TA 2, so 2T Az = CL‘TA+TAT.’E, and we may and shall assume A = AT,
Start with the integral without sources, [ d"x e~37 AT with dNg = dxy---dzy. If A happens
to be diagonal, A = diag(ai,...,an), the exponent is a sum —% S, anz2, the exponential is a
product, and the N-dimensional integral factorizes into N one-dimensional ones:

/dN:I; 6_% Zn anzgz — ﬁ /dx eféanzi — ﬂ 21
= n = .
n=1 n=1 an

If A is not diagonal, the exponent contains cross terms like Ajox129 and does not factorize
as simply. But a real symmetric matrix can always be diagonalized by an orthogonal change
of variables, and an orthogonal change of variables costs nothing in a Gaussian integral. The
spectral theorem says there is an orthogonal matrix O (OTO = OOT = 1) such that

OAO" =D = diag(ay,...,an), equivalently A=0"Do, (18)

where the a, are the eigenvalues of A and the rows of O are the corresponding normalised
eigenvectors. Then:

. y=0z, =0Ty
/de e 22 A% — 12T Az =yTOAOTy =y "Dy =3, any?
dNx = |det %g| dNy = |det OT|dNy = dVy, since (det 0)? = det(0OTO) =1

N N N/2
= /dNy 6_%Zn a"y'le = H /dy’l’b eiéany% = H 2£ = L
1 U\ e, = Vara —an

Finally, the product of the eigenvalues is the determinant of A, because the determinant of a
product is the product of determinants and det O det O = 1:

det A = det(OTDO) = det O det D det O = det D = ajas---ay.
Therefore

1 271_)N/2
dN —;$TA1‘ — ( 19
/ ve vdet A (19)

This is Eq. (5) with the number @ replaced by the matrix A, and “a~1/2” replaced by “(det A)~1/2”,
Each of the NV one-dimensional integrals required its own a,, > 0, so the condition for convergence
is that all eigenvalues of A be positive, that is, A positive definite. If an eigenvalue a,, vanishes,
the integrand does not depend on y,, at all, [dy,1 = oo, and the integral diverges; such a
direction in z-space along which the exponent is flat is called a zero mode.




3.2 Sources, the inverse, and Wick’s theorem

Now add the linear term and complete the square in N variables:
Z(b) = /dN:z: e 2% A tble (20)

In one variable the shift was to the point z, = b/a where the exponent is stationary. Here the
exponent is stationary where its gradient vanishes,

0 1 1 1
BT (—5 > wpAps 4y bkfb’k) =5 > Ay — 5 D wpApi+ by =— > Ay + by,
v ki k l k l

where A = AT was used to combine the two middle terms; setting this to zero gives Az, = b.
Since det A # 0 the matrix is invertible and z, = A~1b. Note that A=t is symmetric too, because
(AT = (AT)~! = A~!. Now substitute z = x, 4+ y and expand the exponent:

1 1 1 1 1
— 5@+ 9) A+ y) + 07 (22 +y) = —gafAne = Sui Ay — Sy Ave = Syt Ay b e by

a] Ay = (Az,)Ty =bTy (A= AT)
yT Az, =y"b=0"y

eT Az, = bT A AA = bT A1
bz, =bTA b

1 1 1 1
=—bTA - by — by — Sy T Ay + b AT+ BT
5 Sy gby— gy Ayt +b'y
1 1
= b A — —yT Ay.
5 5 Y Ay

All terms linear in y have cancelled, exactly as in one variable, leaving a constant plus a pure
quadratic form in the fluctuation y. The constant comes out of the integral, the shift x = x, +y
has unit Jacobian, and the y integral is Eq. (19):

(27r)N/2

vdet A

This is the central formula of these notes. Two objects built from A appear in it, with very
different roles. The determinant sits in the prefactor and knows nothing about the sources.
The inverse A~! carries the entire dependence on b, and therefore, by differentiation, all the

Z(b) _ /de e—%acTAz—&-bTac — e%bTA’Ib/dNy e—%yTAy — exp {% bTA_lb} (21)

moments.

Moments in N variables. Exactly as in Eq. (15), each derivative 9/9b; acting on Z(b) brings

T . .
down one factor of z; from e? * = ek %k 30 the moments of the N-variable Gaussian are

N e o—iaTAx
<$i1...xi>5fd Ty " Bin € __ 9 82(())‘ _0 ...ieW(b)’ 7
" f dN e—gﬂfTAﬂC Z(O) 8bi1 8[)1'” b=0 8bi1 8[)% b=0
(22)
where, writing G = A™! for brevity,
1l 1
W(b) = 5b'Gh =5 %:kaklbl.

Everything follows from the derivatives of W, which is a quadratic polynomial in b and therefore
has only two nonvanishing derivatives:
ow 1

1 1
W= —- > (0kjGrabi + biGrady) = 5 > Gubi+ = > buGrj = > Gjby,
ab] 2 k,l 2 l 2 k l



0*wW PW

Wi = =G db; Ob; Aby,

77 9b;0b;

=0, (23)

where Gj,; = G, was used. Two facts about the point b = 0 will be used repeatedly: W (0) =
so (0 =1, and W;(0) = 0 because W; is linear in b.
Two-point function. One derivative gives 8jeW = WjeW. A second gives

* w_ 0
db;0b; ab;

(W e ) (Wz‘j + Win)GW _}b:O Wij = Gij,

since W;W; vanishes at b = 0 and eW(©0) =1, Hence

(wizj) = (A1) (24)

The two-point function is the inverse of the matrix in the quadratic form.
Four-point function. Continue differentiating:

0 W _ 9 W
o6, = B (Wi + WiW)e | = (WiiW + Wil + Wig Wi + WiW; Wy, )V,
84

w w : w
——¢" = (WW,; + Wi;We: + Wi Wik e terms with at least one W, )e" .
ablabkﬁblabj ( kiVVij + Wi kj + ij lk) + ( )

The terms in the second bracket come from differentiating W;W; W}, once (leaving two first
derivatives) or from letting J; act on eV (producing W;), and every one of them contains a
factor W, that vanishes at b = 0. What survives is

(rizjrpa) = GiGru + GG + GG, G=A" (25)

a sum over the three ways of pairing the four indices, each pair contributing one two-point
function G = (zz).

Wick’s theorem. The same mechanism works to all orders: each derivative either produces a new
W, or completes a pair by turning an existing W, into a Wee = GGee, and at b = 0 only terms
with no unpaired W, left survive. Hence

<xi1$i2 T xi2k> = Z H (A_l)ipiq’ <$i1 e '$i2k+1> =0. (26)

ways of pairing 41,...,i2 pairs (p,q)

The oscillatory version. For the quantum-mechanical sign of the exponent the same steps
go through with Eq. (13) used mode by mode. With y = Oz and 8 = Ob,

. y=0zx, dVz=dNy
/de e3a  AvtibTe _ | T g0 don anyfz H /dy €2anyn+lﬁnyn = H e /2
blr = bTOTy — ﬁTy _Zan

P aTh-14]
eXp[ 3P 5} since A~! = (OTDO)' =0"™D !0

BTD-13=bTOTD"10b=0bTA"1b ‘
so that, for real symmetric A with all a,, # 0,

/de engAx-‘rsz H

exp{—f bTA™ 16} (27)

_Zn

12T Az

Correspondingly the moments, defined with the weight e2 , are given by Wick’s theorem

with Gy; = —i(A™1);; in place of (A71);;, since each pair of derivatives %% of e~ 3bTAT'D
i j

at b= 0 gives —i(A™1);;.



4 Infinitely many variables: the free field

4.1 The dictionary and the integral to be done

To pass from N variables to a field, just read the previous section with the replacements

N variables field theory

zi, biy X, 0/0b;  —  ¢(x), J(x), [d*z, §/5] ()

Ajj — a differential operator, here —(—0 + m?)

(A7), — its Green’s function G(z,y), with (=0, + m?)G(z,y) = §*(z — y)

The integral to be done is Z[J] of Eq. (1) for the free theory, with the exponent (2):

217 = /m exp[i/d4x(—%¢(—m+m2 —ie)d+.J0)]. (28)

The —ie has been included from the start. In lecture it arose from the replacement ¢ — (1 — ie)t
that was needed to project the path integral onto the vacuum state. We will see in a moment
that it is also exactly the damping of Method 1 that makes the oscillatory Gaussian converge.
The result, to be derived below, is

dAk etk(z—y)

29
(2m)* k2 +m? — i€’ (29)

210 = 200] expg [alodty J@)A@ - I )]. Aw-y) = |

with Z[0] o [det(—0 + m? — ie)] /2 a number independent of J. This is Eq. (27) with
A= —(—0O+m? —ie) and b = J: the exponent —%bT A~'b becomes +% [ J(—0O+m? —ie)~'J.
4.2 Doing the integral: Fourier transform

The way to diagonalise the operator —[J+m? is to go to momentum space, since it is translation
invariant and plane waves are its eigenfunctions. Fix conventions:

o(x) = / (;ijr’; ek p(k), o(k) = / diz e (), kr = kyat = k't + k-2, (30)

and the same for J. Because ¢(x) is real, ¢(—k) = ¢(k)*. Three facts are needed.
(i) Plane waves are eigenfunctions. Since 0,e™** = ik, e™**,

Oek = 9,0"e™™ = (ik,) (k") e = —k? e K = kuht = — (k%)% + k2,

so (=0 +m?) e = (k2 + m?) e* and therefore (—0 +m?)¢(z) = [ (gfr’;q (k2 4+ m?)etk= g (k).
(ii) Orthogonality. [ d*ze/*+K)% — (2m)464(k + I).
(iii) Products integrate mode by mode. For any two functions,

_ [ Ak A ikrkne _ [ ARz
J e s = [ G gy FRa) [ ate @ = [ fh a(-k)

Applying (i) and (iii) to the two terms of the exponent in Eq. (28), and symmetrising the source
term under k — —k,
s+ fro= [ L1500 02w m? i ) +
= [ —=|—zo(— m* — ie
(2m)4l 2
Each momentum mode now talks only to itself and to its partner at —k: the operator has been
diagonalised, with eigenvalue k? + m? — ie on the mode k. Comparing with Eq. (27), the “a,”

FR)BH) + 5T RFR)]. (31

DN | =

10



of the mode k is — (k% + m? — ie), whose imaginary part is +€ > 0. This is precisely the sign
that Method 1 required for convergence: the ie that projected onto the vacuum in lecture is also
the ie that makes the Gaussian well defined.

Now complete the square mode by mode. Write K (k) = k% + m? — ie, which is even in k. The
stationary point of the exponent is at K¢ = J, so we shift

sy Jk)

3k = 22y +X(8)

and expand the integrand of Eq. (31):

k(P o) (P2 ) + ST (ZE s xm) + L (P 4 )
— 3 KRR + D
Hence
d*k 1 _ d*k J —k
S+/J¢=/W[—2X(—k)(k2+m — je) +3 2W4k2+m2 Z (32)

The first term is the free action of the shifted field y, and the second is a number depending
only on J. A shift of the integration variable by a fixed function does not change the measure,
D¢ = Dy, so

- e ol £ I
o

=2[0]

It remains to write the exponent in position space. Inserting the definition of J from Eq. (30),

dk TRk A1 ke ity
/(2ﬂ)4 K / o) 7K(k‘) /d4g36 k J(x)/d4yek J(y)
d4]€ e—zk(a: y)

= [dtwaty @) [ 5 R = [ dtedty 1) A - ) (),

which is Eq. (29). The function A is the inverse of the quadratic form; acting with the operator
on the integrand,

d*k (k? +m?) ety d*k
-0 2 A N :/ € \ / ik(z—y) _ 64 _ )
(=0 +m%) Alz —y) @m)t k2 +m? — e (2m)t © (x=v)
4.3 Correlation functions

Now apply the second half of Eq. (1). The functional derivative is defined by 6.J(y)/dJ(z) =
§*(z—y). Write W[J] = L [ d*zdty J(z)A(z—y)J (y), so that Z[J] = Z[0]e™7]. One derivative:

4%
dJ(x1)

/d4a: dty [54(x — 1) A(x —y)J(y) + (@) Az — y)§* (y — :cl)}

=5 [y am - I + 5 [ eI @@ —a) =i [y Aar -9 T,
where the two terms were combined using A(z — z1) = A(zy — x). This is linear in J and

vanishes at J = 0. A second derivative of W is a constant,

W

STz od (e Al a2),
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and third derivatives vanish. In particular

8%z

57(1)0 (w2) = 200 i A = w2),

and dividing by i2Z[0] as Eq. (1) instructs,

dik  —i etk(zi—z2)
2m)* k2 +m?2 —ie

O T80} 0) = § A —2) = [ ¢ (33)

Compare with what was found in lecture for the Feynman propagator,

ik —i eik(rl—xg)
(2m)* k2 + m? — i€’

210) = 210} exp(—3 [ dted'y J@)Gr(e, 1)),

Gr(ar,22) = (O] T{d(a1)(z2)} 10) = |

The two-point functions agree, and so do the generating functionals: A = iGp, hence % JJIAT =
L[JGGR)T = =% [ JGRJ.
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